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Abstract
This manuscript holds the integral concepts presented by the previously published article called (Neutrosophic
SuperHyper Bi-Topological Spaces). This essay contains new definitions related to the notion of SuperHyper Bi-
Topological Spaces, such as SuperHyper Supra closure operator, the pairwise neutrosophic interior of the power
set P™ (X)), three cascade numerical examples demonstrate the NSHBI-TS, pairwise neutrosophic nth—power sets

. 1stpair _2ndpair o0 . ..
in(1; PR T PAT pn (X)), as well as extra definitions, theorems, corollaries, and propositions.

Keywords: Neutrosophic; SuperHyper; Bi-Topological Spaces.

1 | Introduction

There is no doubt that the neutrosophic theory has been originated by the Romanian-American scientist
Florentin Smarandache on 1995 [1], when he suggested a new kind of philosophy that carry the insight of
taking any idea or any issue from three corners or three frames, he claimed existing truth part of the issue, the
opposite part is the falsity part of the issue, while the middle part of the issue is the indeterminate part which
positioned between the truth and the falsity. F. Smarandache be able to redefined all traditional sets and fields,
mathematical operations, mathematical analysis, calculus, geometry, optimization theory, operation research,
all theoretical parts of probability and statistics, topological spaces, and other fields of knowledge. As of 1995
till now, F. Smarandache collected dozens of scientists around the globe such as but not limited to (A.A.
Salama from Egypt, Huda E. Khalid from Iraq, Said Broumi from Morroco, Ishaani Priyadarshinie from
USA, Maikel Yelandi Leyva Vazquez from South of America, M. Ganster from Australia, Xiaohong Zhang
from China, Fernando A. F. Ferreira from Portugal, Vasantha Kandasamy from India, Giorgio Nordo from
Italy, Sergey Gorbachev from Russia, ...etc. [2,3,4,5]) , they working with him under two reputed international
journals (Neutrosophic Sets and Systems journal briefly NSS journal which issued by the University of New
Mexico and International Journal of Neutrosophic Science briefly IJNS journal) those two journals are
indexed by dozens of repositories, such as Scopus, Amazon Kindle (USA), General Science Index, ProQuest
(USA), Cengage Thompson Gale (USA), Google Books (USA), Cengage Learning (USA), Google Scholar
(USA), DOAJ (Sweden), Index Copernicus (Poland), Engineering Village ,Elsevier, Ei_ Compendex source
list (Netherland),... etc.
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Neutrosophic logic and theory is more general than fuzzy logic and theory that originated by Azerbaijani -
American scientist Lotfi A. Zadeh on 1965 [6]. Neutrosophic logic focuses on redefined the parts of
knowledge according membership functions. Also, neutrosophic theory is more general than the intuitionistic
fuzzy logic and theory that setup by Bulgarian scientist Krassimir T. Atanassov on 1983 [7], he significantly
extended fuzzy sets theory by launching the concept of "Intuitionistic Fuzzy Sets" and investigated their basis
properties depending upon membership functions and non- membership functions. However, this chapter
sheds the light on the basic concepts of the neutrosophic theory especially the neutrosophic topological spaces
with most impacting works in this field of science.

The recent and innovative type of mathematical structure presenting by this essay is depending upon the
previous work [8], it was fathomed by the neutrosophic superhyper topological spaces which have the ability

to define the neutrosophic universal nt*-power set 1 P (x) > the neutrosophic empty nt-power set 0 P(X)>
unmatched mathematical relations (i.e. less than or equal relation, greater than or equal relation, the inclusion
relation, the union relation, the intersection relation, and the belonging relation,). However, through the
previous related works [8-12], new propositions had been defined, and we redefined De Morgan's theotem,
setting up unprecedented of neutrosophic nt*-power point. Also, we introduced Neutrosophic SuperHyper
Supra Topological Spaces, the definition of the neutrosophic nt*-power open sets, the definition of the
neutrosophic nth—power closed sets, and dozens of theorems and corollaries. While, this article in our hands,
includes novel definitions for the neutrosophic closure and the neutrosophic intetior of P™(X). Furthermore,
the definitions of the pairwise neutrosophic closure and the definition of the pairwise neutrosophic interior
of P™(X) have been introduced, the flexibility of the neutrosophic superhyper topological spaces depending
upon the neutrosophic nth—power sets enables us to build some new and important numerical examples
which had two techniques in representing the same mathematical operation and two different results gained

(i.e. examples 3.5 and 3.6). Finally, the pairwise neutrosophic nth—power neighborhood had been defined.
2 | Preliminaries

This section will bring all essencial definitions from the first related work [8] that containig the mathematical
structure of NSHTSs, and NSHBI-TSs, and as follow:

Definition 2.1: Let X be a non-empty set, P (X) is the neutrosophic nth—power set of a set X, for integer
n = 1. A Neutrosophic SuperHyper Topological space on P™(X) is a subfamily T¢%t70t0P0 of N (P (X)),
and satisfying the following axioms:

1. The neutrosophic universal nth—power set 1pn(x) ,and the neutrosophic empty nth—power set Opn(xy

both are belonging to T€*T0toPO,

neutrotopo neutrotopo

2. Any arbitrary (finite on infinite) union of members of T belong to T

3. TMEUTotopo s closed under finite intersection of members of TEHTOLOPO (i e the intersection of any

neutrotopo neutrotopo )

finite number of members of T belongs to T

Then (T€%ET0LOPO PT (X)) is called Neutrosophic SuperHyper Topological Spaces (NSHTS). Because of the
definition of (NSHTS) via neutrosophic n**-power open sets that commonly used in this manuscript, the

neutrotopo

family of neutrosophic sets T of the nt'-power sets are commonly called a (NSHTS) on the

neutrosophic nt*-power sets P™(X).
P P

A subpowerset P™(C) € P™2(X) for integers m1 < m2 is to be closed in (TCWTOLOPO PR (X)) if its
complement P™2(X)/P™(C) is an open set.

Definition 2.2: Let P"(X) be a neutrosophic nt*-power set over a non-empty set X, the neutrosophic

interior and the neutrosophic closure of P™(X) are respectively defined as:


https://scholar.google.com/citations?view_op=view_org&hl=en&org=1707905221907259829
https://link.springer.com/book/10.1007/978-3-319-48953-7#author-0-0
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int™( P™(X)) =U {P™(X): P™(X) S P™(X), P™(X) € T"¢UITO0PO} " this means that for the same
collection of the neutrosophic nt*-power set P*(X), all P™(X) given that m < n regarded as interior for
P™(X).

c™(P™(X)) =n {P"(X): P"(X) € P"(X), (P" (X)) € gneutrotopey,

Definition 2.3: The following mathematical phrases are true for any two neutrosophic n1-power set
P™ (Y1) and n2-power set P"2(Y2) on the neutrosophic nt*-power set P*(X), given that n1,n2 < n,

and that thete is no restrictions on the relation between n, and n, :

1. TP"1(Y1) ({xh =< TP"Z(YZ) =D, IP"1(Y1) (Ixh) = IP"Z(yz) ({x}), and Fpnl(y1) {xh = Fan(yz) ({x},
for integers n1,n2 > 1, and for all {x} € P™(X) iff P (Y1) € P"2(Y2).

2. P™(Y1) € P™?(Y2) and P™?(Y2) C P™M (Y1) iff PM (Y1) = P™?(Y2), given that n; = n,.
3. P™M(Y1) N PM2(Y2) =
{({x}, min{T pra (y1) (X, Tz vy (D)}, min{ Tpna 4y ({x3), Ipnz vy ({61},
max{F pn1 1) ({(x}), Fpnz(yoy ((xD}) : {x} € P*(X)}
4. P™(Y1) U P™(Y2) =
{{({x}, max{Tpn1 1) (D), Tz yy (£}, max{ Ipni y1) ({63, Ipnzyy (X))},
min{F pn1 1) ((x3), Fpnz(y2)((x1}) * {x} € P*(X)}

In general, the union or the intersection of any arbitrary members of neutrosophic nt"-power set P™(X);¢;
are defined by:

N i . .
e IPm(X) = {({x}, lnf{TPni({x})},lnf{lpni({x})}, sup {Fpni({x})}> :{x} € P"(X)},

i : IP"i(X) = {({x},sup {Tpm-({x})},sup {Ipni({x})},inf{FPni({x})}) {x} € P*"(X)}.

1. The neutrosophic nth—power universal set P"*(X) is denoted by 1pn(x) ,and it is exist if and only if the

following conditions are holding together:
Tpn(xy) = Lpnexy Ipnep = 1pnixy, and Fpn(gxyy = Opn(x).

2. The neutrosophic nt"-power empty set P*(X) is denoted by 0 pn(x) » and it is exist if and only if the

following conditions are holding together:
Tpr(gxp = Oprxy, Ipn(gay) = Opnixy, and Fpn(gyy = 1pn(xy.

3. Let P"(Y1) € P"2(Y2), given that ny < n,, then the complementary of P™ (Y1) concerning to
P™2(Y2) is defined as follow:

PP (YD)\ PP2(Y2) = {(|Tpma(y2)((x}) = Tnz(ya) (D], [Tpma 1) () = Ipmagyay (D], 1pm ey —
|FP"1(Y1) {xh — Fpnz(yz)({x})|)}-
4. Clearly, the neutrosophic complement of 1pn(xy and Opn(x) are defined as:

(Lpn(x))© = ATpnxp) = Opnixy, Ipnixp) = Opn(xy, Fprgay) = lpnx)) = Opnixy, (Opn(x))© =
(Terceep = Lemoos Lencep = Lemooy Fenay = Opnen) = Lengo.
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Definition 2.4: Let X be a non-empty set, P*(X) is the nt"-power neutrosophic set of a set X, for integer
n = 1.1f a, 8,y be real standard or non-standard subsets of | ~0, 1t [, then the neutrosophic nth—power set
P™(xq,p,) is called a neutrosophic nt™- power point, and it is defined by:

P (xapy 00 = 500 B0 Vo) if PR = PRy
apy (0pnx), 0y, 1pn(a)), if P*(x) # P"(y)

For x,y € X,and P™ (xrx,ﬁ,]/)' P"(y) € P"(X), here P™(y) is called the support of P" (x4 g,).

Definition 2.5: Let P™(X) € N(P™(X)), the belonging operation of the neutrosophic n*"- power point
P™(xgpy) to PM(X) (ie. P*(xqp,) € PM(X) ) is satisfied if and only if Tpnixy = @, Ipni(yyy 2

B, Fpnl({x}) < Y-

Definition 2.6: A sub-collection T, of neutrosophic nth. power set P (X) on a non-empty set X is said to

be Neutrosophic SuperHyper Supra Topological Space on X if the nt"- power sets 0 pr(xy 1pnxy € Tn ,and
oo

U P™(X) € 1}, for {PM(X)}2, €15 . Then (75, P*(X)) is called Neutrosophic SuperHyper Supra
iel
Topological Space on X.

3 | New Definitions and Extra Notions for NSHBI-TSs

Definition 3.1: A SuperHyper operator ¥ : N(P™*(X)) — N (P™(X)) is called a neutrosophic SuperHyper
Supra closure operator if it satisfies the following conditions for all p™ (X),p™? (X) € N(P" (X))

L (0pn(X)) = Opn(X).

2. P"Y(X) € Y(P™(X).

3. YP™MX) U P(P™E(X) S PP (X) U (P2 (X)),
4. P(PP™X)) = PP X)),

Theorem 3.2: Let (Tiswair, Tindpair, P™(X)) be (NSHBI-TS). The operator  cly: N(P™"(X)) —
N (P™(X)) which defined by:
cly (P X)) = clispair (P™ (X)) N cllenapair (P™ (X))
Is the Neutrosophic SuperHyper Supra closure operator and it is induced, a unique Neutrosophic SuperHyper
Supra topology is given by:
{PM(X) € N(P'(X)) ¢ cly ((PM(X)9) = (PM(X)°}
Proof:  Straight forward
Definition 3.3: Let (7,° P*7, 72" P | pn (X)) be 2 Neutrosophic SuperHyper Bi-Topological Space and
P™(X) € N (P™(X)) . The pairwise neutrosophic interior of P™(X), denoted by inty (P™ (X)) is the
neutrosophic union of all pairwise neutrosophic nt* -power open subsets of P™! (X),i.e.,
int?(P™ (X) = U {(P™(X) € Tneutrotopo  pm(xy ¢ pri(x) 1.

Obviously; intj (P™ (X)) is the biggest pairwise neutrosophic n** - power open set contained in P™* (X).

Numerical Example 3.4: Suppose X = { a, b, ¢} with the following neutrosophic nt* - power sets :-



47 Khalid et al. | Neutrosophic Opt. Int. Syst. 2 (2024) 43-55

T = {0.7,0.4}
P (X)={{a,T=03,1=0.1,F =0.6},{bc}1={0,03} }
F ={0.4,0.3}

T = {{0.6},{0.1}}
P (X)=<{{a, T=05,1=0.2,F = 0.7}, {{b},{c}} I = {{0},{0.5} }

F = {{0.4},{0.4}}

b

T ={0.3,0.2}
P™ (X) =<{{a,b}1={0.4,0.9},{c050.1,08} },
F = {0.6,0.9}
( T = {{0.1},{0.7}} )
P™ (X) = { {{a}, {b}} 1 = {{0.2},{0.8} },{c, 0.2,0.5,0.3} }
\ F = {{0.6},{0.9}} )

P™ (X) = {{a,0.1,0.1,0.7},{b,0.7,0.6,0.1},{c, 0.2,0.4,0.3} },

T = {0.3,0.7,0.4}
P (x) ={{a,b,c} 1={0.1,0,0}
F ={0.6,0.5,0.3}

1stpair _2stpair

Then ( T3 Ty , P" (X)) is a Neutrosophic SuperHyper Bi-Topological Space ( NSHBI-TS),
Where 737" = (0pn(X), 1pn (), P™ (X), P™ (X), P™ (x) , P™ (X))}

While, 72" = {0,n(X), 1pn(X), P" (X) , P (X)).

Obviously, ~ TMewtrotopo = gISPAIT ) L2nAPAIT |y (pn () y P15 (X), P2 (X) U P (X),P™ (X) U
P™S (X))

Because all the neutrosophic nf" —power sets P™ (X) U P™ (X),P™ (X) U P™ (X),P™ (X) U

. . 1stpair 2ndpair
P™5 (X) are not belonging to either T; P nor to T, par.

Numerical Example 3.5: Let (7", 22" pn (X)) be the same (NSHBI-TS) as in Example 3.4,

and let:-

T = {0.6,0.4)
G =<{a,b} 1={0.5,0},{c,0.4,0.7,0.3} tbe a neutrosophic n"-power set over P™(X) . Now to
F = {0.7,0.3)

find cl?(G we need to determine airwise neutrosophic Nt -power closed sets in
p >
1stpair _2ndpair

T ,T ,P™ (X)). We can conclude that:
T ={0.3,0.6}
(P (X)) ={{a, T=07,1=09,F =04},{b,c}1 ={ 1,07} b
F =1{0.6,0.7}

T = {{0.4},{0.9}}
Pn2 (X))¢ ={{a,T=0.5,1 = 0.8,F = 0.3}, {{b}, {c}} | = {{1},{0. ,
(P™ (X)) =141 5 0.8 0.3}, {{b}, {c}} 1= {{1},{0.5} }

F = {{0.6},{0.6}}
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T ={0.7,0.8}
(P™ (X))¢ =<{a,b}1={0.6,0.1},{c,0.50.9,0.2} ,
F ={0.4,0.1}
( T = {{0.9},{0.3}} )
(P™ (X))¢ = { {{a}, {b}} 1 = {{0.8},{0.2} }.{c, 0.8,0.5,0.7} }
\ F = {{0.4},{0.1}} )

(P™ (X))° = {{a, 0.9,0.9,0.3}, {b, 0.3,0.4,0.9},{c, 0.8,0.6,0.7}},

T ={0.7,0.3,0.6}
(P™ (X)) =<{a,b,c} 1={09,1,1}
F = {0.4,0.5,0.3}

And  we can write each of the following unions (P™ (X) UP™ (X)), (P™?(X) U
P™ (X)), (P™ (X) U P™ (X)) in two different ways as follow:
1. The first solution will go to (P™ (X) U P™ (X)) in two different ways:

Either by taking the pattern of P™ (X) :-

T = {0.7,0.4}
P (X)u P™ (X)={{a,0.3,0.1,0.6},{b,c}I={ 06,04} 3,
F ={0.1,0.3}
T = {0.3,0.6}
(P (X)U P™ (X)) =1<{a,0.7,0.9,0.4}, {b,c}1={04,06} }
F ={0.9,0.7}

Or by taking the pattern of P™ (X)
P™ (X)u P™ (X) = {{a,0.3,0.1,0.6},{b,0.7,0.6,0.1},{c, 0.4,0.4,0.3}}
(P™ (X) U P™ (X))¢ ={{a,0.7,0.9,0.4},{b, 0.3,0.4,0.9},{c, 0.6,0.6,0.7}}

Here and by the ability and the flexibility — of neutrosophic n** -power sets, we saw that the term
(P™ (X) U P™ (X))¢ had written in to different ways

2. The following work goes for finding the term (P™ (X) U P™ (X))¢ in two different ways:
Either by taking the pattern of P™2 (X) :-

T = {{0.7},{0.2}}
Pn2(X) U P™5 (X) ={{a,0.5,0.2,0.7}, {{b}, {c}] = {{0.6},{0.5} }

F = {{0.1},{0.3}}

>

T = {{0.3},{0.8}}
(P"2 (X) U P™ (X)) ={{a,0.5,0.8,0.3}, {{b}, {c}}] = {{0.4},{0.5} }

F = {{0.9},{0.7}}

>

Or by taking the pattern of P™ (X):
P™2(X)u P™ (X) = {{a,0.5,0.2,0.7},{b,0.7,0.6,0.1},{c, 0.2,0.5,0.3} },
(P™? (X) U P™ (X))¢ ={{a,0.5,0.8,0.3},{b,0.3,0.4,0.9},{c,0.8,0.5,0.7} }.
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3. 'The last work goes for finding the (P™3 (X) U P™ (X))¢ in two different ways:

Either by taking the pattern of P (X):

T ={0.3,0.7}
P™(X) UP™ (X) ={{a,b}1={0.4,09},{c,0.5,0.4,03} t,
F ={0.6,0.1}

T ={0.7,0.3}
(P (X)u P™ (X)) =<{a,b}1=1{0.6,0.1},{c,0.50.6,0.7}
F = {0.4,0.9}

Or by taking the pattern of P™ (X):
P™ (X) uP™ (X) = {{a,0.3,0.4,0.6}, {b,0.7,0.9,0.1}, {c, 0.5,0.4,0.3} },
(P™ (X) U P™ (X))¢ = {{a,0.7,0.6,0.4},{b,0.3,0.1,0.9},{c,0.5,0.6,0.7} }.

By the definition of the inclusion (i.e. Def. (2.3), the first point of it), we see the pairwise neutrosophic nt-

power sets which contain G are:-

T ={1,1}
(P™ (X))€ and 1ynyy = {{a,b} 1= {1,1},{c, 1,1,0}
F ={0,0}

It follows that: -
clp(6) = (P™ (X))° N Lynxy = (P™ (X))
Therefore cl3 (G) = (Pn3 (X))C

It is  worthy to  mention  that all neutrosophic nth—power closed  sets
[P C0)S, (P™ (), (P (X)), (P™ (X))S,(P™ (X)u P™ (X)S,, (P™ (X) U
P™ (X))S, (P™ (X) U P™ (X))¢] all are do not contain G.

Numerical Example 3.6: Let (T%swair, Tzndpair, P™ (X)) be the same (NSHBI-TS) as in Example 3.4,
and let:

T = {0.8,0.8}
M ={{a,04,05,0.2},{b,c} 1={0.7,05} },
F ={0,0.2}

Again, from the definition of inclusion (i.e. Def. 2.3, the first point of it), we see the pairwise neutrosophic

n_power sets which containing in M are:

0pn(x), P™ LX), and P™1(X) U P™>(X) of the first pattern tracking the trace of the pattern of P™ (X)),

T = {0.7,0.4}
ie. PPL(X) U P"5(X) ={{a,0.3,0.1,0.6},{b,c}1 = {0.6,0.4}} |
F ={0.1,0.3}

Itis clear that P*1(X) € M, (Pn LX) UP5(X)) € M, 0pn(x) € M.

Therefore,
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int(M) = (P” 1(x) U p" 5(X)) U P™L(X) U Opnyy = PML(X) U PPS(X).

Theorem 3.7: Let (7, P, 2P pn (x)) he (NSHBI-TS), and P™ 1(X), P"2(X) € N(P™(X)). Then

the following mathematical statements are true:
1. int}(0pn(xy) = Opncxy and int(1pnxy) = 1pnexy,
2. intp(P™(X)) € PM(X),
3. P™1(X) is a pairwise neutrosophic nt"-power open set if and only if int} (P (X)) = P™(X),
4. PM(X) € P (X) = int}(P™ (X)) < intE (P2 (X)),
5 mtE(P™(X) NP2 (X)) € intF(P™ (X)) nintp(P™ (X)),
6. intplintE(P™(X))] = intF(P™(X)).
The poofs of the six facts mentioned in this theorem are straight forwards.

Theotem 3.8: Let (z,.°P%7, 22" pn (X)) be (NSHBI-TS), and P"1(X) € N(P"(X)). Then
P (xgpy) € intE(P™ (X)) © 3P™(z4p,) € TP (P (x, 5.,)) such that P" (24 5,) S P™H(X).

The proof is straight forward.

Theorem 3.9: Let (T;Stpair, T%ndpair, P™ (X)) be (NSHBI-TS). A neutrosophic n**-power set P**(X) over

P™(X) is a pairwise neutrosophic nt"-power open set if and only if P*1(X) = int:mpair(Pnl(X)) U
1

int:anpair (Pnl (X))
2
Proof:

Let P (X) be a pairwise neutrosophic nt™-power open set. Since int?lstpair (P™ (X)) € P™(X) and
1
intjzndpair (P™M(X)) € P™(X) (by Th. 3.7, the second point of it), then intflstpa,-r(Pnl(X)) U
2 1

int naparr (P (X)) € P(X).
2

Now let Pn(xa‘[g’y) € P™(X). Then, either there exists Pn(zt}:,ﬁ,}/) € Tistpair such that Pn(zé’ﬁ_y) c

P™(X) or there exists Pn(Zg,’B,y) € T;ndpair such that Pn(zczr,ﬁ,y) c P™M(X), thus Pn(xa_ﬁ’y) €

int:mpairPnl(X) ot P"(x4py) € intjzndpairpnl(X), Hence, P™(xqpy) € mt:m,,air (P (X)) U
1 2 1
int:lzndpair (Pnl(X))=> Pnl (X) c int‘:llstpair (Pnl (X)) U int:anpair (Pnl (X)), SO
2 1 2
Pnl (X) = int‘:llstpair (Pnl(X)) U int:anpair(Pnl(X))'
1 2

Conversely,

since intflstpair(Pnl(X)) is a neutrosophic nth—power open set in (T%Stpair,Pn (X)) and
1

int:zndpair (P™ (X)) is a neutrosophic nth—power open set in (TZZ ndpair, P™ (X)), then by definition (2.2) we
2
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can conclude that int:lstpm-r (P (X)) u int:zndpair (P™ (X)) is a pairwise neutrosophic nth—power open set
2

1stpair an air . .. .
in (1; par. T, PAr pm (X)). Thus, P™(X) is a pairwise neutrosophic nt*-power open set.

From subsections (3.1 to 3.9), it is clear that the reasons for delay in the construction project can completely
belong to some grades of the truth neutrosophic opinion, simultaneously, the same reasons can belong to
some or all grades of indeterminacy neutrosophic opinions, these results, are delighting announcement that
in neutrosophic theory, the same reason can have a kind of biasing to the truth opinion side by side to the
falsity opinion side by side to the indeterminate opinions in fully consistent and with well definitions of the
problems.

Corollary  3.10: Let (rll“p‘”, 72ndpair pn (X)) be (NSHBL-TS). Then, int?P™(X) =
int:_llstpair(Pnl(X)) U int:zndpair (Pn (X))

1 2
Definition 3.11: An operator ¢: N(P™(X)) - N(P™(X)) is called a Neutrosophic SuperHyper Supra
Operator (NSHSO) if it satisfies the following conditions:
v P™M(X), P"2(X) € N(P™(X).

1. ¢(0x) = Oy.

2. p(P™(X)) = PM(X).

3. G(PMX)) N (PT2(X)) € G(P™ (X)) N $(P™2(X)).
4. ¢ (B(P™(0)) = pP™(X)).

Theotem 3.12: Let (,° P, 72"P%T pn (X)) be (NSHBI-TS). Then, the operator int} : N(P™(X)) —
N(P™(X)) which is defined by : int}(P™(X)) = mtjlst,,air (Pnl(X))Uint:mpair (P™M(X)), is
1 2

Neutrosophic SuperHyper Supra Interior Operator (NSHSIO), and it is induced, a unique neutrosophic
SuperHyper supra topology given by

{P"1(X) € N(PM(X)): int} (P™ (X)) = P™(X)}, which is precisely T"¢#700P0 Proof: Straight forward.
Theotem 3.13: Let (7,547, .24 P (X)) be (NSHBI-TS) and P™(X) € N(P™(X)). Then,

intp(P™(X)) = (clF(P™(X))°)".

2. clp(PM (X)) = (intp (P (X))°)".

Proof: Straight forward.
Definition 3.14: Let (z)°P%,72"%%" pn (X)) be (NSHBITS) , P™(X) € N(P™(X)),
P"(X(a,py)) € N(P™(X)) . Then P™*(X) is said to be a pairwise neutrosophic n™*-power neighborhood of

P"(Xq,p,), if there exists a pairwise neutrosophic n*"-power open set P™?(X) such that Pn(xa,[;’y) €
P"2(X) € P™(X). The family of pairwise neutrosophic nt"-power neighborhood of neutrosophic nt"-

power point P" (xa_ BJ/) denoted by P;Zleutmmpo (Xapy)-

Theotem 3.15: Let (7,;°7%, Tgndpa” P™ (X)) be (NSHBI-TS), and let P™(X) € N(P™(X)). Then
P™(X)is a pairwise neutrosophic nt"-power open set if and only if P™ (X)is a pairwise neutrosophic n*"-

power neighborhood of its neutrosophic nt*-power points.

Proof:
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Let P™(X) be a pairwise neutrosophic nt"-power open set, and let Pn(xa’/;’y) € P"(X). Then
pm (xa'lg'y) € P™"(X) € P™(X), therefore P™ (X) is a pairwise neutrosophic nt*-power neighborhood of
P"(xa_ﬁ_y) for each Pn(xa,ﬁ,y) € P™M(X).

Conversely, suppose that P"(X) is a pairwise neutrosophic n"-power neighborhood of its neutrosophic
nt-power points, and P™(x4,5,) € P™ (X). Then there exist a pairwise neutrosophic n*"-power open set
P"2(X) such that P" (x4, ) € P™*(X) S P™*(X). Since

P (X) = Upn(y, s yermin (P (Yapr)} S Upn(eg g, )epmicn P20 Upn(y 5 )epmix) PM(X) =
P™(X). It follows that P™(X)is a union of all pairwise neutrosophic n**-power open sets. Hence, P™ (X)

is a pairwise neutrosophic nt*-power open set.

Proposition 3.16: Let (7, P47, 72" p™ (X)) be (NSHBI-TS), and {P/Heutrotopo (Yo gy ): P (*a py ) €
N(P™(X))} be a system of pairwise neutrosophic n"-power neighborhoods. Then,

1. For evety P (X) € Pﬁ}eutmtoro (xa,ﬂ,y); Pn(xa,ﬁ,y) € PM(X),

2. P € Pmleutmt"po (x“ﬂ]/) and P (X) € P (X) = P (X) € P.glleutrotopo (xa,ﬁ,)/),

3. Pnl(X) S P neutrotopo (xaﬁy) - 3Pn3 (X) (S P neutrotopo (xa'ﬁ'y) such that Pn3 (X) C Pnl(X) and
pm3 (X) € P.L-neutrotopo (yar'ﬁr,y,), for every Pn(ya',p”,y’) e pn3 (X)

The proofs of the first two mathematical statements are straight forwards. For the third statement, let P™M(X)
be a pairwise neutrosophic nth—power neighborhood of P "(xa' 30’)’ then there exists a pairwise neutrosophic
ntt_power open set P*3(X) € TeWrotopo gych that P™ (xa“g'y) € P™3(X) € P™(X). Since P"(xa‘ﬁ’y) €
P™3(X) € P™3(X) can be written, then P"™3(X) € Plieutrotopo(Xq g,y ). From theorem 3.15, if P"3(X) is a
pairwise neutrosophic nth—power open set, then P (X)isa pairwise neutrosophic nth -power neighborhood

of its neutrosophic points, i.e., P (X) € Pg}eutmmpo (ya',ﬁl,y')> for every P"(ya,/‘ﬁf’y/) € P™(X).
Corollary 3.17: Let Pn1 (X), Pn3 (X) € P.?nleutrotopo (xa,/;'y) = Pnl(X) N Pn3 (X) & Pgljéutrotopo (xa_ﬁ_y)
Explanation for the above corollary:

Actua]ly, lf Pnl (X) Pn3 (X) E Tneutrotopo (Xa, B -y) there CXISt Pn4 (X) Pns (X) € Tneutrotopo (xa,B’y) SuCh
that

P”(xa’ﬁ’y) € P™(X) € P"(X) and Pn(xa”g,y) € P"5(X) € P™3(X).

But P™(X) N P™(X) does not need to be a pairwise neutrosophic nt*-power open set. Therefore,
P™(X) N P™(X) does not need to be a pairwise neutrosophic n**-power neighborhood of P™ (x4 g, )-

Theorem 3.18: Tet (r;°P%7, 72" pn(X)) be (NSHBITS). Then Plhbutrotopo(Xapy) =
Plstpair (Xg,p,) U Plonapair (Xq,p,,) for each P™(xqp5,) € N(P™ (X)).
Proof:

Let P" (xaﬁy) € N(P™ (X)) be any neutrosophlc nt-power point and P (X) € Tneutmwpo (xa.B.)/)'
Then there exists a pairwise neutrosophic n-power open set ,P™3(X) € TMeULTOLOPO guch that
P"(xqp,) € P™3(X) € PM(X).If P™3(X) € TMeITOLOPO there exist P31 (X) € TP and P™32(X) €
T2MPAT guch that , P™3(X) = P™1(X) U P™32(X). Since P™(xqp,) € P (X) = P™1(X) U P™32(X),
then P™(x4p,) € P31(X) or P™(xqpy) € P™2(X). So, P*(xqp,) € P (X) € P™3(X) € P™(X)
or P"(xq,5,) € P2(X) € P™(X) € P™M(X).
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In this case, P (X) € Plikepair (Xg,p,y) of P (X) € Plinapair (Xa,p,y ),

That is, P (X) € Plisepair (Xa,py) U Plonapair (Xa,,)-
Conversely,

Suppose that Pnl(X) € P_Z_/’i%tpair(xa,ﬁ,y) V) Pz.qi}ldpair (Xa”g’y). Then Pnl(X) € P_[nétpair(xa'ﬁ_y) or
PM(Xx) € P;lz}ldpair (xa'/g,y). Hence, there exists Pn(xa,ﬁ,y) € Pn31(X) € glstpair Pn(xa,[g’y) €
P"32(X) € T2NAPaiT gych that P"(xa,ﬁ,y) € P"31(X) c Pnl(X) and Pn(xa,[g,y) € Pn32(X) c Pnl(X).
As aresult, P (x4 5,) € P"31(X) U P™32(X) = P™3(X) S P"(X). Such that P"3(X) € TeUrotopo je

pnl (X) € P:hleutrotopo (xa,ﬁ,y)-

Definition 3.19: An operator #: N(P™ (X)) » N(P™ (X)) is called a neutrosophic Supra n‘*-power
neighborhood operator if it satisfies the following conditions :

v P™ (X),P™3 (X) € N(P™ (X))

1. VP™ (X) € #(P"(xqp,y)) P™(Xap,) € PM1(X),

2. P™(X) € #(P"(xqp,)) and PM(X) € P3(X) = P™(X) € #P"(xXup,)

3. P™(X) € #(P™"(xXap,)) = 3 P™3(X) € #(P™(x4p,)), such that P (X) € P™3(X) and P (X) €

# (Pn(Ya',B’,y’))'Pn(ya’,ﬁ’,y’) € Pn3(X)

Theorem 3.20: Let (T; stpair, T; ndpair pn (X)) be neutrosophic SuperHyper BI-Topological Space . Then,

the operator Pﬁ}eutmtopo: N(P™(X)) » N(P™(X)) which is defined by Prgzleutrotopo (b (xa_B_y)) =

T

Prnétpair (P" (xq, BJ’)) U PITlZJ;Ldpair (Pn (xa,B,y)): is neutrosophic Supra nth—power neighborhood operator
and it is induced, a unique neutrosophic Supra topology given by {P™ (X) € N(P™ (X)): VP"(xg, B'Y) €
P™(X) for P™" (X) € Pﬁxleutrotopo (xa,B,y)} which is precisely T€¥T0toPO,

4 | Conclusion and Subsequent Works

A swift look to the sections of this article and its previous related work [8] demonstrates that new types and

modern topological spaces (i.e. Neutrosophic SuperHyper Topological Spaces T¢#f70topo

SuperHyper Bi-Topological Spaces (T:Stpair, T%ndpair)) have been defined depending upon nt*-power set

, and Neutrosophic

P™(X), indeed these new types of sets took its importance from its existence in the neutrosophic environment.

The nt*-power sets P™(X) that defined by the neutrosophic notion adheres to define each element in the set
by three membership functions (truth, indeterminate, and falsity) membership functions gave us new insights
to define new kinds of topological spaces depending on modern structure of these sets.

The modern type of mathematical frame represented by the neutrosophic superhyper topological spaces had
the ability to define the neutrosophic universal nt"*-power set 1 P"(x) > the neutrosophic empty ntt_power set
0pn(x), unmatched mathematical relations (i.e. less than or equal relation, greater than or equal relation, the
inclusion relation, the union relation, the intersection relation, and the belonging relation,). However, new
propositions have been defined, and we redefined the De Morgan's theorem, setting up unprecedented of
neutrosophic nt-power point. Also, we introduced Neutrosophic SuperHyper Supra Topological Spaces, the
definition of the neutrosophic n**-power open sets, the definition of the neutrosophic nt*-power closed sets
and dozens of theorems and corollaries. This study include a novel definitions for the neutrosophic closure
and the neutrosophic intetior of P"(X). Furthermore, the definitions of the pairwise neutrosophic closure

and the definition of the pairwise neutrosophic interior of P™(X) have been introduced, the flexibility of the
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neutrosophic superhyper topological spaces depending upon the neutrosophic nt*-power sets enables us to
build some new and important numerical examples which had two techniques in representing the same
mathematical operation and two different results gained (i.e. examples 3.4, 3.5, 3.6). Finally, the pairwise

neutrosophic n**-power neighborhood had been defined.

There are unlimited and broad notions and mathematical aspects to work in the neutrosophic SuperHyper
Topological Spaces such as but not limited to:

—_

Irreducible sets in view of the Neutrosophic nt*-power sets P(X).
Convergent sequences in Neutrosophic SuperHyper Topological Spaces.
Continuity and compactness notions in the Neutrosophic SuperHyper Topological Spaces.

2

3

4. Hausdorff distance in the Neutrosophic SuperHyper Topological Spaces.

5. Kuratowski convergence in the Neutrosophic SuperHyper Topological Spaces.
6

Wijsman convergence in the Neutrosophic SuperHyper Topological Spaces.
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