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Abstract
In set theory, a filter is a collection of sets that is closed under intersection and includes all supersets of its elements.
Within the framework of soft sets mathematical tools developed to handle uncertainty through parameterized
subsets-filters and ultrafilters have also been introduced, with further expansions made in fuzzy set theory and
Neutrosophic set theory. In this short paper, we introduce the novel concept of a hypersoft filter and provide a
brief discussion of its implications.
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1 |Introduction

1.1 | Soft Sets and Hypersoft Sets

Set theory serves as a foundational area in mathematics, with significant research dedicated to concepts like
filters and ultrafilters. In set theory, a filter is a collection of sets closed under intersection and containing all
supersets of its elements [12, 19, 45]. The maximal form of a filter, known as an ultrafilter, is a fundamental
concept with applications across various disciplines in mathematics [19, 26, 48, 54, 98, 113] and extends even
into fields like social choice theory [78].

A soft set provides a mathematical framework for handling uncertainty, defined as a set with associated
parameters to enable a flexible representation of information [77]. Filters and ultrafilters for soft sets have
emerged as extensions of classical filters, particularly within fuzzy set theory [124] and Neutrosophic set
theory [103], to better manage real-world uncertainties [16] Hypersoft sets further develop soft sets by
incorporating multi-attribute parameterization, allowing the modeling of complex, multi-dimensional
relationships across distinct attribute groups [107]. These uncertainty-management concepts have also found
applications in graph theory and related fields [41-44].

1.2 | Contributions

Despite the importance of research on ultrafilters in Soft Theory, ultrafilters within Hypersoft Theory remain
largely unexplored. In this paper, we introduce the concept of a hypersoft filter and examine its potential
implications. Additionally, we define the fuzzy hypersoft filter and Neutrosophic hypersoft filter, both of
which extend the hypersoft filter by integrating concepts from fuzzy set theory and Neutrosophic set theory.
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1.3 | The Structure of the Paper

The structure of this paper is outlined as follows. Section 2 provides an overview of existing definitions,
Section 3 presents the main results, and Section 4 discusses future tasks and directions.

2 | Preliminaries and Definitions

Some foundational concepts from set theory are applied in parts of this work. For further details, please
consult relevant references as needed [38, 50, 57, 60, 72].

2.1 | Crisp Sets and Filter

The concepts of Fuzzy Sets,[124—-129, 131] Soft Sets, Neutrosophic Sets,1{03, 104] Vague Sets, [4, 20, 24, 56,
130] and Rough Sets [84, 85] are often discussed alongside Crisp Sets, [25, 81, 102, 120] which serve as a
fundamental basis for these set concepts. The definition of a Universe Set and a Crisp Set is provided below.

Definition 2.1 (Universe Set). (cf [79]) A universe set, often denoted by U, is a set that contains all the
elements under consideration for a particular discussion or problem domain. Formally, U is defined as a set
that encompasses every element within the scope of a given context or framework, so that any subset of

interest can be regarded as a subset of U.

In set theory, the universe set U is typically assumed to contain all elements relevant to the discourse, meaning

that for any set A, if ACSU, then al elements of A are elements of U.

Definition 2.2 (Crisp Set). [81] Let X be a universe set, and let P(X) denote the power set of X, which
represents all subsets of X. A crisp set A € X is defined by a characteristic function y4: X — {0,1}, where:

1 ifxeAd

Xal6) = {0 ifx & A.

This function )4 Assigns a value of 1 to elements within the set A and 0 to those outside it, creating a clear
boundary. Crisp sets are thus bivalent and follow the principle of binary classification, where each element is
either a member of the set or not. This discrete nature contrasts with the gradual membership levels of fuzzy

sets, where membership can take any value in the interval [0,1].

Crisp sets with operations U,N, and (+)¢ (complement) on P(X) form a Boolean algebra. In this context,
crisp sets can be regarded as a subset of fuzzy sets that exhibit binary discontinuity.

The definition of an Ultrafilter in Set Theory is described as follows (cf [19, 26, 45]).

Definition 2.3 (Filter on a Set). Let X be a set. A collection F € 2% is called a filter on X if it satisfies the
following conditions:

(1) If A and B are both in F, then their intersection A N B is also in F.
(2) IfAisinF and A € B € X, then B isalsoin F.
(3) The empty set @ is not in F.
Example 2.4 (Filter on a Set). Let X = {1,2,3,4}. Define a collection F € 2% by
F={Ac X |3 €A}
Then F is a filter on X, as it satisfies the following conditions:
1. Non-emptiness of the Filter: The collection F is non-empty because {3} € F.

2. Closed under Intersection: If A, B € F, then both sets A and B contain the element 3 . Therefore,
their intersection A N B also contains 3,so AN B € F.
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3. Upward Closure: If A € F and A € B € X, then B must also contain the element 3 (since A & B
and 3 € A). Hence, B € F.

4. Exclusion of the Empty Set: The empty set @ does not belong to F because @ does not contain 3 .
Thus, F satisfies all the properties of a filter on X.

Definition 2.5 (Ultrafilter). A maximal filter, which cannot be extended any further while still being a filter,
is called an ultrafilter. An ultrafilter satisfies an additional condition:

(4) For any subset A € X, either A is in F or its complement X \ 4 is in F, but not both.
2.2 | Soft Set

This subsection explains the concept of a Soft Set. A soft set over a universe U assigns subsets of U to
parameters from a parameter set A, allowing for flexible representations of uncertain data. The formal
definition of a Soft Set is provided below [8, 9, 74, 77, 121]. For readers interested in details on operations
within Soft Set theory, please refer to as needed [77].

Definition 2.6. Let U be a non-empty finite set, called the universe of discourse, and let E be a non-empty

set of parameters. A soft set over U is defined as follows:
F = (F,A) over U is an ordered pair, where A € E and F: A —» P(U)

where F(a) € U for each a € A and P(U) denotes the power set of U. The set of all soft sets over U is
denoted by S(U).

1. Soft Subset: Let F = (F,A) and G = (G, B) be two soft sets over the common universe U. We say that
F is a soft subset of G, denoted F € G, if:

e ACBH
e F(a) S G(a)foralla € A.

2. Union of Soft Sets: The union of two soft sets F = (F,A) and G = (G, B) over U is defined as H =
(H,C) where C = AU B and

F(e), e€EA-B
H(e) =<G(e), eeEB-A
F(e)uG(e), e€eANB

3. Intersection of Soft Sets: The intersection of two soft sets F = (F,A) and G = (G, B) with disjoint
parameter sets A N B = @ is defined as H = (H, C), where C = AN B and

H(e) =F(e)nG(e), VeeC

In this Soft Theory framework, Soft Filters [16] and Soft Ultrafilters [16] have been actively studied. Since
filters are defined across various mathematical fields, several definitions exist. Here, we provide the definition
specific to a universe set.

Definition 2.7 (Soft Filter). [16] Let U be an initial universe set, and let PS(U) denote the family of all soft
sets over U. A soft filter on U is a non-empty subset F € PS(U) that satisfies the following properties:

).  Forany (f,A),(g,B) € F, the intersection (f,A) N (g,B) € F.
ii).  If(f,A) € F and (g, B) € PS(U) such that (f,A4) € (g, B), then (g,B) € F.
iii).  The null soft set @4 & F for any set of parameters A € E.

Here:
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e 'The intersection of two soft sets (f, 4) and (g, B), denoted (f, A) N (g, B), is defined as the soft
set (h, C), where C = AN B and for each ¢ € C, h(c) = f(c) N g(c).

e (f,A)S (g,B)ifAS Bandforallc €A, f(c) € g(c).
Definition 2.8 (Soft Ultrafilter). [16] A soft ultrafilter over X is a soft filter F that is maximal concerning
inclusion, meaning there is no soft filter strictly containing F.
The following proposition is valid.

Proposition 2.9. Every soft filter can be transformed into a filter on an appropriately defined set, thus
retaining the essential properties of a filter.

Proof. Let U be an initial universe set and let PS(U) denote the family of all soft sets over U. Let F € PS(U)

be a soft filter on U. We aim to construct a corresponding filter F' C 2% where X € U, such that F’ Satisfies
the conditions of a standard filter.

Define X = U(fa)er A, which is the union of all parameter sets A associated with soft sets in F. Now

construct the collection F' € 2% as follows:

F = U f(a) | a € A forsome (f,A) € F
(. A)EF

Where f(a) € U denotes the subset of U associated with the parameter a € A. Each element of F' is thus
a union of subsets of U drawn from soft sets in F. We now verify that F' satisfies the conditions of a filter

on :

1. Non-emptiness: Since F is a soft filter, it is non-empty, and therefore F' also contains at least one non-
empty set.

2. Closure under finite intersection: Let S,T € F'. Then, by construction, there exist soft sets
(f,A4),(g,B) € F and parameters a € A, b € B such that S = f(a) and T = g(b). Since F is closed
under intersection, we know (f, A) N (g, B) € F, where the intersection of these soft sets is defined as:

(f,A) n(g,B) = (h,0),
with C = AN B and h(c) = f(c) N g(c) for each ¢ € C. Consequently,
SNT = f(a)n g(b) = h(c) forsomec € C,
and thus SNT € F', showing that F' is closed under the intersection.

3. Closure under supersets: Suppose S € F' and S € T € X for some T € 2%, Then by the definition of
F', there exists (f,A) € F and a € A such that S = f(a). Since F satisfies the soft superset condition,
any soft set (g, B) € PS(U) with (f,A) € (g, B) must also be in F. Therefore, T € F' as required,

showing that F' satisfies the superset condition.

4. Exclusion of the empty set: Since F does not contain any null soft set @4, the empty set cannot appear

in any union forming F'. Thus, @ & F'.

Since F' satisfies all the filter properties on X, it is a standard filter on X. This completes the proof that every

soft filter can indeed be transformed into a filter on an appropriate set X.

2.3 | Fuzzy Filter

This subsection discusses the concept of a fuzzy filter. The fuzzy filter [27, 28, 55, 73, 114-116] and fuzzy
ultrafilter [114] are types of filters defined within the framework of fuzzy sets, as detailed in the definitions
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below. For further information on operations and related concepts in fuzzy set theory, please refer to [124]

as needed.
Definition 2.10 (Fuzzy Set). [124] Let X be a non-empty set. A fuzzy set 4 in X is defined as a function
A:X - [0,1]

where A(x) represents the degree of membership of x in A, with A(x) = 1 indicating full membership and
A(x) = 0 indicating no membership. The set of all fuzzy sets on X is denoted by F (X).

Definition 2.11 (Fuzzy Filter). [114] Let X be a non-empty set. A fuzzy filter F on X is a non-empty collection

of fuzzy sets in X that satisfies the following conditions:

1. Closure under Minimum: If A, B € F,then A N B € F,where (A N B)(x) = min{A(x), B(x)} for
allx € X.

2. Upwatd Closure: If A € F and A(x) < B(x) forallx € X, then B € F.
3. Non-Triviality: The fuzzy set defined by A(x) = 0 for all x € X (the null fuzzy set) is notin F.

Definition 2.12 (Fuzzy Ultrafilter). [114] A fuzzy ultrafilter U on X is a fuzzy filter on X that is maximal
concerning inclusion, meaning that there is no fuzzy filtert F on X such that U S F. Equivalently, a fuzzy

ultrafilter on X satisfies the following property:

1. For every fuzzy set A € F(X), either A € U or A° € U, where A€ is the complement of A
defined by A°(x) =1 — A(x) forall x € X.

The following proposition is clearly valid.
Proposition 2.13. Every fuzzy filter can be transformed into a filter on a suitably defined set.

Proof. Let X be a universe set, and let F € F(X) be a fuzzy filter on X, where F (X) denotes the set of all
fuzzy sets on X. We aim to construct a corresponding filter G € 2% (the power set of ) that retains the

essential properties of a filter, using the concept of level sets.
For a fuzzy set A € F(X) and any a € (0,1], define the @-cut of 4 as:
Ay ={x€X|A(x) = a}.

The a-cut A, is a classical subset of X and represents the set of elements that belong to A with a membership

degree of at least a.

Now define the collection G = {4, | A € F,a € (0,1]}. We will show that G satisfies the conditions of a
filter on X.

1. Non-emptiness and Exclusion of the Empty Set: Since F is a fuzzy filter, it does not contain the null
fuzzy set (where all memberships atre zero). Thus, for every A € F and a € (0,1], the a-cut 4, is non-
empty. Consequently, @ € G.

2. Closure under Finite Intersection: Let A, B € F and a, § € (0,1]. Consider the @-cut A, and the f§ cut
Bg. Since F is closed under the minimum operation, A N B € F where (A N B)(x) = min{A(x), B(x)}
for all x € X. Then, we have:

(AnB), ={x€X|1(ANB)(x) =y} < A, N Bg,
where y = min{a, B}. Since A N B € F, it follows that (A N B), € G,s0 Aq N Bg € §. Therefore,

G is closed under intersection.

3. Upward Closure: Let A, € G and suppose A, € B € X for some B € 2%, We aim to show that B € G.
Define a fuzzy set C € F(X) by
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A(x), x €A,
Cx)=11, X €EB\ A,
0, otherwise

By the upward closure of F, since A € F and A < C, we have C € F. Now, for any x € B,C(x) = «a, so
B = C, € §, proving upward closure.

Since § satisfies all the conditions of a filter on X, it follows that every fuzzy filter can be transformed into a
filter on an appropriate set of @-cuts of the fuzzy sets in the fuzzy filter F.

2.4 | Fuzzy Soft Filters and Ultrafilters

The definition of a fuzzy soft filter is provided below [89]. Due to its conceptual flexibility, the fuzzy soft set
has been widely studied for various applications, including decision-making, as well as in mathematical
structures and derived concepts [3, 10, 11, 21, 22, 37, 64, 65, 119, 121, 122]. For further details on operations
related to fuzzy soft sets, refer to [89] as needed.

Definition 2.14 (Fuzzy Soft Set). [89] A fuzzy soft set F over X is a mapping F: E = IX. That is, for each
e € E,F(e) is a fuzzy subset of X.

Alternatively, a fuzzy soft set can be represented as a set of ordered pairs:
F={(e,F) | e €E,F, €%}
Definition 2.15 (Operations on Fuzzy Soft Sets). [89] Let F, G be fuzzy soft sets over X.
1. The null fuzzy soft set, denoted by @, is defined by @(e)(x) = 0 foralle € E and x € X.
2. The absolute fuzzy soft set, denoted by X, is defined by X(e)(x) = 1 foralle € E and x € X.

3. 'The complement of F, denoted by F€, is defined by F¢(e)(x) = 1 — F(e)(x) for all e € E and
x € X.

4. 'The union of F and G, denoted by F U G, is defined by (F U G)(e)(x) = max{F(e)(x), G(e)(x)}.

5. The intersecton of F and G, denoted by FNG, is defined by (FNG)(e)(x)=
min{F (e)(x), G(e)(x)}.
6. F is a fuzzy soft subset of G, denoted F € G, if F(e)(x) < G(e)(x) foralle € E and x € X.

In this Soft Theory framework, Fuzzy Soft Filters [31, 46, 58] and Fuzzy Soft Ultrafilters [31] have been
actively studied.

Definition 2.16 (Fuzzy Soft Filter). |31, 46, 58] A fuzzy soft filter F over X is a non-empty collection of fuzzy
soft sets over X satisfying:

1. Non-emptiness: @ & F.
2. Closure under Intersection: If F,G € F,then FN G € F.
3. Upward Closure: If F € F and F € H, then H € F.

Definition 2.17 (Fuzzy Soft Ultrafilter). [31] A fuzzy soft ultrafilter over X is a fuzzy soft filter F that is

maximal with respect to inclusion, meaning there is no fuzzy soft filter strictly containing F.
Equivalently, F is a fuzzy soft ultrafilter if for every fuzzy soft set F over X, either F € F or F€ € F.
The following can be seen to hold clearly.

Proposition 2.18. Every fuzzy soft filter can be transformed into a fuzzy filter.
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Proof. Let F be a fuzzy soft filter over a universe X with a parameter set E. By definition, a fuzzy soft filter

F consists of fuzzy soft sets F: E > IX, where each F(e) is a fuzzy subset of X (i.e., a mapping F(e): X —
[0,1]).

To construct a corresponding fuzzy filter, we define a mapping @ that associates each fuzzy soft set F € F
with a fuzzy set in X. Specifically, for each fuzzy soft set F, define the fuzzy set @(F) on X by:

P(F)(x) = iggF(e)(X)

For all x € X. This transformation aggregates the membership values from all parameters in E, creating a

single fuzzy set on X for each fuzzy soft set in F.
Let G = {®(F) | F € F}. We will show that § is a fuzzy filter on X.

1. Non-Triviality: Since F is a fuzzy soft filter, it does not contain the null fuzzy soft set, which would map
every element of X to 0 across all parameters. Consequently, for each F € F, there exists some e € E
and some x € X such that F(e)(x) > 0. Therefore, ®(F)(x) > 0 for some x € X, implying that the
null fuzzy set (which maps every x € X to 0) is not in §.

2. Closure under Minimum: Let F,G € F, so ®(F), ®(G) € G. Then, for each x € X,
(@(F) N ®(6))(x) = min{@(F)(x), P(G)(x)}
Since ®(F)(x) = supeeg F(€)(x) and @(G)(x) = supeeg G(e)(x), it follows that

(@(F) N &(6))(x) = min {iggF(e)(x),sengG(e)(x)}

Define H: E = I* by H(e)(x) = F(e)(x) N G(e)(x) for each e € E and x € X. Since F is closed
under intersections, H € F, and we have ®(H) € G. Noting that ®(H)(x) = supeegH(e)(x) =
min{®(F)(x), ®(G)(x)}, it follows that ®(F) N ®(G) = P(H) € G.

3. Upwatd Closure: Let @(F) € G and suppose P(F)(x) < ®(H)(x) for all x € X for some fuzzy set H
on X. Define a fuzzy soft set G: E = IX by G(e)(x) = max{F(e)(x),H(x)} foralle € E and x € X.
Since G(e)(x) = F(e)(x) foralle € E and x € X, G € F by the upwatd closure of F. Then ®(G) =
H € §, proving that G is upward closed.

Thus, G is a fuzzy filter on X, demonstrating that every fuzzy soft filter can be transformed into a fuzzy filter.

Proposition 2.19. Every fuzzy soft filter can be transformed into a soft filter on an appropriately defined set,
thereby retaining the essential properties of a soft filter.

Proof. Let U be an initial universe set, and let IX represent the set of all fuzzy subsets of X (i.e., mappings
u:X = [0,1]). Let PS(U) denote the family of all soft sets over U, and let F € PS(U) be a fuzzy soft filter
over U. We aim to construct a corresponding soft filter F' € PS(U), such that F' satisfies the properties of
a soft filter.

Define 2 mapping that assigns to each fuzzy soft set F = {(e, F,) | e € E, F, € [*} asoft set Sp = {(e, S,) |
e €E,S, ={x €X|F,(x)> a} for some a € (0,1]}, where each S, is the support of F,, corresponding
to the elements of X with non-zero membership in F,. Let F' = {Sg | F € F}, where each S is the "crisp"
version of F obtained by taking the support of each fuzzy subset in F.

We now verify that F' satisfies the conditions of a soft filter on :

1. Non-emptiness: Since F is a fuzzy soft filter, it does not contain the null fuzzy soft set, which implies

that for any F € F, the corresponding support-based soft set S is also non-empty. Hence, @ & F'.



39 Fujita, T. | Multicriteria. Algo. Appl. 5 (2024) 32-51

2. Closure under Intersection: Let F, G € F. Then their intersection F N G is also in F by the fuzzy soft
filter propetties. For each parameter e € E, the intersection (F N G), = F, N G, cotresponds to the
fuzzy subset min{F, (x), G, (x)}. The support of F N G under parameter e is thus:

Srng(e) = {x € X | min{F,(x), G.(x)} > 0} = Sp(e) N S;(e).

Consequently, Spng = Sp N Sg, and since F N G € F, it follows that Sg N S; € F', showing closure

under the intersection.

3. Upwartd Closure: Let F € F and S € Sy for some H € PS(U). By definition, Sg(e) € Sy(e) for each
e € E, which implies that F,(x) > 0 for all x € Sp(e), and there exists a fuzzy subset H, such that F, &
H,. Since F is upward closed and F € H, it follows that H € F, thus Sy € F'.

Since F' satisfies all properties of a soft filter on U, it follows that every fuzzy soft filter can be transformed
into a soft filter by taking the support of each fuzzy subset. This completes the proof.

2.5 | Hypersoft Set and Fuzzy Hypersoft Set

A hypersoft set builds on soft set theory by introducing multiple attributes for each element, enabling the
representation of complex, multi-dimensional relationships. The formal definition of a hypersoft set is
provided below [66, 92-95]. For more detailed information and operations, refer to sources such as [107] as

needed.

Definition 2.20 (Hypersoft Set). [107] Let X be a non-empty finite universe, and let Ty, Ty, ..., T, be n-distinct
attributes with corresponding disjoint sets Jq, /3, ..., Jn. A pait (F,]) is called a hypersoft set over the universal
set X, where F is a mapping defined by

F:] » P(X)

with | = Jy X J X -+ X .

The concept of a Fuzzy Hypersoft Set, which extends the Hypersoft Set by incorporating fuzzy logic, has
been defined and widely researched [5, 13, 29, 90, 91, 123]. Below, we present the formal definition of a Fuzzy
Hypersoft Set.

Definition 2.21 (Fuzzy Hypersoft Set). [123] Let U be a universal set and let Fp(U) denote the family of all
fuzzy sets over U. Suppose Eq, Ey, ..., Ej, ate pairwise disjoint parameter sets with A; € E; for each i =
1,2, ...,n. A fuzzy hypersoft set is defined as the pair (0,41 X Ay X -++ X A,), where

0:4; XA, X - X A, = Fp(U)
and
O(A; XAy XX Ap) ={(w,0(@)(W)ueUa€A; XAy X XA, S E; X Ey XX Ey,}

For convenience, we denote X = E; X Ey X - X E,,I = A; XA, X+ X Ay, and let a represent an
element of the set I'. The collection of all fuzzy hypersoft sets over U is denoted by FHS(U, Z), and
henceforth, FHS will refer to fuzzy hypersoft sets.

2.6 | Neutrosophic Filter and Neutrosophic Soft Filter

In this subsection, we introduce the concepts of the Neutrosophic Filter and Neutrosophic Soft Filter.
The Neutrosophic Set extends the Fuzzy Set and Intuitionistic Fuzzy Set by assigning three membership de-
grees-truth, indeterminacy, and falsity-to each element, allowing for the representation of incomplete or
ambiguous information [103-106]. A Neutrosophic Filter is a filter concept defined specifically for the
Neutrosophic Set [80, 96].
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The precise definitions for each are provided below. Readers interested in further details or operations of the
Neutrosophic Set may refer to relevant literature, such as, [103, 104] as needed.

Definition 2.22. [103] Let X be a given set. A Neutrosophic Set A on X is characterized by three membership
functions:

Ty X - [0,1], L: X - [0,1], Fa: X - [0,1]

where for each x € X, the values T4 (x), [, (x), and F4(x) represent the degree of truth, indeterminacy, and
falsity, respectively. These values satisfy the following conditions:

0 < Th(x) + 1h(x) + F4(x) < 3.

Definition 2.23. Let U be a universe set. A Neutrosophic Filter F on the collection of single-valued
neutrosophic sets, denoted as SVN(U), is defined as a nonempty family F € SVN(U) satisfying the following
conditions:

1. Non-emptiness of finite intersections: For any finite subset {44, A5, ..., Ay} C F, there exists H € F such
that HE A1 NA,N---NA,.

2. Containment of supersets: If A € F and A € B for some B € SVN(U), then B € F.

Thus, the neutrosophic filter includes finite intersections and all supersets within the neutrosophic framework.
Proposition 2.24. Every Neutrosophic Filter Fy on a universe set X can be transformed into a Fuzzy Filter
Fron X.

Proof. Let Fy be a Neutrosophic Filter on X. We will construct a Fuzzy Filter Fr on X using the truth
membership functions of the Neutrosophic Sets in Fy.

Define a mapping ®: Fy — F(X) by:
D(A)(x) =Ty(x), Vx € X, VA € Fy.
Let Fp = O®(Fy) = {P(A) | A € Fyl.
We will show that Fp is a Fuzzy Filter on X.
Non-emptiness: Since Fyy is non-empty, Fr is also non-empty.
Closure under Intersection: Let 1, Uy € Fp, where u; = ®(4;) for some A; € Fy. Then, forall € X :
i) = Tpy (), 1= 1,2
Consider the intersection it = piy N Uy, defined by u(x) = min{u, (x), 1, (x)}.

Since Fy is a Neutrosophic Filter, there exists B € Fy such that B € Ay N A,. By the properties of
Neutrosophic Sets and the subset relation:

Tg(x) < min{TA1 (%), Ty, (x)} =u(x), Vx e X
Therefore, ®(B)(x) = Tg(x) < u(x).
Since ®(B) € Fr and P(B) <y, it follows that u € Fp.

Upward Closure: Let 4 € Frand u < v for some v € F(X). Since u = ®(A) for some A € Fy,and v(x) =
T4 (x), we define a Neutrosophic Set C with T (x) = v(x), [c(x) = I4(x), and Fo(x) = F(x) forall x €
X.

Since A € CinFy,C € Fy,and ®(C) = v € Fp.

Non-Triviality: Since @y & Fy, and for any A € Fy, T4(x) > 0 for some x € X, it follows that P(A) # Dp.
Thus, ®F e TF‘
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Therefore, Fr is a Fuzzy Filter on X.

Building on this, the Neutrosophic Soft Set introduces parameterization into the Neutrosophic Set, allowing
for more precise categorization and an improved approach to managing uncertainty through a parameter set
[6, 7, 30, 62, 63]. Furthermore, the Neutrosophic Soft Filter generalizes the classical concept of a filter to
Neutrosophic Soft Sets, facilitating the creation of a topological structure [32, 33].

Definition 2.25. [63] Let X be an initial universe set, and E a set of parameters. A Neutrosophic
SoftSet(F, E) over X is defined by a set-valued function

F:E-PX)

where F (e) is a Neutrosophic Set corresponding to each parameter e € E. The Neutrosophic SoftSet(F, E)

can be expressed as a collection of ordered pairs:

(F,E) = {(e.{(%, Trcey (), I () (%), F ey (%) ): x € X}): € € E}

whete Tg(e) (%), I ey (%), and F(e) () denote the truth, indeterminacy, and falsity degrees for each element

x € X. These degtees satisfy:

Definition 2.26. [32, 33] Let N' € NSS(X, E) be a family of Neutrosophic Soft Sets over X. Then, NV is
called a Neutrosophic Soft Filter on X if it satisfies the following propetties:

(N1) O(x,ry & NV, where O(x £y denotes the null Neutrosophic Soft Set.
(N2) For any (F,E), (G,E) € V', we have (F,E)n (G,E) € V.
(N3) If (F,E) € NV and (F,E) € (G,E) for some (G,E), then (G,E) €NV

Proposition 2.27. Every Neutrosophic Soft Filter N on a universe set X can be transformed into a Fuzzy
Soft Filter F on X.

Proof. Let N be a Neutrosophic Soft Filter on X. For each Neutrosophic Soft Set (F,E) € N, define a
corresponding Fuzzy Soft Set (F, E) by

F(e)(x) = Tge)(x), Vx € X,Ve € E.
Let F = {(F,E) | (F,E) € N}. We will show that F is a Fuzzy Soft Filter on X.
Non-emptiness: Since N is non-empty, F is also non-empty.

Closure under Intersection: Let (F, E), (G, E) € F, corresponding to (F, E), (G, E) € N. Then, for cach e €
E and x € X,

F(e)(x) = Tr(ey(x), G(e)(x) = T e)(x)
Consider the intersection (H,E) = (F,E) N (G, E), where for each e € E and x € X,
H(e)(x) = min{F (e)(x), G(e)(x)}
Since (F,E), (G,E) € N, their intersection (H,E) = (F,E) N (G,E) isin N. For ecach e € E and x € X,
Tiey(®) = min{Tze)(x), T ey (1)} = H(e)(x).
Therefore, (H,E) € F, and F is closed under intersection.

Upward Closure: Let (F,E) € F and (F,E) € (K, E), where (K, E) is a Fuzzy Soft Set over X. Then, for
eache € E and x € X,
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F(e)(x) < K(e)(x)
Define (K, E) by
Trey(x) = K(€)(x), Igey(x) = Ipey(X), Figey(%) = Fpey(x)

Since Tp(ey(X) < Tg(ey(x) forall e € E and x € X, and (F,E) € (K, E), the upward closure property of
N implies (K, E) € N. Therefore, (K,E) € F.

Non-Triviality: Since 0 N, for each (F,E) € N, there exists e € E and x € X such that Tp(ey(x) > 0.
Hence, F(e)(x) > 0,and 0 € F.

Thus, F is a Fuzzy Soft Filter on X.

2.7 | Neutrosophic Hypersoft Set

A Neutrosophic Hypersoft Set is a mathematical structure that employs multiple attributes along with three
values truth, indeterminacy, and falsity- to effectively capture uncertainty and complex information. Due to
its versatility in applications, the Neutrosophic Hypersoft Set has been the subject of extensive research [1,
51, 59, 75, 87, 99-101]. The formal definition is provided below [2].

Definition 2.28 (Neutrosophic Hypersoft Set). [2] Let U be a universal set, and let P(U) denote the power
set of U. Assume there are n distinct attributes, represented as €1, ¥, ..., €y, each with a corresponding set
of values Ly, Ly, ...,Ly. These attribute sets satisfy the conditions. L; NL; =@ for i #j and i,j €
{1,2,...,n}.

The pair (¥, A) is defined to be a Neutrosophic Hypersoft Set (NHSS) over U if there exists a relation A =
Ly X Ly X ==+ X Ly,. The mapping ¥ is a function from A to P(U), such that.

Ya(Ly X Ly X - X Ly) = {{u, Ty(w), In(u), Fa(uw)):u € U},

where Ty (u), Ip(u), and Fp(u) are neutrosophic membership values for truth, indeterminacy, and falsity,
respectively, for each u € U.

These membership functions satisfy
T,I,F:U - [0,1]
and
0<Th(uw)+Ip(w) + Fp(uw) < 3.
3 | Results

The results of this paper are described below.
3.1 | Hypersoft Filter

We define a Hypersoft Filter by extending the concept of a Soft Filter in the Hypersoft context as follows.
Definition 3.1 (Hypersoft Filter). A hypersoft filter H over X is a non-empty collection of hypersoft sets
satisfying:

1. O¢H.
2. If(F,E),(G,E) € H,then (FNG,E) € H,where (FNG)(e) =F(e)NnG(e) foralle EE.
3. If(F,E) € H and (F,E) € (H,E), then (H,E) € H.

Definition 3.2 (Hypersoft Ultrafilter). A hypersoft ultrafilter over X is a hypersoft filter H that is maximal

concerning inclusion.
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Theorem 3.3. Every hypersoft filter (ultrafilter) can be transformed into a soft filter (ultrafilter).

Proof. Let H be a hypersoft filter over X. Define a mapping @ from hypersoft sets to soft sets as follows:
For each hypersoft set (F, E), define the corresponding soft set (f, E') by setting f(e) = F(e) foralle € E.
Now, consider the collection F = {(f,E) | (F,E) € H}.

We will show that F is a soft filter over X.
1. Non-emptiness: Since H is non-empty and @ & H, F is non-empty and @ & F.

2. Closute under Intersection: If (f,E),(g,E) € F, corresponding to (F,E),(G,E) € H, then (FN
GEYeEH,so(fNng,E)EF.

3. Upwartd Closure: If (f,E) € F and (f,E) € (h,E), then (F,E) € (H,E). Since H is upwatd closed,
(HE)YeEH,so(hE)EF.

Therefore, F is a soft filter over X. If H is a hypersoft ultrafilter, then F is a soft ultrafilter.

3.2 | Fuzzy Hypersoft Filters and Ultrafilters

We define a Fuzzy Hypersoft Filter by extending the concept of a Soft Filter in the Fuzzy Hypersoft context
as follows.

Definition 3.4 (Fuzzy Hypersoft Filter). A fuzzy hypersoft filter }{ over X is a non-empty collection of fuzzy
hypersoft sets satisfying:

1. 0¢H.
2. If(F,E),(G,E) € H,then (FNG,E) € H,where (F N G)(e)(x) = min{F(e)(x),G(e)(x)}.
3. If(F,E) € H and (F,E) € (H,E), then (H,E) € K.

Definition 3.5 (Fuzzy Hypersoft Ultrafilter). A fuzzy hypersoft ultrafilter over X is a fuzzy hypersoft filter

J that is maximal with respect to inclusion.
Theorem 3.6. Every fuzzy hypersoft filter (ultrafilter) can be transformed into a fuzzy soft filter (ultrafilter).

Proof. Let H be a fuzzy hypersoft filter over X. Define a mapping @ from fuzzy hypersoft sets to fuzzy soft
sets as follows:

For each fuzzy hypersoft set (F, E), define the corresponding fuzzy soft set f over X with parameter set E,
where f(e) = F(e) foralle € E.

Consider the collection F = {f | (F,E) € H}.
We need to show that F is a fuzzy soft filter over X.
1. Non-emptiness: F is non-empty since H is non-empty, and @ € F because @ € H.

2. Closute under Intersection: If f, g € F, corresponding to (F,E), (G,E) € H,then (FN G,E) € H, so
fngetF.

3. Upwartd Closure: If f € F and f € h, then (F,E) € (H, E). Since H is upward closed, (H,E) € H, so
heF.

Therefore, F is a fuzzy soft filter over X. If H is a fuzzy hypersoft ultrafilter, then F is a fuzzy soft ultrafilter.

Theorem 3.7. Every fuzzy hypersoft filter can be transformed into a hypersoft filter on an appropriately
defined set, preserving the essential properties of a hypersoft filter.
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Proof. Let U be an initial universe set, and let I* denote the set of all fuzzy subsets of X (i.e., mappings: X —
[0,1]). Let H represent a fuzzy hypersoft filter over U, defined as a non-empty collection of fuzzy hypersoft
sets satistying the following properties:

1. 0¢H.

2. If(F,E),(G,E) € H, then (FNG,E) € H,where (F N G)(e)(x) = min{F(e)(x),G(e)(x)}.

3. If(F,E)€H and (F,E) € (H,E), then (H,E) E H.
To transform H into a hypersoft filter, define a mapping that converts each fuzzy hypersoft set (F, E) in H
to a hypersoft set (Sg, E), where Sp(e) = {x € X | F(e)(x) > 0} for each e € E. Here, Sg(€) represents
the support of the fuzzy subset F (e). Define the collection H' = {(Sg, E) | (F,E) € H}, where each Sg is

the "crisp" suppott-based representation of F.
We now verify that H' satisfies the properties of a hypersoft filter:

1. Non-emptiness: Since H does not contain the null fuzzy hypersoft set, each fuzzy hypersoft set (F,E) €
H has F(e)(x) > 0 for some x € X and e € E. Thus, Sg(e) # @ for all (Sg,E) € H', implying @ &
H'.

2. Closure under Intersection: Let (Sg, E),(Sg, E) € H', corresponding to fuzzy hypersoft sets

(F,E),(G,E) € H. Since H is closed under intersections, (F N G,E) € H where (F N G)(e)(x) =
min{F(e)(x), G (e)(x)}. The support of F N G under each e € E is given by:

Seng(e) = {x € X | min{F(e)(x), G(e)(x)} > 0} = Sr(e) N S;(e).
Therefore, (Sg NS¢, E) = (Spng, E) € H', establishing closure under intersection.

3. Upward Closure: Let (Sg, E) € H' and suppose (Sg, E) S (Sy, E) for some hypersoft set (Sy, E). By
definition of support, this implies that F(e)(x) > 0 for all x € Sp(e) and there exists a fuzzy subset
H(e) such that F(e) S H(e). Since H is upward closed, (H,E) € H,so (Sy,E) € H'.

Therefore, H' satisfies the conditions of a hypersoft filter over X. If H is a fuzzy hypersoft ultrafilter, then
H' will also be a hypersoft ultrafilter by construction.

3.3 | Neutrosophic Hypersoft Filters

We define the Neutrosophic Hypersoft Filter and demonstrate that it can be transformed into a Fuzzy
Hypersoft Filter, a Hypersoft Filter, and a Neutrosophic Soft Filter. We provide precise mathematical
definitions and detailed proofs of these transformations.

Definition 3.8 (Neutrosophic Hypersoft Filter). Let U be a universal set, and A =Ly X Ly X -+« X L. A
neutrosophic hypersoft filter V' over U is a non-empty collection of neutrosophic hypersoft sets (P, A)
satisfying:

1. Non-Ttiviality: The null neutrosophic hypersoft set is not in V.

2. Closure under Intersection: If (1, 7A), (W,,A) € NV, then (Y1 NPy, A) € NV, where for all A € A and
ueu:

Ty up, (D (W) = min{Ty, (D) (), Ty, (D (W)},
Ly, D (W) = max{ly, (D) (W), Iy, D (W)},
Fy.np, D) = max{Flp . D), Fy, @D (u)}.
3. Upward Closure: If (1, A) € NV and (3, A) € (@, A), then (@, A) € . The subset relation E is defined

component-wise:
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Ty(DHW) = Tp (D (W)
PDHW) € MW < Iy = 1, (D))
Fy(D (W) = Fp(H (W)

Theorem 3.9. Every neutrosophic hypersoft filter ' on a universe U can be transformed into a fuzzy
hypersoft filter F on U.

Proof. Let V' be a neutrosophic hypersoft filter over U. For each (i, A) € IV, define a fuzzy hypersoft set
(6, A) by:

o)) = Ty(DH(w), VAE A Vu€e U.
Let F ={(6,A) | (i, A) € N'}. We will show that F satisfies the properties of a fuzzy hypersoft filter.

1. Non-Triviality: Since ' does not contain the null set, there exists A € A and u € U such that
Ty (D) (W) > 0 for each (P, A) € V. Therefore, 8(1)(u) > 0, and F does not contain the null fuzzy
hypersoft set.

2. Closure under Intersection: For (64,A),(6,,A) € F, corresponding to (Y1,A), (P, A) € N, define
(6, ) by:

6 (1) (w) = min{6; () (w), 62 (1) (w)}
Since (1 NP5, A) € N and
Ty, (D (@) = min{Ty, (D) (W), Ty, (D) (w)} = 6 (D) (w),
it follows that (8, A) € F. Thus, F is closed under the intersection.

3. Upwatd Closure: Let (6,A) € F and (0,A) € (¢, ), where (¢, ) is a fuzzy hypersoft set. Define
W', A) by:

Ty (VW) = D)), Iy (D) = LD W), Fyr (D) = Fy (D) @w).

Since (,A) € (',A) and (Y,A) €N, by upward closure, (P',A) € N. Therefore, (¢,A) € F.
Hence, F is a fuzzy hypersoft filter over U.

Theorem 3.10. Every neutrosophic hypersoft filter N on a universe U can be transformed into a hypersoft
filter H on U.

Proof. For each (3, A) € NV, define a hypersoft set (F, A) by:
FO) ={u€eU|Ty()(w) >0}, VAEA
Let H = {(F,A) | ,A) € N}.

Non-Triviality: Since Ty, (4)(u) > 0 for some u € U, F(1) # @, ensuring } does not contain the null
hypersoft set.

Closure under Intersection: For(Fy, A), (F,, A) € H, define (F, A) by:
F(A) =F, () NnF(4)

Since (1 NP, A) € IV, it follows that (F,A) € H.

3. Upwatd Closure: If (F,A) € (G, A), define (¥, A) by:

1, ueG@
Tlp,(/l)(u)={0’ wee@

otherwise

As (Y, A) € (W',A) and (Y, A) € V', we have (Y',A) € V', so (G,A) € H.
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Therefore, H is a hypersoft filter over U.

Theorem 3.11. Every neutrosophic hypersoft filter N on a universe U can be transformed into a

neutrosophic soft filter S on U.

Proof. Let E = A. For each (1, A) € IV, define a neutrosophic soft set (F, E) by:
F(e) =y(e), Ve €E.

LetS = {(F,E) | (Y, A) € N}

1. Non-Triviality: Since Tp(e)(u) = Ty(e)(u) >0 for some u € U,§ does not contain the null

neutrosophic soft set.
2. Closure under Intersection: For(F, E), (G,E) € S, define (H,E) by:
H(e) = F(e)nG(e)
Since (Y1 NPy, A) €N, (H,E) €S.
3. Upward Closure: If (F, E) € (K, E), define (¢, A) by ¢(e) = K(e). Since (1, A) € (¢, A) and (¥, A) €
N, (@,A) EN,so (K,E) €S.

Hence, S is a neutrosophic soft filter over U.
4 | Future Tasks: Weak Filter, Quasi-Filter, and Tangle

The following are future research directions.

First, filters and ultrafilters on general sets possess notable properties, such as the Axiom of Choice Property
[26, 52, 53, 61, 69] and the Finite Intersection Property [26]. It is of interest to determine whether these
properties apply to Neutrosophic Hypersoft Filters and other core filter definitions.

Next, we aim to explore extensions of Weak Filters [15, 66-68] and Quasi Filters, [23] including Soft Weak
Filters, Soft Quasi Filters, HyperSoft Weak Filters, and HyperSoft Quasi Filters. Additionally, we plan to
conduct research on grills and primals within the framework of soft theory [39].

Additionally, we will investigate how established concepts, such as Tangles and Brambles from graph theory
[17, 34-36, 47, 49, 82, 83, 88] as well as the complementary concept of an ideal to filters, might be extended
to Fuzzy Sets and Neutrosophic Sets. Notably, ultrafilters and tangles exhibit a profound relationship,
specifically as complements of one another [45]. For instance, exploring the extension of matroid tangles [47]

to Fuzzy Sets and Neutrosophic Sets may reveal novel mathematical properties.

Moreover, we intend to expand the concepts of filters and ultrafilters to super hypersoft sets, [40, 76, 109)
hesitant fuzzy sets, [117, 118] |spherical fuzzy sets, [14, 7, 71]) Vague Sets, [4, 18, 20, 24, 56, 97, 130])
Neutrosophic SuperHypersoft sets, [109, 110, 112] and plithogenic sets, [108, 111]) with a particular focus
on their mathematical structures and properties.

Acknowledgments

The author is grateful to the editorial and reviewers, as well as the correspondent author, who offered
assistance in the form of advice, assessment, and checking during the study period.

Funding

This research has no funding source.



47 Fujita, T. | Multicriteria. Algo. Appl. 5 (2024) 32-51

Data Availability

The datasets generated during and/or analyzed duting the cutrent study are not publicly available due to the
privacy-preserving nature of the data but are available from the corresponding author upon reasonable
request.

Conflicts of Interest
The authors declare that there is no conflict of interest in the research.
Ethical Approval

This article does not contain any studies with human participants or animals performed by any of the authors.

References

[1]  Shereen .. and Mahmoud M. Ismail. Interval-valued neutrosophic hypersoft sets (ivnhss) for enterprise resource planning
selection. Journal of Neutrosophic and Fuzzy Systems, 2023.

[2] Mujahid Abbas, Ghulam Murtaza, and Florentin Smarandache. Basic operations on hypersoft sets and hypersoft point.
Infinite Study, 2020.

[3] Fatma Adam and Nasruddin Hassan. Q-fuzzy soft set. Appl. Math. Sci, 8(174):8689-8695, 2014.

[4] Muhammad Akram, A Nagoor Gani, and A Borumand Saeid. Vague hypergraphs. Journal of Intelligent & Fuzzy Systems,
26(2):647-653, 2014.

[5]  Ashraf Al-Quran, Faisal Al-Sharqi, Kifayat Ullah, Mamika Ujianita Romdhini, Marwa Balti, and Mohammed Alomair. Bipolar
fuzzy hypersoft set and its application in decision making. Infinite Study, 2023.

[6] Faisal Al-Sharqi, Ashraf Al-Quran, et al. Similarity measures on interval-complex neutrosophic soft sets with applications to
decision making and medical diagnosis under uncertainty. Neutrosophic Sets and Systems, 51:495-515, 2022.

[7]  Faisal Al-Sharqi, Ashraf Al-Quran, Abd Ghafur, Said Broumi, and Abd Ghafur Bin Ahmad. Intervalvalued complex
neutrosophic soft set and its applications in decision-making. 2021.

[8] José Carlos R Alcantud, Azadeh Zahedi Khameneh, Gustavo Santos-Garcia, and Muhammad Akram. A systematic literature
review of soft set theory. Neural Computing and Applications, 36(16):8951-8975, 2024.

[91 M Irfan Ali, Feng Feng, Xiaoyan Liu, Won Keun Min, and Muhammad Shabir. On some new operations in soft set theory.
Computers & Mathematics with Applications, 57(9):1547-1553, 2009.

[10] Muhammad Irfan Ali. A note on soft sets, rough soft sets and fuzzy soft sets. Applied soft computing, 11(4):3329-3332,
2011.

[11] Shawkat Alkhazaleh, Abdul Razak Salleh, Nasruddin Hassan, et al. Possibility fuzzy soft set. Advances in Decision Sciences,
2011, 2011.

[12] ] Angoa, YF Ortiz-Castillo, and A Tamariz-Mascarua. Ultrafilters and propetties related to compactness. In Topology Proc,
volume 43, pages 183-200, 2014.

[13] Muhammad Arshad, Muhammad Saeed, Atige Ur Rahman, Mazin Abed Mohammed, Karrar Hameed Abdulkareem, Jan
Nedoma, Radek Martinek, and Muhammet Deveci. A robust framework for the selection of optimal covid-19 mask based
on aggtegations of interval-valued multi-fuzzy hypersoft sets. Expert systems with applications, 238:121944, 2024.

[14] Shahzaib Ashraf, Saleem Abdullah, Tahir Mahmood, Fazal Ghani, and Tariq Mahmood. Spherical fuzzy sets and their
applications in multi-attribute decision making problems. J. Intell. Fuzzy Syst., 36:2829-2844, 2019.

[15] Dimitris Askounis, Costas D Koutras, and Yorgos Zikos. Knowledge means "all', belief means 'most’. In Logics in Attificial
Intelligence: 13th European Conference, JELIA 2012, Toulouse, France, September 26-28, 2012. Proceedings, pages 41-53.
Springer, 2012.

[16] Alireza Bagheri Salec. On soft ultrafilters. International Journal of Nonlinear Analysis and Applications, 10(1):131-138, 2019.

[17] Hans L Bodlaender, Alexander Grigoriev, and Arie MCA Koster. Treewidth lower bounds with brambles. Algorithmica,
51(1):81-98, 2008.

[18] Zbigniew Bonikowski and Urszula Wybraniec-Skardowska. Rough sets and vague sets. In Rough Sets and Intelligent Systems
Paradigms: International Conference, RSEISP 2007, Warsaw, Poland, June 2830, 2007. Proceedings 1, pages 122-132.
Springer, 2007.

[19] David Booth. Ultrafilters on a countable set. Annals of Mathematical Logic, 2(1):1-24, 1970.

[20] Humberto Bustince and P Burillo. Vague sets are intuitionistic fuzzy sets. Fuzzy sets and systems, 79(3):403-405, 1996.

[21] Naim Cagman, Filiz Citak, and Serdar Enginoglu. Fuzzy parameterized fuzzy soft set theory and its applications. Turkish
Journal of Fuzzy Systems, 1(1):21-35, 2010.



Note for Hypersoft Filter and Fuzzy Hypersoft Filter 48

(22]

23]

—
Ll Lo

=

= N
[ B i

== =
S8 =

=
N

—
=
U
]

Naim Cagman, Serdar Enginoglu, and Filiz Citak. Fuzzy soft set theory and its applications. Iranian journal of fuzzy systems,
8(3):137-147, 2011.

Susumu Cato. Quasi-decisiveness, quasi-ultrafilter, and social quasi-orderings. Social Choice and Welfare, 41(1):169-202,
2013.

Shyi-Ming Chen. Measures of similatity between vague sets. Fuzzy sets and Systems, 74(2):217-223, 1995.

Jonathan Clive, Max A Woodbury, and Ilene C Siegler. Fuzzy and crisp set-theoretic-based classification of health and disease:
A qualitative and quantitative compatison. Journal of Medical Systems, 7:317-332, 1983.

William Wistar Comfort and Stylianos Negrepontis. The theory of ultrafilters, volume 211. Springer Science & Business
Media, 2012.

MA de Prada Vicente and M Saralegui Aranguren. Fuzzy filters. Journal of mathematical analysis and applications, 129(2):560-
568, 1988.

MA de Prada Vicente and M Macho Stadler. t-prefilter theory. Fuzzy Sets and systems, 38(1):115-124, 1990.

Somen Debnath. Fuzzy hypersoft sets and its weightage operator for decision making. Journal of fuzzy extension and
applications, 2(2):163-170, 2021.

Irfan Deli. Refined neutrosophic sets and refined neutrosophic soft sets: theory and applications. In Handbook of research
on generalized and hybrid set structures and applications for soft computing, pages 321-343. IGI Global, 2016.

Izzettin Demir, Oya Bedre Ozbakir, and Ismet Yildiz. Fuzzy soft ultrafilters and convergence properties of fuzzy soft filters.
Journal of New Results in Science, 4(8):92-107, 2015.

Naime Demirtas. Neutrosophic Soft Filters. Infinite Study, 2019.

Naime Demirtas and Abdullah Demirtas. Neutrosophic soft filter structures concerning soft points. International Journal of
Neutrosophic Science, 13:87-94, 2021.

Reinhard Diestel, Joshua Erde, and Daniel Weilauer. Structural submodularity and tangles in abstract separation systems. J.
Comb. Theory A, 167:155-180, 2018.

Reinhard Diestel and Sang il Oum. Tangle-tree duality: In graphs, matroids and beyond. Combinatorica, 39:879 - 910, 2017.
Reinhard Diestel and Sang-il Oum. Tangle-tree duality in abstract separation systems. Advances in Mathematics, 377:107470,
2021.

Feng Feng, Young Bae Jun, Xiaoyan Liu, and Lifeng Li. An adjustable approach to fuzzy soft set based decision making.
Journal of Computational and Applied Mathematics, 234(1):10-20, 2010.

Ronald C. Freiwald. An introduction to set theory and topology. 2014.

Takaaki Fujita. A note on grill and primal: Relationship to branch-width.

Takaaki Fujita. A comprehensive discussion on fuzzy hypersoft expert, supethypersoft, and indetermsoft graphs. 2024.
Takaaki Fujita. A review of the hierarchy of plithogenic, neutrosophic, and fuzzy graphs: Survey and applications.
ResearchGate(Preprint), 2024.

Takaaki Fujita. Survey of intersection graphs, fuzzy graphs and neutrosophic graphs. ResearchGate, July 2024.

Takaaki Fujita. Survey of planatr and outerplanar graphs in fuzzy and neutrosophic graphs. ResearchGate, July 2024.
Takaaki Fujita. Uncertain labeling graphs and uncertain graph classes (with survey for various uncertain sets). July 2024.
Takaaki Fujita. Various properties of various ultrafilters, various graph width parameters, and various connectivity systems.
arXiv preprint arXiv:2408.02299, 2024.

Rui Gao and Jianrong Wu. Filter with its applications in fuzzy soft topological spaces. AIMS Mathematics, 6(3):2359-2368,
2021.

Jim Geelen, Bert Gerards, and Geoff Whittle. Obstructions to branch-decomposition of matroids. Journal of Combinatorial
Theory, Seties B, 96(4):560-570, 2006.

Isaac Goldbring. Ultrafilters throughout mathematics, volume 220. American Mathematical Society, 2022.

Martin Grohe and Daniel Marx. On tree width, bramble size, and expansion. Journal of Combinatorial Theory, Series B,
99(1):218-228, 2009.

Felix Hausdorff. Set theory, volume 119. American Mathematical Soc., 2021.

R. Hema, R. Sudharani, and M. Kavitha. A novel approach on plithogenic interval valued neutrosophic hypersoft sets and
its application in decision making. Indian Journal Of Science And Technology, 2023.

Horst Hertlich. Compactness and the axiom of choice. In Categorical Topology: Proceedings of the L'Aquila Conference
(1994), pages 1-14. Springer, 1996.

Horst Hertlich, Paul E. Howard, and Kyriakos Keremedis. On extensions of countable filterbases to ultrafilters and ultrafilter
compactness. Quaestiones Mathematicae, 41:213 - 225, 2017.

Neil Hindman. Ultrafilters and combinatorial number theory. In Number Theory Carbondale 1979: Proceedings of the
Southern Illinois Number Theory Conference Carbondale, March 30 and 31, 1979, pages 119-184. Springer, 1979.

U Hoéhle. Fuzzy filters-a generalization of credibility measures. IFAC Proceedings Volumes, 16(13):111-114, 1983.

Dug Hun Hong and Chul Kim. A note on similarity measures between vague sets and between elements. Information
sciences, 115(1-4):83-96, 1999.

Karel Hrbacek and Thomas Jech. Introduction to set theory, revised and expanded. 2017.

Ismail Ibedou and SE Abbas. Fuzzy soft filter convergence. Filomat, 32(9):3325-3336, 2018.

Muhammad Naveed Jafar, Muhammad Haris Saeed, Kainat Muniba Khan, Faten S. Alamri, and Hamiden A. Wahed Khalifa.
Distance and similarity measures using max-min operators of neutrosophic hypersoft sets with application in site selection
for solid waste management systems. IEEE Access, PP:1-1, 2022.



49

Fujita, T.| Multicriteria. Algo. Appl. 5 (2024) 32-51

—_ = — =
oo

(=

[ et

[35]
[39]
[90]
1]
2]

3]

Thomas Jech. Set theory: The third millennium edition, revised and expanded. Springer, 2003.

Thomas | Jech. The axiom of choice. Courier Corporation, 2008.

Huseyin Kamact. Linguistic single-valued neutrosophic soft sets with applications in game theory. International Journal of
Intelligent Systems, 36(8):3917-3960, 2021.

Faruk Karaaslan. Neutrosophic soft sets with applications in decision making. Infinite Study, 2014.

Ahmed Mostafa Khalil and Nasruddin Hassan. Inverse fuzzy soft set and its application in decision making. International
Journal of Information and Decision Sciences, 11(1):73-92, 2019.

Zhi Kong, Liqun Gao, and Lifu Wang. Comment on "a fuzzy soft set theoretic approach to decision making problems".
Journal of computational and applied mathematics, 223(2):540-542, 2009.

Costas D Koutras, Christos Moyzes, Christos Nomikos, Konstantinos Tsaprounis, and Yorgos Zikos. On weak filters and
ultrafilters: Set theory from (and for) knowledge representation. Logic Journal of the IGPL, 31(1):68-95, 2023.

Costas D Koutras, Christos Moyzes, Christos Nomikos, and Yorgos Zikos. On the 'in many cases' modality: tableaux,
decidability, complexity, variants. In Artificial Intelligence: Methods and Applications: 8th Hellenic Conference on AI, SETN
2014, Ioannina, Greece, May 15-17, 2014. Proceedings 8, pages 207-220. Springer, 2014.

Costas D Koutras, Christos Moyzes, and Yorgos Zikos. A modal logic of knowledge, belief and estimation. Journal of Logic
and Computation, 27(8):2303-2339, 2017.

Kenneth Kunen. Xvi. a model for the negation of the axiom of choice. In Cambridge Summer School in Mathematical Logic:
Held in Cambridge/England, August 1-21, 1971, pages 489-494. Springer, 2006.

Fatma Kutlu Gundogdu and Cengiz Kahraman. Extension of waspas with spherical fuzzy sets. Informatica, 30(2):269-292,
2019.

Fatma Kutlu Giindogdu and Cengiz Kahraman. Spherical fuzzy sets and spherical fuzzy topsis method. Journal of intelligent
& fuzzy systems, 36(1):337-352, 2019.

Azriel Levy. Basic set theory. Courier Corporation, 2012.

Joaquin Luna-Torres et al. Variable-basis fuzzy filters. arXiv preprint arXiv:1010.5646, 2010.

Pradip Kumar Maji, Ranjit Biswas, and A Ranjan Roy. Soft set theory. Computers & mathematics with applications, 45(4-
5):555-562, 2003.

Mesfer Ahmed Mesfer. Blockchain with single-valued neutrosophic hypersoft sets assisted threat detection for secure iot
assisted consumer electronics. International Journal of Neutrosophic Science.

Mona Mohamed, Alaa Elmor, Florentin Smarandache, and Ahmed A Metwaly. An efficient superhypersoft framework for
evaluating llms-based secure blockchain platforms. Neutrosophic Sets and Systems, 72:1-21, 2024.

Dmitriy Molodtsov. Soft set theory-first results. Computers & mathematics with applications, 37(4-5):19-31, 1999.

Bernard Monjardet. On the use of ultrafilters in social choice theory. Social choice and welfare, 5:73-78, 1983.

Xuan Thao Nguyen, Doan Dong Nguyen, et al. Rough fuzzy relation on two universal sets. International Journal of
Intelligent Systems and Applications, 6(4):49, 2014.

Giorgio Nordo, Arif Mehmood, and Said Broumi. Single valued neutrosophic filters. Infinite Study, 2020.

Wendy Olsen and Hisako Nomura. Poverty reduction: fuzzy sets vs. crisp sets compared. Sociological Theory and Methods,
24(2):219-246, 2009.

Sang-il Oum and Paul Seymour. Certifying large branch-width. In Symposium on Discrete Algorithms: Proceedings of the
seventeenth annual ACM-SIAM symposium on Discrete algorithm, volume 22, pages 810-813. Citeseer, 2006.

Sang-il Oum and Paul Seymour. Testing branch-width. Journal of Combinatorial Theory, Series B, 97(3):385-393, 2007.
Zdzislaw Pawlak. Rough set theory and its applications to data analysis. Cybernetics & Systems, 29(7):661-688, 1998.
Zdzislaw Pawlak, Lech Polkowski, and Andrzej Skowron. Rough set theory. KI, 15(3):38-39, 2001.

Atige Ur Rahman, Muhammad Haris Saeed, Ebenezer Bonyah, and Muhammad Arshad. Graphical exploration of
generalized picture fuzzy hypersoft information with application in human resource management multiattribute decision-
making. Mathematical Problems in Engineering, 2022.

Atige Ur Rahman, Muhammad Haris Saced, and Hamiden Abd El-Wahed Khalifa. Multi-attribute decision-making based
on aggregations and similarity measures of neutrosophic hypersoft sets with possibility setting. Journal of Experimental &
Theoretical Artificial Intelligence, 36:161 - 186, 2022.

Neil Robertson and Paul D. Seymour. Graph minors. i. excluding a forest. Journal of Combinatorial Theory, Series B,
35(1):39-61, 1983.

Akhil Ranjan Roy and PK Maji. A fuzzy soft set theoretic approach to decision making problems. Journal of computational
and Applied Mathematics, 203(2):412-418, 2007.

Muhammad Saced, Muhammad Ahsan, and Thabet Abdeljawad. A development of complex multifuzzy hypersoft set with
application in mcdm based on entropy and similarity measure. IEEE Access, 9:60026-60042, 2021.

Muhammad Saeed and Muhammad Imran Harl. Fundamentals of picture fuzzy hypersoft set with application. Neutrosophic
Sets and Systems, 53(1):24, 2023.

Muhammad Saeed, Atige Ur Rahman, and Muhammad Arshad. A study on some operations and products of neutrosophic
hypersoft graphs. Journal of Applied Mathematics and Computing, 68(4):2187-2214, 2022.

Muhammad Saeed, Muhammad Khubab Siddique, Muhammad Ahsan, Muhammad Rayees Ahmad, and Atige Ur Rahman.
A novel approach to the rudiments of hypersoft graphs. Theory and Application of Hypersoft Set, Pons Publication House,
Brussel, pages 203-214, 2021.



Note for Hypersoft Filter and Fuzzy Hypersoft Filter 50

[94] Muhammad Haris Saeed, Atige Ur Rahman, and Muhammad Arshad. A novel approach to neutrosophic hypersoft graphs
with properties. 2021.

[95] Muhammad Haris Saeed, Atige Ur Rahman, and Muhammad Arshad. A novel approach to neutrosophic hypersoft graphs
with properties. 2021.

[96] AA Salama and H Elagamy. Neutrosophic filters. International Journal of Computer Science Engineering and Information
Technology Reseearch (IJCSEITR), 3(1):307-312, 2013.

[07] Sovan Samanta, Madhumangal Pal, Hossein Rashmanlou, and Rajab Ali Borzooei. Vague graphs and strengths. Journal of
Intelligent & Fuzzy Systems, 30(6):3675-3680, 2016.

[98] DPierre Samuel. Ultrafilters and compactification of uniform spaces. Transactions of the American Mathematical Society,
64(1):100-132, 1948.

[09] Muhammad Saqlain, Naveed Jafar, Sana Moin, Muhammad Farhan Saced, and Said Broumi. Single and multi-valued
neutrosophic hypersoft set and tangent similarity measure of single valued neutrosophic hypersoft sets. Neutrosophic Sets
and Systems, 32:20, 2020.

[100] Muhammad Saglain, Sana Moin, Muhammad Naveed Jafar, Muhammad Saeed, and Florentin Smarandache. Aggregate
operators of neutrosophic hypersoft set. Infinite Study, 2020.

[101] Francina Shalini. Trigonometric similarity measures of pythagorean neutrosophic hypersoft sets. Neutrosophic Systems with
Applications, 2023.

[102] Svend-Erik Skaaning. Assessing the robustness of crisp-set and fuzzy-set qca results. Sociological Methods & Research,
40(2):391-408, 2011.

[103] Florentin Smarandache. A unifying field in logics: Neutrosophic logic. In Philosophy, pages 1-141. American Research Press,
1999.

[104] Florentin Smarandache. Neutrosophic set-a generalization of the intuitionistic fuzzy set. International journal of pure and
applied mathematics, 24(3):287, 2005.

[105] Florentin Smarandache. Neutrosophic physics: More problems, more solutions. 2010.

[106] Florentin Smarandache. n-valued refined neutrosophic logic and its applications to physics. Infinite study, 4:143-1406, 2013.

[107] Florentin Smarandache. Extension of soft set to hypersoft set, and then to plithogenic hypersoft set. Neutrosophic Sets and
Systems, 22:168-170, 2018.

[108] Florentin Smarandache. Plithogenic set, an extension of crisp, fuzzy, intuitionistic fuzzy, and neutrosophic sets-revisited.
Infinite study, 2018.

[109] Florentin Smarandache. Foundation of the superhypersoft set and the fuzzy extension superhypersoft set: A new vision.
Neutrosophic Systems with Applications, 11:48-51, 2023.

[110] Florentin Smarandache. Foundation of superhyperstructure & neutrosophic superhyperstructure. Neutrosophic Sets and
Systems, 63(1):21, 2024.

[111] Florentin Smarandache and Nivetha Martin. Plithogenic n-super hypergraph in novel multi-attribute decision making.
Infinite Study, 2020.

[112] Florentin Smarandache, A. Saranya, A. Kalavathi, and S. Krishnaprakash. Neutrosophic superhypersoft sets. Neutrosophic
Sets and Systems, 77:41-53, 2024.

[113] Antonin Sochor and Petr Vopénka. Ultrafilters of sets. Commentationes Mathematicae Universitatis Catolinae, 22(4):689-
699, 1981.

[114] P Stivastava and RL Gupta. Fuzzy proximity structures and fuzzy ultrafilters. Journal of Mathematical Analysis and
Applications, 94(2):297-311, 1983.

[115] Pramila Srivastava and Mona Khare. Fuzzy grills, fuzzy ultrafilters and counterexamples. Simon Stevin, 67:65-76, 1993.

[116] K Tamilselvan, V Visalakshi, and Prasanalakshmi Balaji. Applications of picture fuzzy filters: performance evaluation of an
employee using clustering algorithm. AIMS Mathematics, 8(9):21069-21088, 2023.

[117] Viceng Torra. Hesitant fuzzy sets. International journal of intelligent systems, 25(6):529-539, 2010.

[118] Viceng¢ Torra and Yasuo Narukawa. On hesitant fuzzy sets and decision. In 2009 IEEE international conference on fuzzy
systems, pages 1378-1382. IEEE, 2009.

[119] BK Tripathy, TR Sooraj, and RK Mohanty. A new approach to fuzzy soft set theory and its application in decision making.
In Computational Intelligence in Data Mining Volume 2: Proceedings of the International Conference on CIDM, 5-6
December 2015, pages 305-313. Springer, 2016.

[120] Zhao-xia Wang, Quan Wang, Ming Bai, Zeng-qgiang Chen, and Zhen Sun. Further exploration on relationship between crisp
sets and fuzzy sets. In 2010 The 2nd International Conference on Computer and Automation Engineering ICCAE), volume
2, pages 609-613. IEEE, 2010.

[121] Xibei Yang, Dongjun Yu, Jingyu Yang, and Chen Wu. Generalization of soft set theory: from crisp to fuzzy case. In Fuzzy
Information and Engineering: Proceedings of the Second International Conference of Fuzzy Information and Engineering
(ICFIE), pages 345-354. Springer, 2007.

[122] Yong Yang, Xia Tan, and Congcong Meng. The multi-fuzzy soft set and its application in decision making. Applied
Mathematical Modelling, 37(7):4915-4923, 2013.

[123] Adem Yolcu and Taha Yasin Ozturk. Fuzzy hypersoft sets and it's application to decision-making. Theoty and application
of hypersoft set, 50, 2021.

[124] Lotfi A Zadeh. Fuzzy sets. Information and control, 8(3):338-353, 1965.

[125] Lotfi A Zadeh. A fuzzy-set-theoretic interpretation of linguistic hedges. 1972.



51 Fujita, T. | Multicriteria. Algo. Appl. 5 (2024) 32-51

[126] Lotfi A Zadeh. Fuzzy sets and their application to pattern classification and clustering analysis. In Classification and
clustering, pages 251-299. Elsevier, 1977.

[127] Lotfi A Zadeh. Fuzzy sets versus probability. Proceedings of the IEEE, 68(3):421-421, 1980.

[128] Lotfi A Zadeh. Fuzzy logic, neural networks, and soft computing. In Fuzzy sets, fuzzy logic, and fuzzy systems: selected
papers by Lotfi A Zadeh, pages 775-782. World Scientific, 1996.

[129] Lotfi A Zadeh. Fuzzy sets and information granularity. In Fuzzy sets, fuzzy logic, and fuzzy systems: selected papers by Lotfi
A Zadeh, pages 433-448. World Scientific, 1996.

[130] Qian-Sheng Zhang and Sheng-Yi Jiang. A note on information entropy measures for vague sets and its applications.
Information Sciences, 178(21):4184-4191, 2008.

[131] Hans-Jirgen Zimmermann. Fuzzy set theory-and its applications. Springer Science & Business Media, 2011.

Disclaimer/Publisher’s Note: The perspectives, opinions, and data shared in all publications are the sole
responsibility of the individual authors and contributors, and do not necessarily reflect the views of Sciences
Force or the editorial team. Sciences Force and the editorial team disclaim any liability for potential harm to

individuals or property resulting from the ideas, methods, instructions, or products referenced in the content.



