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1 |Introduction 

The concept of fuzzy set [1-3], has proven to be a powerful tool for handling uncertainty [4] in various fields 

such as decision making, data analysis, and pattern recognition [5]. Theoretical development of a cubic 

Pythagorean fuzzy soft set and its application in multi-attribute decision-making [6]. A soft set [7,8] is 

characterized by a parameterized family of subsets of a universal set, providing a flexible mathematical [9] 

framework to address problems where traditional methods may fall short due to the presence of vague or 

imprecise information [10]. In a double frame soft set [11], two mappings are employed to associate each 

parameter with a subset of the universal set, allowing for a more nuanced representation of the relationships 

among parameters [12-13]. The double frame soft set [14] extends this idea by considering two frames of 

reference simultaneously [15-16], thereby enhancing the capability to model complex situations where 

interactions between different attributes must be considered [17]. Smarandache [18] proposed the hypersoft 

set in 2018, which is a new set structure anew from the product of divided attributes to the set on a universal 

set of attributes. A Novel Fuzzy Parameterized Fuzzy Hypersoft Set [19-20] and Riesz Summability Approach 

Based Decision Support System for Diagnosis of Heart Diseases where the health status of a patient depends 

on multiple factors such as age, immunity level, and treatment type [21]. The distance and similarity measures 

for intuitionistic hypersoft sets, neutrosophic hypersoft sets, and trigonometric similarity measures are 

proposed by [22-24], considering truthiness, incertitude, and in-determinacy. 
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 The transition from double-frame soft sets to double-frame hypersoft sets involves the introduction of 

hyperparameters and the construction of mappings that consider multiple layers of interaction. This process 

enhances the descriptive power of the model and enables the handling of more complex datasets. The formal 

definition of a double frame hyper soft set involves a universal set 𝜈 and a collection of parameters 

{𝜑1, 𝜑2, … , 𝜑𝑛}. Each parameter 𝜑𝑖 is associated with a set of values, and mappings 𝜋1, 𝜋2, … , 𝜋𝑘 are defined 

to map these parameter combinations to subsets of 𝜈. The pair (𝜋1, 𝜋2, … , 𝜋𝑘; 𝜑1, 𝜑2, … , 𝜑𝑛) forms the 

double frame hyper soft set, capturing the multi-layered relationships among parameters. This extension of 

the double frame soft set to the double frame hyper soft set thus provides a more powerful and flexible 

approach to modeling and analyzing complex systems. It opens new possibilities for research and application 

in various fields, offering a robust tool for dealing with high-dimensional and interdependent data. Future 

work may explore the development of efficient algorithms for manipulating these sets and applying them to 

real-world problems, further validating their utility and effectiveness. 

2 |Preliminaries 

Definition 1: (Soft Set) A pair (𝑊, 𝑋) is said to be a soft set over a universe 𝜈 where 𝑊 is a mapping defined 

by 𝑊: 𝐺 → 𝑃(𝜈). 

In other words, a soft set over universe 𝜈 is a collection of attributes of subsets of the universe 𝜈. For 𝜅 ∈

𝑋, 𝑊(𝜅) may be acknowledged as the set of 𝜅-approximate elements of the soft set (𝑊, 𝑋). 

Definition 2: (Double frame soft set) A double frame pair (𝜑, 𝜓; 𝑊) is called a double frame soft set over a 

universe 𝜈, where 𝜑 and 𝜓 are mappings from 𝐴 to 𝑃(𝜈). 

Definition 3: (Hypersoft Set) Let 𝛼1, 𝛼2, 𝛼3, … , 𝛼𝑛 be the distinct attributes whose attribute values belong 

to the sets 𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑛 respectively, where 𝑋𝑖 ∩ 𝑋𝑗 = ∅ for 𝑖 ≠ 𝑗. 

A pair (𝜓, 𝑊1 × 𝑊2 × 𝑊3 × ⋯ × 𝑊𝑛) is called a hyper soft set over the universal set 𝑈, where 𝜓 is the 

mapping given by 𝜓: 𝑊1 × 𝑊2 × 𝑊3 × ⋯ × 𝑊𝑛 → 𝑃(𝑈). 

3 |Operation of Double Framed Hypersoft Set 

Definition 4: (Double Framed Hypersoft Set) Let 𝜈 be the universe of discourse. 𝑃(𝜈) is the power set of 𝜈. 

Let 𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛 for 𝑛 ≥ 1 be 𝑛 distinct attributes whose corresponding attribute values are respectively 

the sets 𝜑1, 𝜑2, 𝜑3, … , 𝜑𝑛 with 𝜑𝑖 ∩ 𝜑𝑗 = ∅ for 𝑖 ≠ 𝑗, 𝑖, 𝑗 ∈ {1,2, … , 𝑛}. 

Then the pair (𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛, where 𝜋1 and 𝜋2 are mappings from 𝜑1 × 𝜑2 × 𝜑3 ×

⋯ × 𝜑𝑛 → 𝑃(𝜈). 

Definition 5: (Double Framed Hypersoft Subset) Suppose that {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} is a 

double framed hyper soft set. Then a collection {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} is called a double framed 

hypersoft subset if: 

𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛 ⊆ 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛 2. 𝜖1(𝑡) = 𝜋1(𝑡) and 𝜖2(𝑡) = 𝜋2(𝑡) for all 𝑡 ∈ 𝜑1 ×

𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛 

Example 1: Let 𝜈 = {𝑦1, 𝑦2, 𝑦3, 𝑦4} be the collection of cars and 𝑀 = {𝑦1, 𝑦3}, 𝑁 = {𝑦2, 𝑦4} be its subsets. 

Let 𝜑1 = color, 𝜑2 = company, 𝜑3 = mileage, 𝜑4 = price where: 

𝜑1 = { red, black, blue, white }

𝜑2 = { Mehran, Corolla, Honda, Suzuki }

𝜑3 = {15 km/h, 20 km/h, 25 km/h, 18 km/h}

𝜑4 = { 9lac, 30lac, 32lac, 18lac }

 

Then a mapping 𝜋1: 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4 → 𝑃(𝜈) is defined as follows: 
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  𝜋1( red , Corolla, 20 km/h, 32lac) = {𝑦1, 𝑦3}

𝜋2( red , Corolla, 20 km/h, 32lac) = {𝑦2, 𝑦4}𝜓
 

Then {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4} is called a Framed Hypersoft Set. 

Now consider: 

𝐵1 =  Color = { Red , Black }

𝐵2 =  Company = { Corolla, Honda, Suzuki }

𝐵3 =  Mileage = {18 km/h, 15 km/h, 20 km/h}

𝐵4 =  Price = {30 lac, 32lac, 18lac }

 

Then 𝜖: 𝐵1 × 𝐵2 × 𝐵3 × 𝐵4 → 𝑃(𝜈) is defined as follows: 

𝜖1( Black , Honda, 18 km/h, 30𝑙𝑎𝑐) = {𝑦1}

𝜖2( Black , Honda, 18 km/h, 30𝑙𝑎𝑐) = {𝑦4}
 

Then {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3 × 𝐵4} is called a double framed hypersoft subset. 

Definition 6: (Double Framed Hyper Null Soft Set)  

Let {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} be a double framed hypersoft set. 

Then it is called a double framed null hypersoft set if 𝜋1(𝑡) = ∅ and 𝜋2(𝑡) = ∅ for all 𝑡 ∈ 𝜑1 × 𝜑2 × 𝜑3 ×

𝜑4 

Definition 7: (Union of Double Framed Hypersoft Set) 

Let {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} and {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} be double framed hyper 

soft sets. 

Then their union is defined as. 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} ∪ {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} = {(𝜉1, 𝜉2), (𝜑1 × 𝜑2 × 𝜑3 ×

⋯ × 𝜑𝑛) ∪ (𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛)} where {(𝜉1, 𝜉2)} is defined as follows: 

(𝜉1, 𝜉2)(𝑡) = (𝜋1, 𝜋2)(𝑡)  for all 𝑡 ∈ 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛

(𝜉1, 𝜉2)(𝑡) = (𝜖1, 𝜖2)(𝑡)  for all 𝑡 ∈ 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛

(𝜉1, 𝜉2)(𝑡) = (𝜋1, 𝜋2)(𝑡) ∪ (𝜖1, 𝜖2)(𝑡)  for all 𝑡 ∈ (𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛) ∪ (𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛)

 

Example 2: Let 𝜈 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5} be a collection of houses. Now let: 

𝜑1 =  color = { white, yellow, blue }

𝜑2 =  area = { Lahore, Karachi, Islamabad }

𝜑3 =  cost = { 3olac , 40 lac, 50lac, 6olac }

 

Then a mapping 𝜋1: 𝜑1 × 𝜑2 × 𝜑3 → 𝑃(𝜈) is defined as: 

𝜋1( white, Lahore, 50 lac ) = {𝑥1, 𝑥2} 

Similarly, a mapping 𝜋2: 𝜑1 × 𝜑2 × 𝜑3 → 𝑃(𝜈) is defined as: 

𝜋2( white, Lahore, 50 lac ) = {𝑥1, 𝑥2} 

Then {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3} is called a double framed hyper soft set. Now consider: 

𝐵1 =  surrounding = { green, dusty, clean }

𝐵2 =  structure = { 2floor, 3 floor, 1 floor }
 

Then a mapping 𝜖1: 𝐵1 × 𝐵2 → 𝑃(𝜈) is defined as: 
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𝜖1( green, 2 floor ) = {𝑥1, 𝑥3} 

Similarly, a mapping 𝜖2: 𝐵1 × 𝐵2 → 𝑃(𝜈) is defined as: 

𝜖2( green, 2floor ) = {𝑥3} 

Now, their union is defined as: 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3} ∪ {(𝜖1, 𝜖2), 𝐵1 × 𝐵2} = {(𝜉1, 𝜉2), (𝜑1 × 𝜑2 × 𝜑3) ∪ (𝐵1 × 𝐵2)} 

where {(𝜉1, 𝜉2)} is defined as follows: 

𝜉1( white, Lahore, 50 lac, green, 2floor ) = {𝑥1, 𝑥2, 𝑥3}

𝜉2( white, Lahore, 50lac, green, 2floor ) = {𝑥2, 𝑥3}
 

Then the pair {(𝜉1, 𝜉2), (𝜑1 × 𝜑2 × 𝜑3) ∪ (𝐵1 × 𝐵2)} is the union of double framed hyper soft sets. 

Definition 8: Let {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} and {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} be double 

framed hyper soft sets. 

Their intersection is defined as follows: 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} ∩ {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} = {(𝜉1, 𝜉2), (𝜑1 × 𝜑2 × 𝜑3 ×

⋯ × 𝜑𝑛) ∩ (𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛)} where {(𝜉1, 𝜉2)} is defined as follows: 

(𝜉1, 𝜉2)(𝑡) = (𝜋1, 𝜋2)(𝑡)  for all 𝑡 ∈ 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛

(𝜉1, 𝜉2)(𝑡) = (𝜖1, 𝜖2)(𝑡)  for all 𝑡 ∈ 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛

(𝜉1, 𝜉2)(𝑡) = (𝜋1, 𝜋2)(𝑡) ∩ (𝜖1, 𝜖2)(𝑡)  for all 𝑡 ∈ (𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛) ∩ (𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛)

 

Example 3: Let 𝜈 = {𝑀1, 𝑀2, 𝑀3, 𝑀4, 𝑀5} be a collection of mobile phones. Let: 

𝜑1 =  company = { Samsung, 𝑖 Phone, Oppo }

𝜑2 =  specification ( RAM, ROM ) = {(3,32)𝐺𝐵, (4,64)𝐺𝐵, (6,128)𝐺𝐵}

𝜑3 =  color = { black, golden, grey }

 

Then a mapping 𝜋1: 𝜑1 × 𝜑2 × 𝜑3 → 𝑃(𝜈) is defined as: 

𝜋1( Samsung, golden, (4,64)𝐺𝐵) = {𝑥1, 𝑥2} 

Similarly, a mapping 𝜋2: 𝜑1 × 𝜑2 × 𝜑3 → 𝑃(𝜈) is defined as: 

𝜋2( Samsung, golden , (4,64)𝐺𝐵) = {𝑥3, 𝑥5} 

Then {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3} is called a double framed hyper soft set. Now consider: 

𝐵1 =  Battery = {4000𝑚𝐴ℎ, 5000𝑚𝐴ℎ, 6000𝑚𝐴ℎ}

𝐵2 =  Camera = {48𝑀𝑃, 60𝑀𝑃, 40𝑀𝑃}

𝐵3 =  Price = {60,000,48,000,108,000}

 

Then a mapping 𝜖1: 𝐵1 × 𝐵2 × 𝐵3 → 𝑃(𝜈) is defined as: 

𝜖1(5000𝑚𝐴ℎ, 60𝑀𝑃, 60,000) = {𝑥2, 𝑥4} 

Similarly, a mapping 𝜖2: 𝐵1 × 𝐵2 × 𝐵3 → 𝑃(𝜈) is defined as: 

𝜖2(5000𝑚𝐴ℎ, 60𝑀𝑃, 60,000) = {𝑥4, 𝑥5} 

Then {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3} is another double framed hyper soft set. 

Their intersection is defined as: 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3} ∩ {(𝜖1, 𝜖2), 𝐵1 × 𝐵2 × 𝐵3} = {(𝜉1, 𝜉2), (𝜑1 × 𝜑2 × 𝜑3) ∩ (𝐵1 × 𝐵2 × 𝐵3)} 
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  where {(𝜉1, 𝜉2)} is defined as follows: 

𝜉1( Samsung, golden, (4,64)𝐺𝐵, 5000𝑚𝐴ℎ, 60𝑀𝑃, 60,000) = {𝑥2}

𝜉2( Samsung, golden, (4,64)𝐺𝐵, 5000𝑚𝐴ℎ, 60𝑀𝑃, 60,000) = {𝑥5}
 

Then the pair {(𝜉1, 𝜉2), (𝜑1 × 𝜑2 × 𝜑3) ∩ (𝐵1 × 𝐵2 × 𝐵3)} is the intersection of double framed hyper soft 

sets. 

3.1 |Complement of a Double Framed Hyper Soft Set 

The complement of a double framed hyper soft set {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 ⋯ × 𝜑𝑛} is written {(𝜋1, 𝜋2), 𝜑1 × 

𝜑2 ⋯ × 𝜑𝑛}𝑐 and is denoted by {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 ⋯ × 𝜑𝑛}𝑐 = {(𝜋1
𝑐, 𝜋2

𝑐), ∼ 𝜑1 × 𝜑2 ⋯ × 𝜑𝑛} s.t 𝜋𝑐 →

𝜑1 × 𝜑2 ⋯ × 𝜑𝑛 → 𝑝(𝜂) 

Then: 

𝜋1
𝑐(𝑡) = 𝜂 − 𝜋1(𝑡) 

𝑡 ∈∼ (𝜑1 × 𝜑2 ⋯ × 𝜑𝑛) 

and 

𝜋2
𝑐(𝑡) = 𝜂 − 𝜋2(𝑡) 

𝑡 ∈∼ (𝜑1 × 𝜑2 ⋯ × 𝜑𝑛) 

Example 4: Let 𝜂 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5} be a universe of discourse let 

𝜑1 = Company = { Samsung, iPhone, oppo } 

𝜑2 = Specification (Ram, Rom) = {(3,32)𝐺𝐵, (4,64)𝐺𝐵, (6,128)𝐺𝐵} 

𝜑3 = Color = {black, golden, grey} 

then 

{𝜋1: ( iPhone, Golden, (4,64)𝐺𝐵)} = {𝑥1, 𝑥3} 

and 

{𝜋2: ( iPhone, Golden, (4,64)𝐺𝐵)} = {𝑥2, 𝑥3} 

then {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3} is called a double framed soft set. Then their complement is. 

{(𝜋1, 𝜋2)𝑐 , 𝜑1 × 𝜑2 × 𝜑3} = {(𝜋1
𝑐 , 𝜋2

𝑐), ∼ (𝜑1 × 𝜑2 × 𝜑3)} is written as {𝜋1
𝑐: (∼ iphone,∼ Golden,∼

(4,64)𝐺𝐵)} = {𝑥2, 𝑥4, 𝑥5} 

{𝜋2
𝑐: (∼ iphone,∼ Golden,∼ (4,64)𝐺𝐵)} = {𝑥1, 𝑥4, 𝑥5} is called a compliment of the double framed hyper 

soft set. 

3.2 |Relative Compliment of a Double Framed Hyper Soft Set 

The relative complement of double framed hyper soft set {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑𝑛} is denoted by 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3}𝑟 and is written as: 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑𝑛}𝑟 = {(𝜋1
𝑟, 𝜋2

𝑟), 𝜑1 × 𝜑2 × 𝜑𝑛} 
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 Example 𝟓: Let 𝜂 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} be the universe of discourse then let 

𝜑1 =  Books = ( math, phy, ioo, chem )

𝜑2 =  Syllabus = (17 chap , 9 chap, 6 chap, 8 chap )

𝜑3 =  time = (1 weak, 3 weak , 7 weak )

𝜑4 =  marks = (40,60,90)

 then

𝜋1: 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4 → 𝑃(𝜂)

{𝜋1: ( math , 17 chap , 7 weak , 90)} = {𝑥2, 𝑥3, 𝑥4}

{𝜋1: ( math, 17chap , 7 weak , 90)} = {𝑥1, 𝑥2}

 then {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑𝑛} is a double framed hyper soft set then their relative 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4}𝑟 = {(𝜋1
𝑟, 𝜋2

𝑟), 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4}

{𝜋1
𝑟: ( math, 17chap , 7 weak, 90)} = {𝑥1}

{𝜋1
𝑟: ( math, 17chap, 7 weak , 90)} = {𝑥3, 𝑥4}  is called relative compliment.

 

3.3 |Proposition 1 

1.1: the union of any two double framed hypersoft sets is commutative. 

i.e. {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} ∪ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛} 

= {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵4} ∪ {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} 

1.2: the union of any two double framed is associated. 

3.4 |Proposition 2 

2.1: the intersection of any two double framed hypersoft sets is not commutative if 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛 = 

𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛 then there is a possibility that is commutative. 

2.2: the intersection of any two double framed hypersoft sets is associative. 

3.5 |Proposition 3 

let 𝜂 be the universe of course and 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛𝑎𝑛𝑑𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛 be the set of parameters 

further let {(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} and {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛} be two double framed 

hyper soft sets then 

𝟑. 𝟓. 𝟏 𝟑. 𝟏 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} ∪ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}𝑐 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛}𝑐 ∩ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}𝑐 

𝟑. 𝟓. 𝟐 𝟑. 𝟏 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} ∩ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}𝑐 

{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛}𝑐 ∪ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}𝑐 

3.5.3 Proof 3.1 

L.H.S 

[{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} ∪ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}]𝑐 

{(𝜋1, 𝜋2) ∪ (𝜀1, 𝜀2): 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛 ∪ 𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}𝑐 by definition of relative compliment 

{(𝜋1 ∪ 𝜀1)𝑐 , (𝜋2 ∪ 𝜀2)𝑐: 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛 ∪ 𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛} 
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  [{(𝜋1
𝑐 , 𝜋2

𝑐), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛} ∩ {(𝜀1
𝑐 , 𝜀2

𝑐), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}] 

[{(𝜋1, 𝜋2), 𝜑1 × 𝜑2 × 𝜑3 ⋯ × 𝜑𝑛}𝑐 ∪ {(𝜀1, 𝜀2), (𝐵1 × 𝐵2 × 𝐵3 ⋯ 𝐵𝑛}]𝑐 

= R.H.S 

3.6 | Difference of Double Framed Hyper Soft Set 

Let {(𝜋1, 𝜋2); 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} and {(𝜖1, 𝜖2); 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} be two double framed 

soft sets. 

The difference is defined as: {(𝜋1, 𝜋2); 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} ∖ {(𝜖1, 𝜖2); 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛} =

{(𝜉1, 𝜉2); (𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛) ∪ (𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛)} 

where {(𝜉1, 𝜉2)} is defined as follows: 

(𝜉1, 𝜉2)(𝑡) = (𝜋1, 𝜋2)(𝑡)  for all 𝑡 ∈ 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛

(𝜉1, 𝜉2)(𝑡) = (𝜖1, 𝜖2)(𝑡)  for all 𝑡 ∈ 𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛

(𝜉1, 𝜉2)(𝑡) = (𝜋1, 𝜋2)(𝑡) ∖ (𝜖1, 𝜖2)(𝑡)  for all 𝑡 ∈ (𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛) ∩ (𝐵1 × 𝐵2 × 𝐵3 × ⋯ × 𝐵𝑛)

 

4 |Extension of DFHSS 

Definition 4: (Double Framed Hypersoft Set) Let 𝜈 be the universe of discourse. 𝑃(𝜈) is the power set of 𝜈. 

Let 𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛 for 𝑛 ≥ 1 be 𝑛 distinct attributes whose corresponding attribute values are respectively 

the sets 𝜑1, 𝜑2, 𝜑3, … , 𝜑𝑛 with 𝜑𝑖 ∩ 𝜑𝑗 = ∅ for 𝑖 ≠ 𝑗, 𝑖, 𝑗 ∈ {1,2, … , 𝑛}. 

4.1 |Tripled Framed Hyper Soft Set 

Let 𝜈 be the course of the universe. Consider the following mappings: 

𝜋1: 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4 → 𝒫(𝜈)

𝜋2: 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4 → 𝒫(𝜈)

𝜋3: 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4 → 𝒫(𝜈)

 

Then, the pair {(𝜋1, 𝜋2, 𝜋3), 𝜑1 × 𝜑2 × 𝜑3 × ⋯ × 𝜑𝑛} is called a tripled framed hyper soft set. 

4.2 |N-Framed Hyper Soft Set 

Let 𝜈 be the universe of discourse and let 𝜑1, 𝜑2, … , 𝜑𝑛 be the set of parameters. 

The mapping 

𝜋𝑖: 𝜑𝑖 → 𝒫(𝜈) is called an N-framed Hyper Soft Set. 

The pair 

{(𝜋1, 𝜋2, … , 𝜋𝑛), 𝜑1, 𝜑2, … , 𝜑𝑛} is called an N-framed Hyper Soft Set. 

Example 6: Let 𝜑 = {30∘C, 26∘C, 40∘C, 45∘C, 35∘C} be the set of temperatures in the world. 

Let 

𝜑1 = { Pakistan, India, America, Australia, England }

𝜑2 = { January, Feb, March, April, May, June, July, Aug, Sep, Oct, Nov, Dec },

𝜑3 = { Cloudy, Sunny, Rainy }

𝜑4 = { Hilly, Groundy, Ocean }

 

Then the mapping 

𝜋𝑖: 𝜑1 × 𝜑2 × 𝜑3 × 𝜑4 → 𝒫(𝜈) is such that 
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{𝜋1( Pakistan, April, Sunny, Groundy )} = {26∘C, 30∘C}, 

{𝜋2( Pakistan, April, Sunny, Groundy )} = {26∘C},

 {𝜋3( Pakistan, April, Sunny, Groundy )} = {40∘C},

{𝜋4( Pakistan, April, Sunny, Groundy )} = {30∘C},

{ 𝜋5( Pakistan, April, Sunny, Groundy )} = {35∘C},

{𝜋6( Pakistan, April, Sunny, Groundy )} = {30∘C, 35∘C}

{ 𝜋7( Pakistan, April, Sunny, Groundy )} = {35∘C, 40∘C}

 { 𝜋8 ( Pakistan, April, Sunny, Groundy )} = {30∘C, 40∘C}

 

Then, the pair 

{(𝜋1, 𝜋2, 𝜋3, 𝜋4, 𝜋5, 𝜋6, 𝜋7, 𝜋8), (𝜑1, 𝜑2, 𝜑3, 𝜑4)} is called an 𝐍-Framed Hyper Soft Set. 

5 |Application of Double Framed Hyper Soft Set 

Let 𝜈 = { Recovery, Death } be the stability of a Dengue patient after treatment. The patient is treated by a 

civil and private hospital in Pakistan. Let the parameters for treatment be: 

 Patient  = { Children, Young, Old }

 Immunity_Level  = { Strong, Weak }

 Health_Condition  = { Mild, Severe, Complicated }

 Dosage  = { Plenty of water and rest, I/V Fluids, Blood transfusion }.

 

Now, let 𝜋1 represent the treatment by a private hospital and 𝜋2 represent the treatment by a civil hospital. 

We have: 

𝜋1( Children, Weak, Severe, I/V Fluids ) = { Recovery }

𝜋2( Children, Weak, Severe, I/V Fluids ) = { Death }
 

Then, the pair 

{(𝜋1, 𝜋2), ( Patient, Immunity_Level, Health_Condition, Dosage )} is called a Double Framed Hyper Soft 

Set. 

6 |Conclusions and Future Work 

The extension of double frame soft sets to double frame hyper soft sets provides a robust framework for 

handling complex decision-making problems involving multiple attributes and their interrelationships. This 

extension enhances the ability to model real-world scenarios with greater precision, offering a flexible and 

comprehensive approach to data analysis. The introduction of hypersoft sets allows for the representation of 

more intricate structures, capturing the nuances of interactions among parameters in various domains Future 

research could focus on developing efficient algorithms for manipulating double frame hyper soft sets, 

including intersection, union, and difference operations. Additionally, applying this extended framework to 

diverse fields such as medical diagnosis, financial analysis, and environmental monitoring could further 

validate its effectiveness. Exploring the integration of fuzzy logic with double frame hyper soft sets may also 

yield new insights and methodologies for dealing with uncertainty and imprecision in data. 
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