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1 |Introduction 

In this article, we continue our work in [4, 6] for building the neutrosophic set theory for three types. 

Furthermore, the various facets of neutrosophic set problems related to the neutrosophic set of three types 

including the generalized union, intersection, complement, neutrosophic family set, Cartesian neutrosophic 

set, and their properties are highlighted. 

The process of completing the construction of neutrosophic set theory will represent the opening of a new 

path for studying a different neutrosophic algebraic structure that is parallel to the path of neutrosophic 

structures which is based on the degree of membership functions. This work represents a modest contribution 

to the science of Neutrosophy, as it enhances our previous work in [1-3, 5, 7], for more information about 

Neutrosophy, neutrosophic sets, and neutrosophic logic, refer to [9-11] and for the classical set theory, 

indicate to [8, 12].  

2 |Some Connections Between Neutrosophic Operations on 

Neutrosophic Sets of Three Types     

In this section, some properties of our works in [4, 6] are extended. These properties illustrate the relationship 

between the neutrosophic union, intersection, and difference. Throughout this article, we use the terms 
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"Neutrosophic-hypothesis", "Neutrosophic-premise", and "Neu-conclusion" in short " "Neu-hypo", "NP", 

and "NC" respectively. The following theorems give us some relationship between neutrosophic union, 

intersections, and difference.   

Theorem 2.1. Let 𝐻𝑖
𝑡[𝐼 ], 𝑁𝑖

𝑡[𝐼], and 𝑀𝑖
𝑡[𝐼 ] be three neutrosophic sets of three types, where 𝑖 = 1,2,3, then; 

𝐻𝑖
𝑡[𝐼 ] ⊝ (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] ⊝ 𝑁𝑖
𝑡[𝐼]) ∪ (𝐻𝑖

𝑡[𝐼 ] ⊝𝑀𝑖
𝑡[𝐼]), 

𝐻𝑖
𝑡[𝐼 ] ⊝ (𝑁𝑖

𝑡[𝐼] ∪ 𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] ⊝ 𝑁𝑖
𝑡[𝐼]) ∩ (𝐻𝑖

𝑡[𝐼 ] ⊝𝑀𝑖
𝑡[𝐼]), 

𝐻𝑖
𝑡[𝐼 ] ∩ ( 𝑁𝑖

𝑡[𝐼] ⊝𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] ∩  𝑁𝑖
𝑡[𝐼])⊝ (𝐻𝑖

𝑡[𝐼 ] ∩ 𝑀𝑖
𝑡[𝐼 ]), and 

𝐻𝑖
𝑡[𝐼 ] ∪ ( 𝑁𝑖

𝑡[𝐼] ⊝𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] ∪  𝑁𝑖
𝑡[𝐼])⊝ (𝐻𝑖

𝑡[𝐼 ] ∪ 𝑀𝑖
𝑡[𝐼 ]). 

Proof (1). Presume 𝑥 ∈ (𝐻𝑖
𝑡[𝐼 ] ⊝ (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ])), "Neu-hypo" 

               ⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∉ (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ])), "NP1", from "Neu-hypo" 

               ⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∈ (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ])⏞          

𝒄

), "NP2", from "NP1" 

               ⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∈  (𝑁𝑖

𝑡[𝐼]⏞  
𝑐

∪𝑀𝑖
𝑡[𝐼 ]⏞  
𝑐

)), "NP3", from "NP2" 

               ⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∈ 𝑁𝑖

𝑡[𝐼]⏞  
𝑐

∨ 𝑥 ∈ 𝑀𝑖
𝑡[𝐼 ]⏞  
𝑐

 ), "NP4", from "NP3" 

               ⇔ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∈ 𝑁𝑖

𝑡[𝐼]⏞  
𝑐

) ∨ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ]  ∧  𝑥 ∈ 𝑀𝑖

𝑡[𝐼 ]⏞  
𝑐

 ), "NP5", from "NP4" 

               ⇔ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∉ 𝑁𝑖

𝑡[𝐼]) ∨ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ]  ∧  𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ] ), "NP6", from "NP5" 

               ⇔ (𝐻𝑖
𝑡[𝐼 ] ⊝ 𝑁𝑖

𝑡[𝐼]) ∪ (𝐻𝑖
𝑡[𝐼 ]  ⊝ 𝑀𝑖

𝑡[𝐼 ] ), "NP7", from "NP6" 

∴ 𝐻𝑖
𝑡[𝐼 ] ⊝ (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] ⊝ 𝑁𝑖
𝑡[𝐼]) ∪ (𝐻𝑖

𝑡[𝐼 ] ⊝𝑀𝑖
𝑡[𝐼])∎. The conclusion from "Neu-

hypo" and "NP7".  

(2). By the same arguments. 

(3). Suppose that 𝑥 ∈ ((𝐻𝑖
𝑡[𝐼 ] ∩  𝑁𝑖

𝑡[𝐼]) ⊝ (𝐻𝑖
𝑡[𝐼 ] ∩ 𝑀𝑖

𝑡[𝐼 ])), "Neu-hypo"  

⇔ 𝑥 ∈ (𝐻𝑖
𝑡[𝐼 ] ∩  𝑁𝑖

𝑡[𝐼]) ∧  𝑥 ∉  (𝐻𝑖
𝑡[𝐼 ] ∩ 𝑀𝑖

𝑡[𝐼 ]), "NP1", from "Neu-hypo" 

⇔ 𝑥 ∈ (𝐻𝑖
𝑡[𝐼 ] ∩  𝑁𝑖

𝑡[𝐼]) ∧  𝑥 ∈  (𝐻𝑖
𝑡[𝐼 ] ∩ 𝑀𝑖

𝑡[𝐼 ]⏞        
𝑐

), "NP2", from "NP1",   

⇔ 𝑥 ∈ (𝐻𝑖
𝑡[𝐼 ] ∩  𝑁𝑖

𝑡[𝐼]) ∧  𝑥 ∈  (𝐻𝑖
𝑡[𝐼 ]⏞  
𝑐

∪𝑀𝑖
𝑡[𝐼 ]⏞  
𝑐

), "NP3", from "NP2", 

⇔ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∈  𝑁𝑖

𝑡[𝐼]) ∧ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ]⏞  
𝑐

∨ 𝑥 ∈ 𝑀𝑖
𝑡[𝐼 ]⏞  
𝑐

), "NP4", from "NP3",   

⇔ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∈  𝑁𝑖

𝑡[𝐼]) ∧ (𝑥 ∉  𝐻𝑖
𝑡[𝐼 ] ∨ 𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ]), "NP5", from "NP4",  
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⇔ (𝑥 ∈ 𝐻𝑖

𝑡[𝐼 ] ∧  (𝑥 ∉  𝐻𝑖
𝑡[𝐼 ] ∨ 𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ])) ∧ 𝑥 ∈  𝑁𝑖
𝑡[𝐼], "NP6", from "NP5",  

⇔ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∉  𝐻𝑖

𝑡[𝐼 ]) ∨ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ]) ∧ 𝑥 ∈  𝑁𝑖
𝑡[𝐼], "NP7", from "NP6",  

⇔ (𝐹𝑁 ∨ (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ])) ∧ 𝑥 ∈  𝑁𝑖
𝑡[𝐼], "NP8", from "NP7",  

⇔ ( (𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ])) ∧ 𝑥 ∈  𝑁𝑖
𝑡[𝐼], "NP9", from "NP8",  

⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∉ 𝑀𝑖

𝑡[𝐼 ] ∧ 𝑥 ∈  𝑁𝑖
𝑡[𝐼]), "NP10", from "NP9",  

⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∈  𝑁𝑖

𝑡[𝐼] ∧ 𝑥 ∉ 𝑀𝑖
𝑡[𝐼 ]), "NP11", from "NP10",  

⇔ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑥 ∈ ( 𝑁𝑖

𝑡[𝐼] ⊝𝑀𝑖
𝑡[𝐼 ])), "NP12", from "NP11",  

⇔ 𝑥 ∈ (𝐻𝑖
𝑡[𝐼 ] ∩ ( 𝑁𝑖

𝑡[𝐼] ⊝𝑀𝑖
𝑡[𝐼 ])), "NP13", from "NP12",  

∴ 𝐻𝑖
𝑡[𝐼 ] ∩ ( 𝑁𝑖

𝑡[𝐼] ⊝𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] ∩  𝑁𝑖
𝑡[𝐼])⊝ (𝐻𝑖

𝑡[𝐼 ] ∩ 𝑀𝑖
𝑡[𝐼 ])∎. The conclusion from "Neu-

hypo" and "NP13".  

(4). It can be proven by a similar method. 

Theorem 2.2 Let 𝐻𝑖
𝑡[𝐼 ] ⊂ 𝑁𝑖

𝑡[𝐼 ] ⊂ 𝑈𝑖
𝑡[𝐼 ], for any  𝑖 = 1,2,3, then; 

1) 𝑁𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ] = 𝑁𝑖
𝑡[𝐼 ] ∩ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ]), and 

2) (𝑋𝑖
𝑡[𝐼 ] ⊝ 𝑁𝑖

𝑡[𝐼 ]) ⊆ (𝑋𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ]). 

Proof (1). Assume that 𝑥 ∈ (𝑁𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ]), "Neu-hypo" 

⇒ (𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ]) ∧ (𝑥 ∉ 𝐻𝑖

𝑡[𝐼 ]), "𝑁𝑃1", from "Neu-hypo"  

⇒ (𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ]), "𝑁𝑃2", from NP1", 

⇒ (𝑥 ∉ 𝐻𝑖
𝑡[𝐼 ]), "𝑁𝑃3", from "𝑁𝑃1",  

⇒ 𝑥 ∈ (𝑋𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ]), "𝑁𝑃4", from "𝑁𝑃3", 

⇒ (𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ]) ∧ 𝑥 ∈ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ]), "𝑁𝑃5", from "NP2&NP4", 

⇒ 𝑥 ∈ (𝑁𝑖
𝑡[𝐼 ] ∩ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ])), "𝑁𝑃6", from "𝑁𝑃5",          

⇒ 𝑁𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ] ⊂ 𝑁𝑖
𝑡[𝐼 ] ∩ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ]), " 𝑁𝐶1", from "neu-hypo"&"𝑁𝑃6". 

Conversely, Suppose that 𝑥 ∈ (𝑁𝑖
𝑡[𝐼 ] ∩ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ])), "Neu-hypo"  

⇒ (𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ]) ∧ (𝑥 ∈ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ])), "𝑁𝑃1", from "Neu-hypo"  

⇒ 𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ], "𝑁𝑃2", from "𝑁𝑃1",   

⇒ 𝑥 ∈ (𝑋𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ]), "𝑁𝑃3", from "𝑁𝑃1",   

⇒ 𝑥 ∈ 𝑋𝑖
𝑡[𝐼 ] ∧  𝑥 ∉ 𝐻𝑖

𝑡[𝐼 ], "𝑁𝑃4", from "𝑁𝑃3",   

⇒  𝑥 ∉ 𝐻𝑖
𝑡[𝐼 ], "𝑁𝑃5", from "𝑁𝑃4",   

⇒ 𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ] ∧  𝑥 ∉ 𝐻𝑖

𝑡[𝐼 ], "𝑁𝑃6", from "𝑁𝑃2&𝑁𝑃5",   

⇒ 𝑥 ∈ (𝑁𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ]), "𝑁𝑃7", from "𝑁𝑃6",                                                    
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⇒ (𝑁𝑖
𝑡[𝐼 ] ∩ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ])) ⊂ (𝑁𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ]), "𝑁𝐶2", from "neu-hypo & 𝑁𝑃7". 

∴ 𝑁𝑖
𝑡[𝐼 ] ⊝ 𝐻𝑖

𝑡[𝐼 ] = 𝑁𝑖
𝑡[𝐼 ] ∩ (𝑋𝑖

𝑡[𝐼 ] ⊝ 𝐻𝑖
𝑡[𝐼 ])∎. From "𝑁𝐶1& 𝑁𝐶2" 

3 |Generalization of Neutrosophic Operations on Neutrosophic Sets of 

Three 

In this section, the neutrosophic family of neutrosophic sets, indexed set, neutrosophic partition, finite general 

neutrosophic union, countable infinite neutrosophic union, finite general neutrosophic intersection, 

countable infinite neutrosophic intersection are defined.     

Definition 3.1. Let 𝑈𝑖
𝑡[𝐼 ] be any neutrosophic universal set, 𝑖 = 1,2,3, and 𝕚 = {1,2,3,… }. Define a 

neutrosophic set by: ℱℵ = {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

∶ 𝐻𝑖
𝑡[𝐼 ] ⊆ 𝑈𝑖

𝑡[𝐼 ], 𝛼 ∈ 𝕚}, where 

 ℱℵ is called a neutrosophic family of neutrosophic sets, 

 𝕚 is called an indexing set for the family, and 

 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

 is called an indexed set. 

Definition 3.2. Let ℘ℵ = {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} be a family of neutrosophic subsets of 𝐻𝑖
𝑡[𝐼 ], for any 𝑖 = 1,2,3,  

We said that {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} is a neutrosophic partition of 𝐻𝑖
𝑡[𝐼 ], if satisfies the following conditions; 

1) 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

≠ ∅𝑖
𝑡[𝐼 ], for any 𝑖 = 1,2,3, and ∀𝛼 ∈ 𝕚,  

2) For each 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

 and 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛽

, then either 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

= 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛽

 or 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

∩𝐻𝑖
𝑡[𝐼 ]⏟  
𝛽

= ∅, ∀𝑖 = 1,2,3, 

3) 𝐻𝑖
𝑡[𝐼 ] = ⋃𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

.  

Example 3.1. Let 𝐻 = {1,2,3, } be a classical set, then the neutrosophic sets of three types are given 

by:𝐻1
𝑡[𝐼 ] = {

1 + 1𝐼, 1 + 2𝐼, 1 + 3𝐼,
2 + 1𝐼, 2 + 2𝐼, 2 + 3𝐼,
3 + 1𝐼, 3 + 2𝐼, 3 + 3𝐼,

}, and 𝐻1
𝑡[𝐼 ]⏟  
1

= {1 + 1𝐼, 1 + 2𝐼, 1 + 3𝐼} 

𝐻1
𝑡[𝐼 ]⏟  
2

= {2 + 1𝐼, 2 + 2𝐼, 2 + 3𝐼}, and 𝐻1
𝑡[𝐼 ]⏟  
3

= {3 + 1𝐼, 3 + 2𝐼, 3 + 3𝐼}, we see that, 

 ℘ℵ = {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} = {𝐻1
𝑡[𝐼 ]⏟  
1

, 𝐻1
𝑡[𝐼 ]⏟  
2

, 𝐻1
𝑡[𝐼 ]⏟  
3

} is a neutrosophic partition of 𝐻1
𝑡[𝐼 ], because  

𝐻1
𝑡[𝐼 ] = 𝐻1

𝑡[𝐼 ]⏟  
1

∪ 𝐻1
𝑡[𝐼 ]⏟  
2

∪ 𝐻1
𝑡[𝐼 ]⏟  ,
3∪

 𝐻1
𝑡[𝐼 ]⏟  
1

∩ 𝐻1
𝑡[𝐼 ]⏟  
2

= ∅,𝐻1
𝑡[𝐼 ]⏟  
1

∩ 𝐻1
𝑡[𝐼 ]⏟  
3

= ∅, and 
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  𝐻1
𝑡[𝐼 ]⏟  
2

∩ 𝐻1
𝑡[𝐼 ]⏟  
3

= ∅. While 𝐻1
𝑡[𝐼 ]⏟  
1

= {1 + 1𝐼, 2 + 2𝐼, 3 + 3𝐼}, 𝐻1
𝑡[𝐼 ]⏟  
2

= {2 + 1𝐼, 2 + 2𝐼, 2 + 3𝐼}, and 

𝐻1
𝑡[𝐼 ]⏟  
3

= {3 + 1𝐼, 2 + 1𝐼, 3 + 2𝐼}, then ℘ℵ = {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} = {𝐻1
𝑡[𝐼 ]⏟  
1

, 𝐻1
𝑡[𝐼 ]⏟  
2

, 𝐻1
𝑡[𝐼 ]⏟  
3

} is not a 

neutrosophic partition of 𝐻1
𝑡[𝐼 ], because 𝐻1

𝑡[𝐼 ]⏟  
1

∩𝐻1
𝑡[𝐼 ]⏟  
2

= {2 + 2𝐼} ≠ ∅1
𝑡 [𝐼 ]. In addition, if    

𝐻2
𝑡[𝐼] = {ℎ𝐼 ∪ {ℎ}: ℎ ∈ 𝐻} = { 

1,
2,
3,

1𝐼
2𝐼
3𝐼
}, then 𝐻2

𝑡[𝐼 ]⏟  
1

= {1,1𝐼}, 𝐻2
𝑡[𝐼 ]⏟  
2

= {2,2𝐼}, and 𝐻2
𝑡[𝐼 ]⏟  
3

= {3,3𝐼}           

℘ℵ = {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} = {𝐻2
𝑡[𝐼 ]⏟  
1

, 𝐻2
𝑡[𝐼 ]⏟  
2

, 𝐻2
𝑡[𝐼 ]⏟  
3

} is a neutrosophic partition of 𝐻2
𝑡[𝐼 ], also the neutrosophic 

collection of the neutrosophic subset of 𝐻2
𝑡[𝐼] which is given by  

℘ℵ = {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} = {𝐻2
𝑡[𝐼 ]⏟  
1

, 𝐻2
𝑡[𝐼 ]⏟  
2

, 𝐻2
𝑡[𝐼 ]⏟  ,𝐻2

𝑡[𝐼 ]⏟  
4

,

3

𝐻2
𝑡[𝐼 ]⏟  
5

} is a neutrosophic partition of 𝐻2
𝑡[𝐼 ], 

where, 𝐻2
𝑡[𝐼 ]⏟  
1

= {1}, 𝐻2
𝑡[𝐼 ]⏟  
2

= {1𝐼},𝐻2
𝑡[𝐼 ]⏟  
3

= {2,2𝐼}, 𝐻2
𝑡[𝐼 ]⏟  
4

= {3}, and 𝐻2
𝑡[𝐼 ]⏟  
5

= {3𝐼}. 

Definition 3.3. Let 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚, where 𝕚 = {1,2,3,… , 𝑛} be a sequence of finite neutrosophic sets. Define 

the finite general neutrosophic union as follows:  

⋃ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

= 𝐻𝑖
𝑡[𝐼 ]⏟  
1

∪ 𝐻𝑖
𝑡[𝐼 ]⏟  
2

∪ 𝐻𝑖
𝑡[𝐼 ]⏟  
3

𝑛
𝛼=1 ∪ …𝐻𝑖

𝑡[𝐼 ]⏟  
𝑛

, where 𝑖 = 1,2,3.   

Definition 3.4. Let 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚, where 𝕚 = {1,2,3,… } be a sequence of countable infinite neutrosophic 

sets. Define the countable infinite neutrosophic union as follows:  

⋃ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

= 𝐻𝑖
𝑡[𝐼 ]⏟  
1

∪ 𝐻𝑖
𝑡[𝐼 ]⏟  
2

∪ 𝐻𝑖
𝑡[𝐼 ]⏟  
3

∞
𝛼=1 ∪ …𝐻𝑖

𝑡[𝐼 ]⏟   
𝑛

∪ …, where 𝑖 = 1,2,3.    

Definition 3.5. Let {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} , 𝑖 = 1,2,3 be a neutrosophic family of indexed sets. Define arbitrary 

neutrosophic union as follows:  ⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

= {𝑥: ∃ 𝛼 ∈ 𝕚 such that 𝑥 ∈  𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

 }.  

Theorem 3.1. Let {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

} , 𝑖 = 1,2,3 be a neutrosophic family of indexed sets of three types, and 𝑁𝑖
𝑡[𝐼 ] be 

neutrosophic sets of three types. If 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⊂ 𝑁𝑖
𝑡[𝐼 ], ∀ 𝛼 ∈ 𝕚, then ⋃𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

⊂ 𝑁𝑖
𝑡[𝐼 ].  

Proof. Consider 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⊂ 𝑁𝑖
𝑡[𝐼 ], ∀ 𝛼 ∈ 𝕚. Suppose that 𝒙 ∈  ⋃𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

, "neu-hypo"            

        ⇒ ∃ 𝛼 ∈ 𝕚 such that 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ], for any 𝑖 = 1,2,3, "NP1", from "Neu-hypo"    

        ⇒ ∃ 𝛼 ∈ 𝕚 such that 𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ], for any 𝑖 = 1,2,3, "NP2", from  "NP1&NP", 

         ⇒ 𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ], for any 𝑖 = 1,2,3, "NP3", from  "NP2 ", 

         ⇒ ⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⊂ 𝑁𝑖
𝑡[𝐼 ], for any 𝑖 = 1,2,3, "NC", from  "NP3"∎. 
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Definition 3.6. Let 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚, where 𝕚 = {1,2,3,… , 𝑛} be a sequence of finite neutrosophic sets. Define 

the finite general neutrosophic intersection as follows:  

⋂ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

= 𝐻𝑖
𝑡[𝐼 ]⏟  
1

∩ 𝐻𝑖
𝑡[𝐼 ]⏟  
2

∩ 𝐻𝑖
𝑡[𝐼 ]⏟  
3

𝑛
𝛼=1 ∩ …𝐻𝑖

𝑡[𝐼 ]⏟  
𝑛

, where 𝑖 = 1,2,3.   

Definition 3.7. Let 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚, where 𝕚 = {1,2,3,… } be a sequence of countable infinite neutrosophic 

sets. Define the countable infinite neutrosophic intersection as follows:  

⋂ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

= 𝐻𝑖
𝑡[𝐼 ]⏟  
1

∩ 𝐻𝑖
𝑡[𝐼 ]⏟  
2

∩ 𝐻𝑖
𝑡[𝐼 ]⏟  
3

∞
𝛼=1 ∩ …𝐻𝑖

𝑡[𝐼 ]⏟   
𝑛

∩ …, where 𝑖 = 1,2,3.    

Definition 3.8. Let {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

: 𝛼 ∈ 𝕚} , 𝑖 = 1,2,3 be a neutrosophic family of indexed sets. Define arbitrary 

neutrosophic intersection as follows:  ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

= {𝑥: 𝑥 ∈  𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼

, ∀ 𝛼 ∈ 𝕚  }.  

Theorem 3.2. Let {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

} , 𝑖 = 1,2,3 be a neutrosophic family of indexed sets of three types, and 𝑁𝑖
𝑡[𝐼 ] be 

neutrosophic sets of three types. If 𝑁𝑖
𝑡[𝐼 ] ⊂ 𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚, then 

𝑁𝑖
𝑡[𝐼 ] ⊂ ⋂𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚 .  

Proof. Suppose that 𝑁𝑖
𝑡[𝐼 ] ⊂ 𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚, and assume that  𝑥 ∈ 𝑁𝑖
𝑡[𝐼 ], "neu-hypo" 

⇒ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ], ∀ 𝛼 ∈ 𝕚   for any , 𝑖 = 1,2,3, "NP1", from "Neu-hypo"    

⇒ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ]⏟  
1

,∧ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ]⏟  
2

∧ …∧ 𝑥 ∈ 𝐻𝑖
𝑡[𝐼 ] ∧⏟     
𝑛

 … , ∀ 𝛼 ∈ 𝕚   for any , 𝑖 = 1,2,3, "NP2", from "NP1",         

⇒ 𝑥 ∈ ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚 . for any, 𝑖 = 1,2,3, "NP3", from "NP2",         

⇒ 𝑁𝑖
𝑡[𝐼 ] ⊂ ⋂𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚 . for any, 𝑖 = 1,2,3, "NC", from NP3∎.         

Theorem 3.3. Let {𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

} , 𝑖 = 1,2,3 be a neutrosophic family of indexed sets of three types, then  

(⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

)

⏞      
𝒄

= ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, and 

(⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

)

⏞      
𝒄

= ⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, ∀ 𝛼 ∈ 𝕚 . Where the components of complements are taken in 𝑈𝑖
𝑡[𝐼 ].  

Proof (1). Assume that ℎ ∈ (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

)

⏞      
𝒄

, "neu-hypo", 
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                       ⇒ ℎ ∈ (𝑈𝑖
𝑡[𝐼 ] ⊖ (⋃𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

)), "NP1", from "neu-hypo", 

                       ⇒ ℎ ∈ 𝑈𝑖
𝑡[𝐼 ] ∧ ℎ ∉ (⋃𝐻𝑖

𝑡[𝐼 ]⏟  
𝛼∈𝕚

), "NP2", from "NP1", 

                        ⇒ ℎ ∉ (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

), "NP3", from "NP2",  

                        ⇒   ℎ ∉ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚 , "NP4", from "NP3",  

                       ⇒   ℎ ∈ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, ∀ 𝛼 ∈ 𝕚, "NP5", from "NP4", 

                        ⇒  ℎ ∈ ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, ∀ 𝛼 ∈ 𝕚 , "NP6", from "NP5", 

                        ⇒ (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

)

⏞      
𝒄

⊂ ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, "N𝐶1", from "NP6", conversely,  

Suppose that ℎ ∈ ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, "neu-hypo", 

             ⇒   ℎ ∈ 𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, ∀ 𝛼 ∈ 𝕚, "NP1", from "neu-hypo", 

             ⇒   ℎ ∉  𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚, "NP2", from "NP1", 

             ⇒   ℎ ∉ ⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

, ∀ 𝛼 ∈ 𝕚, "NP3", from "NP2", 

             ⇒   ℎ ∈ ⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, ∀ 𝛼 ∈ 𝕚, "NP4", from "NP3", 

             ⇒ ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

 ⊂ ⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

, "N𝐶2", from "NP4", hence  

    (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

)

⏞      
𝒄

= ⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

⏞  
𝑐

∎, from "N𝐶1&"N𝐶2". 

 (2). By the same way.  

Theorem 3.3. Let {Hi
t[I ]⏟  
α∈𝕚

} , i = 1,2,3 and{Ni
t[I ]⏟  
β∈𝕛

} , i = 1,2,3 be a neutrosophic family of indexed sets of 

three types, then  

(⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

) ∩ (⋃𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

) = ⋃ (𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

∩ 𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

)(𝛼,𝛽)∈𝕚×𝕛 , and 
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(⋂𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

) ∪ (⋂𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

) = ⋂  

(𝛼,𝛽)∈𝕚×𝕛

(𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

∪ 𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

) 

Proof (1). Assume that h ∈ (⋃Hi
t[I ]⏟  
α∈𝕚

) ∩ (⋃Ni
t[I ]⏟  
β∈𝕛

), "neu-hypo",  

⇒ h ∈ (⋃Hi
t[I ]⏟  
α∈𝕚

) ∧ h ∈ (⋃Ni
t[I ]⏟  
β∈𝕛

) , "NP1", from "neu-hypo", 

⇒ (∃ α ∈ 𝕚 such that h ∈ Hi
t[I ]) ∧ (∃ β ∈ 𝕛 such that h ∈ Ni

t[I ]), for any i = 1,2,3, "NP2", from "NP1", 

⇒ (∃ (α, β) ∈ 𝕚 × 𝕛 such that h ∈ Hi
t[I ] ∧ Ni

t[I ]), for any i = 1,2,3, "NP3", from "NP2",  

⇒ (∃ (α, β) ∈ 𝕚 × 𝕛 such that h ∈ (Hi
t[I ] ∩ Ni

t[I ])), for any i = 1,2,3, "NP4", from "NP3",  

⇒ (h ∈ ⋃ (Hi
t[I ] ∩ Ni

t[I ])(α,β)∈𝕚×𝕛 ), for any i = 1,2,3, "NP4", from "NP3",  

⇒ (⋃Hi
t[I ]⏟  
α∈𝕚

) ∩ (⋃Ni
t[I ]⏟  
β∈𝕛

) ⊂ ⋃ (Hi
t[I ] ∩ Ni

t[I ])(α,β)∈𝕚×𝕛 ,  "NC1", from "NP4", conversely, 

Suppose that h ∈ ⋃ (Hi
t[I ]⏟  
α∈𝕚

∩ Ni
t[I ]⏟  
β∈𝕛

)(α,β)∈𝕚×𝕛 , "neu-hypo", 

⇒ (∃ (𝛼, 𝛽) ∈ 𝕚 × 𝕛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ℎ ∈ (𝐻𝑖
𝑡[𝐼 ] ∩ 𝑁𝑖

𝑡[𝐼 ])), for any 𝑖 = 1,2,3, "NP1", from "neu-hypo", 

⇒ (∃ (𝛼, 𝛽) ∈ 𝕚 × 𝕛 such that ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑁𝑖

𝑡[𝐼 ]), for any 𝑖 = 1,2,3, "NP2", from "NP1",  

⇒ (∃ 𝛼 ∈ 𝕚 such that ℎ ∈ 𝐻𝑖
𝑡[𝐼 ]) ∧  (∃ 𝛽 ∈ 𝕛 such that ℎ ∈ 𝑁𝑖

𝑡[𝐼 ]), for any 𝑖 = 1,2,3, "NP3", from 

"NP2", 

⇒ ℎ ∈ (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

) ∧ ℎ ∈ (⋃𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

) , "NP4", from "NP3", 

⇒ ℎ ∈ (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

) ∩ (⋃𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

), "NP5", from "NP4", 

⇒ ⋃ (𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

∩ 𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

)(𝛼,𝛽)∈𝕚×𝕛 ⊂ (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

) ∩ (⋃𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

), "NC2", from "NP5", therefore  

 (⋃𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

) ∩ (⋃𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

) = ⋃ (𝐻𝑖
𝑡[𝐼 ]⏟  
𝛼∈𝕚

∩ 𝑁𝑖
𝑡[𝐼 ]⏟  
𝛽∈𝕛

)∎(𝛼,𝛽)∈𝕚×𝕛 . 

(2). By the same arguments. 

4 |Neutrosophic Cartesian Product on Three Types of Neutrosophic 

Sets and Their Properties 

In this section, the neutrosophic family of neutrosophic sets, indexed set, neutrosophic partition, finite general 

neutrosophic union, countable infinite neutrosophic union, finite general neutrosophic intersection, 

countable infinite neutrosophic intersection are defined.      
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Definition 4.1. Let 𝐻𝑖

𝑡[𝐼 ] and 𝑁𝑖
𝑡[𝐼 ] be two neutrosophic sets of three types, for any 𝑖 = 1,2,3. Define the 

neutrosophic order pair for two neutrosophic elements ℎ ∈ 𝐻𝑖
𝑡[𝐼 ], 𝑛 ∈ 𝑁𝑖

𝑡[𝐼 ] as following: 〈ℎ, 𝑛〉 =

〈 ℎ1 +  ℎ2𝐼,  𝑛1 +  𝑛2𝐼〉, for some  ℎ1,  ℎ2 ∈ 𝐻,  𝑛1,  𝑛2 ∈ 𝑁 and an indeterminacy 𝐼  

                 = {{ ℎ1,  ℎ2𝐼}, {{ ℎ1,  ℎ2𝐼}, { 𝑛1,  𝑛2𝐼}}}.  

The neutrosophic order pair 〈ℎ, 𝑛〉 is a neutrosophic set of three types which related to 𝐻𝑖
𝑡[𝐼 ] and 𝑁𝑖

𝑡[𝐼 ] 

respectively.  

Definition 4.2. Let 𝐻𝑖
𝑡[𝐼 ] and 𝑁𝑖

𝑡[𝐼 ] be two neutrosophic sets of three types, for any  𝑖 = 1,2,3. The 

neutrosophic cartesian product denoted by 𝐻𝑖
𝑡[𝐼 ] × 𝑁𝑖

𝑡[𝐼 ], and defined by: 

𝐻𝑖
𝑡[𝐼 ] × 𝑁𝑖

𝑡[𝐼 ] = {〈ℎ, 𝑛〉: ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑛 ∈  𝑁𝑖

𝑡[𝐼 ]}    

              = {〈ℎ, 𝑛〉: ∃ ℎ1,  ℎ2 ∈ 𝐻 ∧ ∃ 𝑛1,  𝑛2 ∈ 𝑁, ℎ =  ℎ1 +  ℎ2𝐼, 𝑛 =  𝑛1 +  𝑛2𝐼}, where 𝐼 is an 

indeterminacy.  

Theorem 4.1. Let 𝐻𝑖
𝑡[𝐼 ] and 𝑁𝑖

𝑡[𝐼 ] be two neutrosophic sets of three types, for any  𝑖 = 1,2,3, and let 〈ℎ, 𝑛〉 

and 〈ℎ′, 𝑛′〉 be two neutrosophic order pairs belonging to 𝐻𝑖
𝑡[𝐼 ] × 𝑁𝑖

𝑡[𝐼 ]. Then, 〈ℎ, 𝑛〉 = 〈ℎ′, 𝑛′〉 ⇔ ℎ =

ℎ′ ∧ 𝑛 = 𝑛′⇔ ( ℎ1 =  ℎ1
′  ∧  ℎ2 =  ℎ2

′ ) ∧ ( 𝑛1 =  𝑛1
′  ∧  𝑛2 =  𝑛2

′ ). 

Proof. Suppose that ( ℎ1 =  ℎ1
′  ∧  ℎ2 =  ℎ2

′ ) ∧ ( 𝑛1 =  𝑛1
′  ∧  𝑛2 =  𝑛2

′ ) ⇒ ℎ = ℎ′ ∧ 𝑛 = 𝑛′,   

Now, 〈ℎ, 𝑛〉 = 〈 ℎ1 +  ℎ2𝐼,  𝑛1 +  𝑛2𝐼〉,    

            = {{ ℎ1,  ℎ2𝐼}, {{ ℎ1,  ℎ2𝐼}, { 𝑛1,  𝑛2𝐼}}},  

            = {{ ℎ1
′ ,  ℎ2

′ 𝐼}, {{ ℎ1
′ ,  ℎ2

′ 𝐼}, { 𝑛1
′ ,  𝑛2

′ 𝐼}}},  

             = 〈ℎ′, 𝑛′〉. Conversely, 

Assume that 〈ℎ, 𝑛〉 = 〈ℎ′, 𝑛′〉 ⇒ 〈 ℎ1 +  ℎ2𝐼,  𝑛1 +  𝑛2𝐼〉 = 〈 ℎ1
′ +  ℎ2

′ 𝐼,  𝑛1
′ +  𝑛2

′ 𝐼〉  

                            ⇒ {{ ℎ1,  ℎ2𝐼}, {{ ℎ1,  ℎ2𝐼}, { 𝑛1,  𝑛2𝐼}}} = {{ ℎ1
′ ,  ℎ2

′ 𝐼}, {{ ℎ1
′ ,  ℎ2

′ 𝐼}, { 𝑛1
′ ,  𝑛2

′ 𝐼}}}.  

∵ { ℎ1,  ℎ2𝐼} ∈ {{ ℎ1,  ℎ2𝐼}, {{ ℎ1,  ℎ2𝐼}, { 𝑛1,  𝑛2𝐼}}} 

∴ { ℎ1,  ℎ2𝐼} ∈ {{ ℎ1
′ ,  ℎ2

′ 𝐼}, {{ ℎ1
′ ,  ℎ2

′ 𝐼}, { 𝑛1
′ ,  𝑛2

′ 𝐼}}} 

∴ { ℎ1,  ℎ2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} ∨ { ℎ1,  ℎ2𝐼} =, {{ ℎ1
′ ,  ℎ2

′ 𝐼}, { 𝑛1
′ ,  𝑛2

′ 𝐼}} 

Case 1. If { ℎ1,  ℎ2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} ⇒ {{ ℎ1,  ℎ2𝐼}, { 𝑛1,  𝑛2𝐼}} = {{ ℎ1
′ ,  ℎ2

′ 𝐼}, { 𝑛1
′ ,  𝑛2

′ 𝐼}} 

                               ⇒ { ℎ1,  ℎ2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} ∧ { 𝑛1,  𝑛2𝐼} = { 𝑛1
′ ,  𝑛2

′ 𝐼} 

                               ⇒ ( ℎ1 =  ℎ1
′  ∧  ℎ2 =  ℎ2

′ ) ∧ ( 𝑛1 =  𝑛1
′  ∧  𝑛2 =  𝑛2

′ ) 

                               ⇒ ℎ = ℎ′ ∧ 𝑛 = 𝑛′ 

Case 2. If { ℎ1,  ℎ2𝐼} = {{ ℎ1
′ ,  ℎ2

′ 𝐼}, { 𝑛1
′ ,  𝑛2

′ 𝐼}} ⇒ {{ ℎ1,  ℎ2𝐼}, { 𝑛1,  𝑛2𝐼}} = { ℎ1
′ ,  ℎ2

′ 𝐼}. 

                                      ⇒ { ℎ1,  ℎ2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} ∧ { 𝑛1,  𝑛2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} 

∵ { ℎ1,  ℎ2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} ⇒ ( ℎ1 =  ℎ1
′  ∧  ℎ2 =  ℎ2

′ ) 

∵ { 𝑛1,  𝑛2𝐼} = { ℎ1
′ ,  ℎ2

′ 𝐼} ⇒ ( 𝑛1 =  ℎ1
′  ∧  𝑛2 =  ℎ2

′ ) 

                        ⇒ ( 𝑛1 =  ℎ1  ∧  𝑛2 =  ℎ2) 

                        ⇒ ( 𝑛1 =  𝑛1
′  ∧  𝑛2 =  𝑛2

′ ) 
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∵ ( ℎ1 =  ℎ1
′  ∧  ℎ2 =  ℎ2

′ ) ∧ ( 𝑛1 =  𝑛1
′  ∧  𝑛2 =  𝑛2

′ ) ⟹ ℎ = ℎ′ ∧ 𝑛 = 𝑛′∎. 

Example 4.1. Let  𝐻 = {𝑎, 𝑏} and  𝑁 = {𝑑} be two classical sets, then neutrosophic set of type-1 is given 

by: 𝐻1
𝑡[𝐼 ] = {

𝑎 + 𝑎𝐼, 𝑎 + 𝑏𝐼,
𝑏 + 𝑎𝐼, 𝑏 + 𝑏𝐼

}, and 𝑁1
𝑡[𝐼 ] = {𝑑 + 𝑑𝐼}, then the neutrosophic cartesian product is given 

by: 

𝐻1
𝑡[𝐼 ] × 𝑁1

𝑡[𝐼 ] = { 〈𝑎 + 𝑎𝐼, 𝑑 + 𝑑𝐼〉, 〈𝑎 + 𝑏𝐼, 𝑑 + 𝑑𝐼〉, 〈𝑏 + 𝑎𝐼, 𝑑 + 𝑑𝐼〉, 〈𝑏 + 𝑏𝐼, 𝑑 + 𝑑𝐼〉}, and 

𝑁1
𝑡[𝐼 ] × 𝐻1

𝑡[𝐼 ] = { 〈𝑑 + 𝑑𝐼, 𝑎 + 𝑎𝐼〉, 〈𝑑 + 𝑑𝐼, 𝑎 + 𝑏𝐼〉, 〈𝑑 + 𝑑𝐼, 𝑏 + 𝑎𝐼〉, 〈𝑑 + 𝑑𝐼, 𝑏 + 𝑏𝐼〉}. 

Note that. 𝐻1
𝑡[𝐼 ] × 𝑁1

𝑡[𝐼 ] ≠ 𝑁1
𝑡[𝐼 ] × 𝐻1

𝑡[𝐼 ], and  

Observation. It is clear that from the definition and example the following properties  

 𝐻𝑖
𝑡[𝐼 ] × 𝑁𝑖

𝑡[𝐼 ] ≠ 𝑁𝑖
𝑡[𝐼 ] × 𝐻𝑖

𝑡[𝐼 ], for any 𝑖 = 1,2,3, 

  𝜓(𝐻1
𝑡[𝐼 ] × 𝑁1

𝑡[𝐼 ]) =  𝜓(𝐻1
𝑡[𝐼 ]) ×  𝜓(𝑁1

𝑡[𝐼 ]), 

 𝐻𝑖
𝑡[𝐼 ] × ∅𝑖

𝑡[𝐼 ] = ∅𝑖
𝑡[𝐼 ] 

Theorem 4.2. Let 𝐻𝑖
𝑡[𝐼 ], 𝑁𝑖

𝑡[𝐼], and 𝑀𝑖
𝑡[𝐼 ] be three neutrosophic sets of three types, where 𝑖 = 1,2,3, then; 

1. 𝐻𝑖
𝑡[𝐼 ] × (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] × 𝑁𝑖
𝑡[𝐼]) ∩ (𝐻𝑖

𝑡[𝐼 ] × 𝑀𝑖
𝑡[𝐼]), 

2. 𝐻𝑖
𝑡[𝐼 ] × (𝑁𝑖

𝑡[𝐼] ∪ 𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] × 𝑁𝑖
𝑡[𝐼]) ∪ (𝐻𝑖

𝑡[𝐼 ] × 𝑀𝑖
𝑡[𝐼]), and 

3. 𝐻𝑖
𝑡[𝐼 ] × (𝑁𝑖

𝑡[𝐼] ⊝ 𝑀𝑖
𝑡[𝐼 ]) = (𝐻𝑖

𝑡[𝐼 ] × 𝑁𝑖
𝑡[𝐼]) ⊝ (𝐻𝑖

𝑡[𝐼 ] × 𝑀𝑖
𝑡[𝐼]),  

Proof (1). Suppose that 〈ℎ, 𝑛〉 ∈ (𝐻𝑖
𝑡[𝐼 ] × (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ])), "neu-hypo" 

                         ⇔ ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑛 ∈ (𝑁𝑖

𝑡[𝐼] ∩ 𝑀𝑖
𝑡[𝐼 ]), "N𝑃1" from "neu-hypo"  

                         ⇔ ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑛 ∈ 𝑁𝑖

𝑡[𝐼] ∧ 𝑛 ∈ 𝑀𝑖
𝑡[𝐼 ]), "N𝑃2" from "N𝑃1"  

                         ⇔ (ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ ℎ ∈ 𝐻𝑖

𝑡[𝐼 ]) ∧ (𝑛 ∈ 𝑁𝑖
𝑡[𝐼]   ∧ 𝑛 ∈ 𝑀𝑖

𝑡[𝐼 ]), "N𝑃3" from "N𝑃2"   

                         ⇔ ((ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ ℎ ∈ 𝐻𝑖

𝑡[𝐼 ]) ∧ 𝑛 ∈ 𝑁𝑖
𝑡[𝐼]) ∧ 𝑛 ∈ 𝑀𝑖

𝑡[𝐼 ], "N𝑃4" from "N𝑃3"   

                         ⇔ ( ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑛 ∈ 𝑁𝑖

𝑡[𝐼] ∧ ℎ ∈ 𝐻𝑖
𝑡[𝐼 ])) ∧ 𝑛 ∈ 𝑀𝑖

𝑡[𝐼 ], "N𝑃5" from "N𝑃4"  

                         ⇔ ( ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (∧  ℎ ∈ 𝐻𝑖

𝑡[𝐼 ])) ∧ 𝑛 ∈ 𝑀𝑖
𝑡[𝐼 ], "N𝑃6" from "N𝑃5"  

                         ⇔ (ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ 𝑛 ∈ 𝑁𝑖

𝑡[𝐼])(𝑛 ∈ 𝑁𝑖
𝑡[𝐼] ∧ 𝑛 ∈ 𝑀𝑖

𝑡[𝐼 ])   

                         ⇔ ℎ ∈ 𝐻𝑖
𝑡[𝐼 ] ∧ (𝑛 ∈ 𝑁𝑖

𝑡[𝐼] ∧ 𝑛 ∈ 𝑀𝑖
𝑡[𝐼 ])∎.   

5 |Conclusions 

In this paper, the previous work on neutrosophic set theory is extended. the relations between types of 

operation in the neutrosophic set theory are discussed with examples. In addition, the operations of union 

and intersection on neutrosophic set theory are generalized. Finally, the cartesian products and their properties 

are investigated. 
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