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Abstract

In this paper, the explicit formulae as well as the full structural expression is given for the number of distinct fuzzy
subgroups of the Cartesian product of the dihedral group with a cyclic group both of which possess the order of #
power of two respectively which results in a p-group of an 7 power order of four for any integer » not less than
three.
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1 | Introduction

The theory of fuzzy sets possesses so many forms of applications. Of such and of course, without restriction
is that of fuzzy groups. Part of its applications is to provide formalized tools for dealings with the imprecision
intrinsic to many problems. Denote the number of chains of subgroups of a finite group G which ends in G
by h(G). The method of computing h(G) is based on the application of the Inclusion-Exclusion Principle. In
this context, h(G) is referred to as the number of distinct fuzzy subgroups for the finite nilpotent p-group.
This work is therefore designed as part of classifying the nilpotent groups formed from the Cartesian products
of p-groups through their computations [2-4].

2 | Methodology

At this juncture, we shall introduce the technique which was used in the course of our processes. Hence, are
going to adopt a method that will be used in counting the chains of fuzzy subgroups of an arbitrary finite p-
group G. That is the number of fuzzy subgroups of a finite group G which end in G. This is denoted by h(G),
and it is the number of distinct fuzzy subgroups for the finite nilpotent group. The expression was derived in
[6] as follows: (our esteemed readers can also consult [5, 7-9] for more details.

Suppose that G is a finite nilpotent group, in which Ny, Ny, ..., N¢ are the maximal subgroups of G. Let us
represent these number of chains of subgroups of G by the symbol h(G). These chains are known to

terminate at G. Now, for the singular purpose of computing somewhat the exact value of h(G), we are going
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to base our technique on the proper application of the Inclusion-Exclusion Principle. This particular method
has been discussed more extensively and in detail in [1] and [6]. Here in particular, given that 4 is the set of
chains in G which are of the type given by: C; € €, € - € C, = G, and A’ represents the set of chains in
G of types C; € C, C -+ C C; # G, and let C, Be the set of chains of A" Which are contained in N, 1 =

1, ..., t. Then we have:
t
Ue
r=1

t
=14 1Gl= Y (G G|+ (-1
r=1 1< t

T ST,S

Al=1+]A4"| =1+

t
e
r=1

Here, it should be strictly noted that, forevery 1 Sw < tand1 <7 <1, <+ <71, < t, the set N}, Gy,

must consist mainly and in all cases of all chains of A”. Such chains ought to be included in N}, Ny.,. And so,

we are going to have that.

D C,| = th(D Nri> -1
~Al =14+ ; (Zh(N:) -1) - m;ﬁt (2h(Ny, NN,,) — 1)
+ -+ (-1 <2h <Dl Nr> - 1)
t
=2 Zi h(N,) — mlz;zst h(Ny, NNy, ) + -+ (—1)‘5‘1h(r01 Nr) +C

And

t

c=1+Z(—1)— Z (—1) + =+ (~1)F1(=1)

r=1 1sr <ryst

=(1-1f=0

we have that:

t t
h(G) = 2 Z h(N,) — Z (N, ON,) + -+ (=D)F1h (ﬂ Nr> )
r=1

1sr<r,st r=1

Definition: h(G) given in (1) can be defined as the number of fuzzy subgroups. This particular number is
unique for the finite group G. It should also be catefully noted and categorically stated here that, they are also
very distinct (please, see [1, 5-0] for more details on this. In [0], (1) was used to obtain the explicit formulas

of h(D,,) for some positive integers n.Here D,,, denotes the dihedral group of order 2n. Now, if n = p™,
then,

2m
h(Dzn) = p—1 @™ +p-2) (2)

From here, 2n = 2p™ - p = 2 = 2n = 2.2™ = 2m*!
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i h(Dan) = h(Dymyy) = 2= (241 42 — 2) = 2m(2™HY),
Hence, by puttingn =m +1=>m =n—1= h(D,n) = 212" = 22071
h(Dyn) = 22771 3)

So, if the given subgroup structure of a finite group G which has been certified to have possessed as it were,
in each of the respectful cases the maximality condition, their types ate then determined, and their
intersections computed by using GAP [17], then we are going to have it after some calculations and
simplifications Eq. (1) given above results in some recurrence relations which allows the value of h(G) to be
explicitly determined [12, 15].

Theotrem [1, 6]: Every finite p-group possessing an otder which equals p™ And having a cyclic maximal

subgroup must have its number of fuzzy subgroups which are distinct to be given by:
). h(Cyn)=2",

ii). h(Cp X Cpn—l) = 2""1[2 + (n — 1)p] We are going to apply this theorem at some point or the

other in our computational processes.
Proposition [13]: Given that G = C4 X Con,n = 2. Then, h(G) = 2"[n? + 5n — 2]

Corollary: Following the last proposition, h(Cy X C,5),h(Cy X Cy6), h(Cy X C57) and h(Cy X Cy8) =
1536,4096,10496, and 26112 respectively.

Theorem [15]: Suppose that G = Dyn X C,. Here, G happens to be the nilpotent group which has been
formed through the proceeds of getting the Cartesian product for the dihedral group of order 2™ and a cyclic
group of order 2. Then, the number of fuzzy subgroups for G which are distinct can be given by: h(G) =
22"2n+ 1) —2""1n >3
Proposition [12]: Let G = Dyn X Cy. Then, the number of fuzzy subgroups for G which are distinct can be
given by :

n-3

22(=2)(64n + 173) + 3 Z 2140 (2n + 1 — 2j)
j=1

Proposition [10]: Suppose that G is a p-group having the abelian properties and is also of the type given by:
Cp X Cp X Cpn, such that p is a prime number and n = 1. The number of fuzzy subgroups for G which are
distinct is given by h(Cp X Cp X Cpn) =2"p(p+ D(n— 1B +np+2p)+ (2" —-2)p3-2"1(n—
Dp3 +2™p3 +4(1 +p + p?)].

Corollary: From (3) above, observe that we are going to have that:
h(Z3 X Zy X T3n) = 2""1[18n% 4+ 9n + 26] — 54

Similatly, suppose that we have p = 5, and by following the procedure above as well, we are going to have
that:

h(Cs x C5 X C5n) =2[30h(C5 X C5n) + h(C5 X C5 X Cgn-1)
—p3h(Csn) — 30h(Csn-1) + 125]
Also, if p=7,h(C; X C; X Cyn) = 2[56h(C; X C7n) + h(C7 X C7 X Cyn-1) — 343h(Cyn) —
56h(C,n-1) +343] If this process continues this way, we are definitely going to have it in general that:
h(Cp X Cp XCpyn-2) = 2""%[4 4+ (3n— 5)p
+(n? — 5)p? + (n? — 5n + 8)p3] — 2p2. This is definitely true for any given prime p.
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Proposition [14]: If G is a group and such that: G = (D,3 X C,m) and for m = 3. Then, h(G) = 89m —
23m? + (85)2™+3 — 124

Proof:

h(Dyz X Com) = (46m — 3) - 2M%1 + 26 4 (46m — 49)2™*1 + 27 + (46m — 95)2™M*1 + 28
+ 23h(D23 X sz—3)

= 2™+ . [(46m — 3) + (46m — 49) + (46m — 95)] + 26 + 27 + 28 + 23h(D,3 x CI'73)

+2™m*1 . [46mk + 26427 + 25+ o AR
series (1)
(=3—-49—-95-- (=3 —-46(k—1)))]

seties (2)

+2*¥h(Dys X Cym_y), k € {1,2.3---n € N}
Observe that in the series (1), we have that, V, = 26.2""1 =25 n 4+ 5=t + 5,5 n = t. So that S, =
6[2=1] _ p6(pt _

262 = 2@t - 1)

Also, note that in the second series (2), we should have it that, U, = =3 + (n — 1)(—46) = —3 — 46(t —
1)=> n—l=t—-1n=t Whence, Sp=t==[2(=3)+ (t—1)(—46)] =7 (—6 — 46t + 46) =
%(40 —46t). Hence, we are going to have that: h(D,3 X Cym) = %(40 —46t) + 26(2k — 1) +
2%h(D3 X Cym_;. By setting m =t we have that t =m — 3. Hence, h(D,3 X C,m) = (m — 3)(20 —

23m) +2°(2™73 — 1) + 2™ — 3h(D3 X C,3) h(G) = (m —3)(20 — 23m) + 26(2™ 3 — 1) +
2M=3(5376) = (m — 3)(20 — 23m) + 2™~3 — 26 4+ 2™M*5(21) =20m — 23m? — 60 + 69m +
2M*3 — 26 4+ (21)2™*5 = (89m — 23m? — 60) + 2™+3 — 26 + (21)2™*> = m(89 — 23m) — 124 +
(85)2m+3

Theorem [11]: Let G = Zyn X Zg, then h(G) = %(2"+1)(n3 +12n2 + 17n — 24)

Proposition (see [16]: Suppose that G = Dyn X Cg. Then, the number of fuzzy subgroups of G which are
distinct is going to be equal to:

n-3
22=D(6n +113) + 2" (13 — 6n—2n? + 3 Z 20~ 02n + 1 - 2j)
j=1
1 n->5
+§(2"+2) (m—1)3+ (m—-2)%+24n* —38n—30 + Z 2X[((n—-2-k)3®+12(n—2—-k)>+17(n— k) — 58]
k=1

Theorem: Let G = D,4 X C,4. Then, h(G) = 61384

3 | The Number of Fuzzy Subgroups for G = D,4 X Con,n = 4

Which are distinct. Our computation on the algebraic fuzzy structure given actually has an outcome that
involves multiple sums.

Proof:

The maximal subgroups are:

(D24 X Czn—1),2(D23 X Czn),Z(Dzn X sz), (Dzn X CZS) and (Czn).
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We have that: 2h(G) = h(Dys X Coy) + 2h(Dys X Co) + 2h(Dyn X C52) + h(Dan X C53) + h(Can) —
6h(Dy3 X Zyn-1) — 6h(Zyn X Zy2) — 3h(Zyn-1 X Zy3) — 6h(Zyn) + 2h(Dy3 X Cyn-1) + 28h(Cyn-1 X
Cyn) + h(Cyn-1 X Cy3) + 2h(Cyn X C2) + 2h(Zyn) — 35h(Cyn-1 X Cy2) + 21h(Cyn-1 X Cy2) —
Th(Cyn-1 X Cy2) + h(Cyn-1 X C52) = h(Dya X Cyn-1) + 2h(D,3 X C31) + 2h(Dyn X C2) + h(Dyn X
C,3) —4h(Dy3 X Zyn-1) — 4h(Zyn X Zy2) — 2h(Zyn-1 X Zy3) + 8h(Zyn-1 X Zy2) — 3h(Zyn)

1
Fh(G) = h(Dys X Zynic) + 2h(Dy3 X Zym) = 4h(D3 X Lyni) — 4h(Zyn X Zy2)
k

k k
= 2Ty X B ) + 81(Zynesc X B2) + ) A(Dynesss X Bp) +2 ) h(Dynesas X Ly2) =3 . h(Zymosey)
j=1 j=1 j=1

k-1 k-1 k-1
<23 h(Dys X Tyney) 44 ) h(Dyuoy XT2) =2 ) h(Dan_y X T)
= = =

whence, n—k=4=>k=n—4. h(G) = 2h(D,4 X Zys) + 4h(D,3 X Zn) — 8h(D,3 X Zys) —
8h(Zyn X Zyn) — 4h(Zys X Zy3) + 16R(Zya X Zy2) +

n—4 n-4 n-4
23" h(Dynete) X Ts) +4 ) h(Dyuosn X By2) = 6 > (T
= = =

n-5 n->5 n->5
<4 B(Dyp X Tyuey) +8 ) h(Dn X Tyz) =4 ) h(Dyuey X o)
= = =
n—4

o h(G) = 2"*3(422 — n? — 5n) — 9n® + 356n — 29160 + 2 z h(Dyn-1+j X Zy3)
j=1

n—4 n—4 n->5 n—>5 n—>5
+4 z h(DZn—1+j X Zzz) -6 Z h(ZZn+1—j) -4 Z h(D23 X Zzn—j) +8 Z h(DZn_J- X Zzz) -4 z h(DZn—j X Zzs)
=1 =1 =1 =1 =1

n—4

= 2"*3(422 — n? — 5n) — 9n? + 356n — 29160 + Z [2h(Dyn-14j X Zy3) + 4h(Dyn-1+j X L2 ) — 6h(Zynsa-;)]
=1
n->5 !
=D [4h(Dy3 X Tyney) = BR(Dyn_ X Ty2) + 4h(D ey X L )|
j=1

Hence, proven as required.

Applications
The computations so far by the use of GAP (General Algorithm Algorithms and Programming) and the
Inclusion-Exclusion Principle can actually be confirmed here as being very useful in the computations of the

number of fuzzy subgroups for the finite p-groups which are district [17].
4 | Determining the Fuzzy Subgroups for G = Dyn X C,1,n = 4
If G = (Dyn X C,4), then,

Zh(G) = h(Dn X C33) + 2h(Cyn-1 X C34) + 2h(Dys X Cyn-2) + h(Dys X Con-1) —

4h(D2n—1 X C23) - 4h(C24 X Czn—z) - Zh(Czs) X Czn—l) + 8h(C23 X Czn—z) - 3h(624)

So, h(G) = 2h(Dyn X Cy3) + 4h(Dyn-1 X Cpa) + 4h(Cya X Cyn-2) + 2Rh(D 44 X Cyn-1)
—8h(D2n—1 X C23) - 8h(C24 X Czn—z) - 4-h(C23 X Czn—1) + 16h(CZ3 X Czs) - 2h(C24) X 624) +
8h(C,3 X Cyn-2) — 6h(C,4)
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= 22""8p(D,s X Cpa) — 3(10 + 26 + 28 + - 22V"8YR(Cpe) + 2h(Dyn X C,p3) + 12h(Dys X Coyn-2) +
2h(Dy4 X Cyn-1) — 32h(Cps X Cyn-3) — Bh(Cy4 X Cyn-2)
—4h(Cy3 X CR™ 1) — 27h(Cpa X Con-4) + 48h(D,2 X Cyn-3)

2n—-8 2n-7
+3 Z 2" *h(Dys X Lyna-j) + z 22"*90(Dya X Zynsr-j)
j:l ]:1

As required.

5 | Finding the Number of Fuzzy Subgroups for the Group G = Dpn X

sz,for?)SnSm

Suppose that G = (Dyn X Cym) for 3 <n < m.

Then,

~h(G) = h(Dgn X Cym—) + 2h(Dn-s X Cam) + 2h(Dym X Cyn-2) + h(Dym X Cyn-1) = 4h(Dyns X
Com-1) — 4h(Cyn-2 X Coym) — 2h(Cyn-1) X Cym-1) + BA(Cyn-2 X Cym-2) — 3h(Cym)

So, h(G) = 2h(Dyn X Cym-1) + 4h(Dyn-1 X Cym) + 4h(Dym X Cyn-2) + 2h(Dym X Cyn-1) —
8h(Dyn-1 X C,m-1) — 8h(Cyn-2 X Cym) — 4h(Cyn-1) X Cym-1) + 16h(Cyn-2 X Cym-1) — 6h(Cym)
Now, suppose for instance, that m =n =05. Then, we have that: h(G) = 2h(D,s X C,1) +
4h(D,s X Cs) + 4h(D5 X Cy4) + 2h(D,s X Cy4) — 8h(Dya X Cya) — 8h(Cy3 X Cyps5) — 4h(C,4) X
C,4) + 16R(C,3 X Cpa) — 3.28.

Instances: We have the following examples as parts surfacing from our computations so far. We urge our

esteemed readers to consider the examples given below in tabular format.

Example: Now, since the given stated condition that m = 3 must be fulfilled then the readers may consider
the examples below in for simple illustration.

Table 1. Summarizing some Number of Distinct Fuzzy Subgroups of (D4 X C,n) FORn = 4.
S/N for the Number of n 4 5 6

h(G) = (D1 X Cyn),n > 4 20,200 375,648 3,893,800

6 | The Number of Fuzzy Subgroups which are Distinct for the Group

G=D2n><C2n,forn24-

Suppose that G = (Dgn x Cgn) forn = 4. Then,

h(G) = 2h(Dan % Con—1) + 4h{Dan-1 % Can) + dh(Dan x Cyn_2) + 2h(Dan % Con-1) — Bh(Dyn-1 x
fgn—1) — BR(Can-a x Can )] — Ah(Con—-1) x Can-1) + 16R(Can-2 x Con_1) — 6R(Can)

=4h(Dan x Con-1) +4h(Dan-1 x Can) +4h(Dan x Con_2) — 8h(Dn-1 x Cyn_1) — Bh(Can2 x Can) —

ih.l_rf:zn—:;l » i{:zn_'.;l - ']_Eih.lif__:zﬁ_g » C‘zn—1 ) — 6)’!{6‘2‘1}

Now ,if n = 4. Then, we have that: h(G) = 4h{Das % Con ) + 4k Dys % Ca) +4h{ Daa x Coa ) — Bh(Daa

Cya) — Bh(Cau x Cga) — 4h(Cae) x Cga) 4+ 16h(Che x Cy2)-3.2°
Example: If we set {g;}i=1,2} = h(D24 X C24—i){gj}{j=3'4} = h(D23 X C27—j)

{gk}{k=5} = h(CZ9—k X C27—k){gl}{l=6,7} = h(Czs X ng—z){gh}{h=8} = h(6212—i),
Then, the following table emerges

O
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Table 2. Summarizing some Number of Distinct Fuzzy Subgroups of (D, X C,n) FOR = 3.
9i 91 92 93 94 s e 97 s
h(g;) 14848 7200 10744 5376 544 864 176 16

ah(g;) +4h(g,) +4h(g;) +4h(g3) —8h(gs) —8h(gs) —4h(ge) +16h(g; —6h(gs)
value +59392 +28800 +42976 43008 4352 -3456 +2816 96

Total = 83,072

7 | Conclusion

The discoveries from our studies so far have helped to observe that any given product of the nilpotent group
also gives a nilpotent result. Furthermore, the problem of classifying the fuzzy subgroups for groups that are
known to be finite has experienced very rapid progress. Tables 1 and 2 summarize some details concerning
this. Finally, this particular method can also be applied in further and subsequent computations up to the
generalizations of both similar as well as the s other given structures.
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