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Abstract
In this paper, we study the single-valued neutrosophic fuzzy inference quintuple implication method. Firstly, single
valued neutrosophic fuzzy inference quintuple implication principles for fuzzy modus ponens and fuzzy modus
tollens are given. Then, single-valued neutrosophic R-type quintuple implication solutions for fuzzy modus ponens
(FMP) and fuzzy modus tollens (FMT) are given. Finally, the robustness of the quintuple implication method based
on a left-continuous single valued neutrosophic t-representable t-norm is investigated. As a special case of the main
results, the sensitivity of quintuple implication solutions based on special single-valued neutrosophic residual

implications is given.

Keywords: Single Valued Neutrosophic Set, Single Valued Neutrosophic t-representable t-norm, Quintuple Implication
Method.

1 | Introduction

Fuzzy sets theory has been widely used in various fields. Specially, fuzzy reasoning plays an important role in
fuzzy sets theory. In fuzzy reasoning, the most basic reasoning models are Fuzzy Modus Ponens (FMP) and
Fuzzy Modus Tollens (FMT), which can be respectively shown as follows: [1, 2].

FMP(4, B, A*): for given a fuzzy rule A = B and premise A", attempt to deduce a reasonable conclusion B*.
FMT(A, B, B*): for given a fuzzy rule A = B and premise B*, attempt to deduce a reasonable conclusion A*.

In the above reasoning models, 4, A" € F(X) and B, B* € F(Y), where F(X) and F(Y) respectively denote

fuzzy subsets of the universes X and Y.

As the pioneer of fuzzy inference method, Zadeh [1] first proposed the Compositional Rule of Inference
(CRI for short). However, there are some shortcomings for the CRI method, for example: the CRI method
lacks logic sense and is not reducible. Based on these situations, Wang [2] proposed the fuzzy reasoning triple
implication method ( triple I method for short). And the fuzzy reasoning triple I method was established a
strict logical basis [3]. Many research results on fuzzy reasoning triple I method have been obtained. Pei [4]

constructed unified a-triple I method and gave some special results based on four important residual
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implication. Luo and Yao [5] studied the triple I method based on Schweizer-Sklar residual implications.
Although the triple I method makes up for some of the shortcomings of the CRI method, it ignores the
comparison of A" and A (or B and B”) in the inference process. The consideration of proximity will make
the calculation results appear unreasonable due to trivial solutions under certain data. In order to better
promote the development of reasoning algorithms, Zhou [6] gave the quintuple implication algorithm for
fuzzy reasoning, which considers the closeness of A* and A (or B and B”) in the inference process. Based on
the monoidal t-norm based logic, Luo and Zhou [7] expressed the predicate form of the quintuple implication
algorithm solution, bringing the quintuple implication algorithm into a strict logical framework.

Although fuzzy sets have been successfully applied in many fields, there are some defects in describing fuzzy
and uncertain information. Intuitionistic fuzzy set was introduced by Atanassov [8]. Moreover, Atanassov
and Gargov [9] showed that intuitionistic fuzzy sets and interval-valued fuzzy sets are equipotent. Zheng et
al. [10] studied fuzzy reasoning triple I method based on intuitionistic fuzzy sets. Li et al. [11] extended CRI
method on interval-valued fuzzy set. Luo et al. [12, 13, 14, 15, 10] researched fuzzy reasoning triple I methods
based on interval-value associated t-norm and t-representable t-norm, respectively. Li et al. [17] proposed the
five implication principles based on interval-value S-implications. Luo and Zhou [18] studied the interval-

value quintuple implication method based on interval-value associated t-norm.

Although intuitionistic fuzzy set has some advantages in dealing with fuzzy and incomplete information, it
has defects in dealing with fuzzy, incomplete and inconsistent information. In order to deal with these issues,
Smarandache [19] proposed neutrosophic set, which is represented by a truth-membership function, an
indeterminacy-membership function and a falsity-membership function. However, truth-membership,
indeterminacy-membership and falsity-membership function are nonstandard fuzzy subsets, which is difficult
to apply in practice. Wang et al [20] proposed single valued neutrosophic set (SVNS for short), its the truth-
membership, indeterminacy-membership and falsity-membership degree are real number in unit interval [0,
1]. Single valued neutrosophic set can be considered as a generalization intuitionistic fuzzy set. In recent years,
Scholars have paid attention to the study for single valued neutrosophic set. Smarandache [19] studied a
unifying field in logics. Smarandache [21] proposed n-norm and n-conorm in neutrosophic logic. Zhang et
al. [22] gave new inclusion relation for neutrosophic sets. Hu and Zhang [23] constructed the residuated
lattices based on the neutrosophic t-norms and neutrosophic residual implications. Zhao et al. [24] study
reverse triple I algorithms based on single valued neutrosophic set. Luo et al. [25] studied fuzzy reasoning
triple I method based on single valued neutrosophic t-representable t-norm. However, there are some defects
for fuzzy reasoning triple I method based on single valued neutrosophic t-representable t-norm, which can
not to solve the following problem.

Example 1. Let X and Y be no-empty sets. Suppose small, medium and large are three single valued

neutrosophic sets on SVNS(X), which can be denoted as follows:

[small]=< 1,0,0 >, < 0.4,0.5,0.3 >,< 0,1,1 >,<0,1,1 >,<0,1,1 >,
[medium]=< 0,1,1 >,< 0.4,0.5,0.3 >,< 1,0,0 >,< 0.4,0.5,0.3 >,< 0,1,1 >,
[large]=< 0,1,1 >,< 0,1,1 >,<0,1,1 >,< 0.4,0.5,0.3 >,< 1,0,0 >.

Table 1. Model of FMP.

Rule If x is small, then y is large
Premise X is medium
Calculate yis?

The problem of FMP is described as in Table 1. Let A(x), B(y) and A*(x) denote x is small, y is large and

x is medium, respectively. The goal is to calculate B*.
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Using the triple I method for FMP [25], we have B* =< 1,0,0 >,< 1,0,0 >,< 1,0,0 >,< 1,0,0 >,<
1,0,0 > for each of the three implications: Godel implication, Lukasiewicz implication and Gougen
implication. In other words, we can get triple I solution for FMP is trivial.

Table 2. Model of FMT.

Rule If x is small, then y is large
Premise Y is medium
Calculate X is?

The problem of FMT is desctibed as in Table 2. Let (x) , B(y) , B*(y) denote x is small, y is large and y is
medium, respectively. The goal is to calculate A*. Using the triple I method for FMT [25], we have A* = {<
011><011><011><011><0,11>} for each of the three implications: Godel
implication, Lukasiewicz implication and Gougen implication. In other words, we can get triple I solution for
FMT is trivial.

Through analyzing Example 1, we have the following results: let A = B is a fuzzy rule, if there exists an
element Xy € X such that A(xg) =< 0,1,1 > and A*(xg) =< 1,0,0 >, then the triple I solution for FMP is
trivial, i.e., B*(y) =< 1,0,0 > for every y € Y. If there exists an element Yy € Y such that B(yy) =<
1,0,0 > and B*(yy) =< 0,1,1 >, then the triple I solution for FMT is trivial, i.e., A"(x) =< 0,1,1 > for
every X € X.

In order to solve the above problem, we study fuzzy reasoning quintuple implication method based on left-
continuous single valued neutrosophic t-representable t-norms. The rest of this paper is organized as follows.
In Section 2, some basic concepts for single valued neutrosophic sets are reviewed. In Section 3, we give
quintuple implication principles for fuzzy inference based on left-continuous single valued neutrosophic t-
representable t-norms for fuzzy modus ponens and fuzzy modus tollens, and the corresponding solutions of
single valued neutrosophic R-type quintuple implication methods. In Section 4, the robustness of quintuple
implication method based on left-continuous single valued neutrosophic t-representable t-norm is
investigated. Finally, the conclusions are given in Section 5.

2 | Preliminaries

In this section, we review some basic concepts for single valued neutrosophic sets, which will be used in this

article.

Definition 2.1. [26] A mapping T: [0,1]% - [0,1] is called a triangular norm (t-norm), if it satisfied

associativity, commutativity, monotonicity and boundary condition T (x, 1)=x for any x € [0,1].

A mapping S: [0,1]% - [0,1] is called a triangular conorm (t-conorm), if it satisfied associativity,
commutativity, monotonicity and boundaty condition S(x, 0)=x for any x € [0,1]. A t-norm is called the
dual t-norm of the t-conorm, if T(x,y) =1 —5(1 —x,1 — y). Similatly, a t-conorm is called the dual t-
conorm of the t-norm, if S(x,y) =1 -T(1 —x,1—y).

Definition 2.2. [26]A t-norm T is called left-continuous (resp., right-continuous), if for any (x, ¥o) € [0,1]?,
and for each € > 0 there is 2 § > 0 such that

T(x,y) > T(x0,y0) — €, whenever (x,y) € (xo — 6, %0] X (Yo — 8,¥0] (resp., T(x,y) <T(x0,y0) + €,
whenever (x,y) € [xg, X9 + 8] X [Vo, Vo + 6]) .

Proposition 2.1. [26]A t-norm T is a left-continuous t-norm if and only if there exists a binary operation
Rz such that (T, Ry) satisfies the residual principle, ie., T(x,2z) < y iff z < Ry(x,y) forall x,y,z € [0,1],

where



11 Luo et al. | Neutrosophic Opt. Int. Syst. 3 (2024) 8-22

Rr(x,y) =V{z | T(x,2) <y}
is called a residual implication (R-implication for short) induced by t-norm T.

Proposition 2.2. [27]A t-conorm S is a right-continuous t-conorm if and only if there exists a binary operation
R such that (S, Rg) forms a co-adjoint pait, i.e., x < S(y,z) iff Rg(x,y) < z forall x,y,z € [0,1], where

Rs(x,y) = Mz 1 x < S(y,2)}
is called a coresidual implication (Rg-implication for short) induced by t-conorm S.

Example 2. Three important t-norms and their residuum, t-conorms and their coresiduum [26, 27].

Table 3. t-norms and its residuum, t-conorms and its coresiduum.

Name t-norms . Re.SIleal t-conorms Coresidual implications
implications
FLukasiewicz Tu(xy) Ry, (x,y) S.(x,y) Rs, (x,y)
=0vVx+y—1) =1A(1—-x+y) =@x+yal =(x-y)Vvo0
Seo(t,y)=x+y — x—y
Gougen Tgo(x,b) = xy Ry, (6y) =172 Gt y)=x+y Rs,,(x,y) = Vo
o x xy 1-y
Ry, (x,y) Rs. (x,y)
Godel Te(x,y)=xAy _{1, if x<y, Se¢(x,y) =xVvy _{0, if x<y,
“ly, if x>y. T lx, if x>y

Definition 2.3. [20] Let X is a universal set. A single valued neutrosophic set A on X is characterized by three
functions, i.e., truth-membership function t,(x), indeterminacy-membership function is(x), and falsity-

membership function f (x). A single valued neutrosophic set A can be defined as follows:

A= {< X, tA(x)'iA(x)'fA(x) >| X € X}'

where t4(x),i4(x), fa(x) € [0,1] and satisfy the condition 0 < t,(x) + i4(x) + f4(x) < 3 for each x in
X.

The family of all single valued neutrosophic sets on X is denoted by SVNS(X).

Definition 2.4. [24] Let A, B be two single valued neutrosophic sets on universal X, the following relations
are defined as follows:

1) A< Bifandonly t4(x) < tp(x), is(x) = ip(x) and fo(x) = f(x) forall x € X;

2) A=BifandonlyA S Band B C 4;

3) AN B = (min(t,(x), tz(x)), max(is(x), ig(x)), max(f4(x), f5(x))) forall x € X for all x € X;
4 AU B = (max(t4(x), tg(x)), min(iy (x), iz (x)), min(f4 (), fz(x))) for all x € X;

5) A° = {{(fa(x), 1 —is(x), ta(x))|x € X}.

The set of all single valued neutrosophic numbers is denoted by SVNN, i.e. SVNS = {< t,i,f > |t,i,f €
[0,1]}. For @ =<tg,iq, fo >, B =<tg,ig, fp >€ SVNN, an ordering on SVNN as a < f if and only if
te Stpig =i, fo = fg-a=Piffa < fand f < a[20].

Obviously, a/\ﬁ =< ta/\tﬁ'ia\/iﬁ'favfﬁ >, CXVﬁ =<< tthB,iaAiB,faAf[; >, Nigra; =<
/\iEI t(li ’ ViEI iai , ViEI fai >, ViEI a; =< ViEI ta'i ’ /\iEI iai ’ /\iEI fai >, 0" =< 0,1,1 >and 1" =< 1,0,0 >
are the smallest element and the greatest element in the set SVNN, respectively. It is easy to verify that (SVNN,

<) is a complete lattice.
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Definition 2.5. [24]A binary operator T: SVNN X SVNN — SVNN defined by T(a,p) =<
T(ta,tg), S(ia ig), S(fa, fg) > is a single valued neutrosophic t-norm, which is called a single valued
neutrosophic t-representable t-norm, where T is a t-norm and S is its dual t-conorm on [0, 1]. T is called a
left-continuous single valued neutrosophic t-representable t-norm if T is left-continuous and S is right-

continuous.

Definition 2.6. [24]A single valued neutrosophic residual implication (R-implication for short) is defined by
Rr(a,B) =V{y € SVNN|T(y,a) < B}, Va, € SVNN, where T is a left-continuous single valued

neutrosophic t-representable t-norm.

Proposition 2.3. [24] Let T be a single valued neutrosophic t-representable t-norm, the following statements

are equivalent:
1) T is left-continuous;
2) T and Ry form an adjoint pair, i.e., they satisfy the following residual principle
T, a) < ey <Rr(a,p)apB,y €SVNS.

Proposition 2.4. [24]Let a,B € SVNS, a =<tg,lq, fo >, B =<tp,ip fp >, then single valued
neutrosophic residual implication Ry (a, B) = big < Ry (tq, tg)), Rs(ig, ia), Rs(fp, fa)big >, where Ry is
residual implication induced by left-continuous t-norm T, Rg is coresidual implication induced by right-

continuous t-conorm S.

Proposition 2.5. Let Ry be single valued neutrosophic residual implication induced by left-continuous single

valued neutrosophic t-representable t-norm 7', then
) Ry(a,p)=1"iffa <B;
2) v = Ry(ap)iff a < Ry (v, B);
3) Ry(1%a) =
4) Ry(a, Ry (Ry(a,B),B) = 1%
5) Ry(VierBi,a) = Nier Ry (Bi, a);
0) Ry (B, Aier @) = Nier Ry (B, ay);
7)  Rg is antitone in the first variable and isotone in the second variable.

Example 3. [24] The following are three important single valued neutrosophic t-representable t-norms and

their residual implications.

1) The single valued neutrosophic fukasiewicz t-norm and its residual implication:
T, B) ={(ta +tpg —1) VO, (ig +ig) AL (fu + fp) A1)

Ry (@,B) =(AA(1—ty +tp), (ipg —ia) VO,(fz — fo) VO).

2) The single valued neutrosophic Gougen t-norm and its residual implication:

TGo(a:ﬁ) = (tatﬁlia + iﬁ - iaiﬁrfa + fﬁ - faf[i’)~
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. (1,0,0, if te<tgig<igfs<fu
fg — 1. . o
(1,0, f_fa). if to<tgig<igfoa<fp
a
i/?_ia , , .
<1'1—l' ,0), lf taStﬁ;la<l/3'rfBSfa!
a
ig—iq fp— 1 . o
(Lf_l.“,f_fa). if tas<tgia<igfa<fp
a a
Ry (a,B) = t
R CAIER t_ﬁ,o,O), if tg<tgip<igfz<fu
(04
tg fp— L . o
(t_B;O, f_f“>» lf t[i’ < t(xrlﬁ = la'fa <fﬁ'
a a
t—,l_i“,O), if tg<tgiq<igfz<fu
a a

t_ﬁ i,B_ia fﬂ_fa
te 1—ig 1—f,

), lf t[)’<ta:ia<i[>’:fa <fﬁ
3) The single valued neutrosophic t-norm and its residual implication:
To(a,B) = (ta Ntg,ia Vi, fa V fp).

(1,0,0), if ty<tgip<iwfp<fu
(1,0,fg), if ta<tpig<igfa</[p
(1,i5,0), if tg<tg iy <ig [p < fu
(Lig, fp) If ta<tpia<ip fo</fp
(t3,0,0), if tg<teipg<infp=fa
(tg,0,fp), if tp<taipg<igfo</fp
(tp, i, 0), if tg<tgiq<ipfp="fa
L(tﬁ,ilg,fﬁ), lf tﬁ <ty iy < iB,fa < fﬁ

“RTg(a'ﬂ) = 9

3 | Single Valued Neutrosophic Fuzzy Inference Quintuple Implication
Method

In this section, we discuss fuzzy inference quintuple implication method based on left-continuous single
valued neutrosophic t-representable t-norm.

Definition 3.1. Let X and Y be no-empty sets. B* is called single valued neutrosophic R-type quintuple

implication solution for FMP, if it is the smallest single valued neutrosophic set on SVNS(Y) such that the
following inference formula equal to the maximum:

® (R(A(x), B)), R (R(4° (0, A()), R(A" (), B*(y))))

Definition 3.2. Let X and Y be no-empty sets. A" is called single valued neutrosophic R-type quintuple

implication solution A* for FMT, if it is the smallest single valued neutrosophic set on SVNS(Y) such that
the following inference formula equal to the maximum:

R(R(AX), B(y)), R(R(B(¥), B*()), R(A(x), A"(x))))
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Theorem 3.1. Let ,A" € SVNS(X) , B € SVNS(Y). Suppose R is a single valued neutrosophic residual
implication induced by a left-continuous single valued neutrosophic t-representable t-norm T, then the single

valued neutrosophic R-type quintuple implication solution B* of FMP is as follows:

B*(y) = \/T (T(R(A(x), B(y)), R(A"(x), A(x))), A"(x))(Vy €Y) )

xX€EX

Proof: For all ,A* € SVNS(X) , B € SVNS(Y). Fistly, we prove
RRAX),B(¥)), R(R(A*(x),A(x)),R(A*(x),B*(y)))) = 1*. It follows from Eq. (1), we have
TTRAX),BY)), R(A"(x),A"(x))),A"(x)) < B*(y).By  the residuation  property,  then
R(A(x),B(¥)) < R(R(A*(x),A(x)), R(A*(x), B*(¥))). Therefore,
RR(AX), B(y), R(R(A™(x), A(x)), R(A"(x), B*(¥)))) = 1"

Second, we show that B” is the smallest single valued neutrosophic fuzzy subset such that R(R(A(x), B(y)),
R(R(A*(x),A(x)), R(A*(x),B*(¥)))) = 1%. Suppose C is a atbitrary single valued neutrosophic fuzzy
subset such that R(R(A(x),B(¥)), R(R(A"(x),A(x)),R(A*(x),C(¥)))) = 1". By the residuation
property, R(A(X), B(y)) < R(R(A™(x), A(x)), RA™ (), €.
Then T (T (R(A(x), B(¥)), R(A*(x),A(x))), A" (x)) < C(y). Thus, B* < C.

Therefore, B* for Eq. (1) is the single valued neutrosophic R-type quintuple implication solution of FMP .

Corollary 3.1. Suppose R is a single valued neutrosophic residual implication induced by a left-continuous
single valued neutrosophic t-representable t-norm T, then the single valued neutrosophic R-type quintuple
implication solution B* = {< tg«(¥), ip* (¥), fp*(¥) >| ¥ € Y} for FMP is expressed as follows:

tg*(¥) = Vaxex T (T(Rr(ta(x), tg (), Ry (ta+ (), ta(x))), ta=(x))(Vy EY),
ig* (V) = Axex S SRs(ip(¥), ia (%)), Rs(ia (), ig* (X)), ig= (X)) (Vy EY),
f- () = Neex S (SRs(fp V), fa (%)), Rs(fa (%), fa= (%)), far (x))(Vy EY).

Corollary 3.2. The Ry, -type quintuple implication solution B*(y) =< tg+(¥), ig*(¥), fp=(¥) > (y € Y) for
FMP is expressed as follows:

tp(¥) = Vaex{ [ta(x) + (A = t4(x) + gD AD + (A =t () + L (x) A1) =1 V0) = 1]V
0}(vy €Y),

g (¥) = Axex{ [iar(X) + ((((((Y) = 1a(X)) V 0) + (((a(x) — ia=(x)) V 0)) A D] A 1H(Vy €Y),
for ) = Axex{ [far () + (((Fr V) = fa(x)) V 0) + ((Fa(®) = far(x)) V0)) A D] ATH(VyY EY).
Corollary 3.3. The Ry, -type quintuple implication solution B*(y) =< tg+(¥),ip*(¥), fp-(y) > (¥ €Y)

for FMP is expressed as follows:

tp(y) = \/{tA*(x) : (tB(” A 1) : ( ZICI 1)} (Vy € Y)

o ta(x) ta+ ()
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i3 () = /\{i,p(x)
XEX
ig(y) —iglx ) ia(x) — iz (x) ip(y) —ig(x)
+[< 1= 0200 > ( 1= i) V°>‘< 1= 200 VO)

(lA(x)—lA @ > ()
A"

1—iy(x)
ip(y) —isg(x) ig(x) — iz (x) ig(y) — ig(x)
[( 1—i,(x) VO)+< 1— i (x) V0>_( 1—i,(x) V0>

i (x) — iy (x)
. (—1 ey \% 0>]} (Vy €eY)

BN —fa®) fa)—f 4+ (x) fB)—fa®) fa)—f a4+ (x)
fo () = Axexl far () + [(BEAZV 0) + (2 A2V 0) = (BEEARV0) - (A 5y

., rfBO)= fA(x) fa(X)—fp (x) fe()— fA(x) fa(X)—far (%)
0] = far () - [(LELLAD ) 4 LaDTa D)y ) - LoD y g . LB Dy gyy(vy €
Y).

Corollary 3.4. The Ry, -type quintuple implication solution B*(y) =< tg+(¥),ip=(¥), fp=(y) > (¥ €Y)
for FMP is expressed as follows:

tp*(¥) = Vxex{ta (%) A [Rrq (ta(X), tg(¥)) A Ry (tas (%), ta(x))}(Vy € Y),

g (¥) = Axex{iar(X) V [Rs; (5 (), ia (X)) V Rs (14 (), La* (X))} (VY €Y),

fo ) = Nxex{ far () V [Rs (F5 D), fa (X)) V Rs (fa(X), far (XD} (VY EY).

Theorem 3.2. Let € SVNS(X) , B,B* € SVNS(Y), R be single valued neutrosophic residual implication

induced by a left-continuous single valued neutrosophic t-representable t-norm J°, then the single valued

neutrosophic R-type quintuple implication solution A* for FMT is as follows:

4 = \[ T TRAC, BE)). RBO), B 0))), A) (Vx € X) 2
yeY
Proof: For all € SVNS(X) , B,B* € SVNS(Y). Fistly, we prove

RRAX),B(»)),R(R(B»),B*(¥)), R(A(x),A"(x)))) = 1*. It follows from equation (2), we have
TTRAX),BY),R(BW),B*(¥))),A(x)) < A*(x). By the residuation property, then
R(A(x),B(¥)) £ R(R(B(y),B*(y)), R(A(x), A*(x))). Therefore, we
have R(R(A(x), B(y)), R(R(B(¥), B*(¥)), R(A(x), A" (x)))) = 1".

Second, we show that A" is the smallest single valued neutrosophic fuzzy subset such
that R(R(A(x), B(¥)), R(R(B(y),B*(¥)), R(A(x),A*(x)))) = 1. Suppose D is a arbitrary single valued

neutrosophic fuzzy subset such that

RRAX),B(¥)),R(R(B(»),B*(¥)),R(A(x),D(x)))) = 1" . By the residuation property, we have
R(A(x), B(y)) < R(R(B(y), B*(¥)), R(A(x), D(x))).
Then, T (T (R(A(x), B(y)),R(B(y),B*(¥))),A(x)) < D(x). Thus, A < D.

Therefore, A* is the single valued neutrosophic R-type quintuple implication solution for FMT.

Corollary 3.5. Let R is a single valued neutrosophic residual implication induced by a left-continuous single
valued neutrosophic t-representable t-norm 77, then the single valued neutrosophic R-type quintuple
implication solution A* = {< t4+(x), ig*(x), f*(x) >| x € X} for FMT is expressed as follows:

tar (%) = Vyey T (T(Rr (ta (%), t (), Rr (L5 (1), tp= (1)), ta(x)) (Vx € X),
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ige(x) = Ayey S SRs(i(), 14 (x)), Rs(ip*(¥), ig(¥))), ia(x)) (VX € X),
far () = Nyey S (SRs(fe V), fa(x)), Rs(f5+(¥), f5(¥))), fa(x)) (Vx € X).

Corollary 3.6. The Ry, -type quintuple implication solution A*(x) =< t4+(x), ig* (), fa+(x) > (x € X) for
FMT is expressed as follows:

tar (%) = Vyer{ [ta() + (A = t4(0) + tsgWNAD + (A = tg(W) + tp (N AD =DV O) = 1]V
0}(Vx € X),

tar(0) = NAyer{ [La(x) + (s (¥) = 1a(x)) V 0) + (i (¥) — () V 0)) A D] A 1}(Vx € X),
far () = Ayer{ [fa(0) + (((Fs () = fa(x)) V 0) + ((fp- V) = f () V 0)) A D] A T}(Vx € X).

Corollary 3.7. The Ry, -type quintuple implication solution A™(x) =< tz+(x), ig* (%), far(x) > (x € X)
for FMT is expressed as follows:

t tp*
tar () = Ayer{ ta() - (C g A1) - (L3 A DJ(Yx € X),

iA* (x) — Vyey{ iA(x) + [(lB(y)_lA(x) vV 0) + (iB*(y)_iB(y) V] 0) _ (iB(y)_iA(x) \V; O) . (iB*(y)_iB(y) Vv O)] _

1=ia(%) 1-ig(y) 1=ia(x) 1-ip(y)
; ip(¥)—ta(x) g ~ip(¥) ip(¥)—ta(x) g ~ip(¥)
() [PV 0) + (B v 0) — (B = v 0) - (B2 vV )1V € X),
BN —fa(®) fr-fe(¥) fB)—fa(®) e :16))
far () = Vyer fa(0) + [(EZZEZV 0) + (B BV 0) — (B A2V 0) - (B2 22y
_ 1 fB)-fa() fp*0)=fp(¥) _ (B —fax) - fe()
1= 140 [ 2 VO + Oy VO~ ey VO gy~ VOlvx e
X).

Corollary 3.8. The Ry, -type quintuple implication solution A*(x) =< tz+(x), i (%), fas(x) > (x € X) for
FMT is expressed as follows:

2 () = Ayer{ £a ) A [Rrg (6 GO, t3 (1)) A Rrg (ta (0, te G}V € X),
iae () = Vyer 14 () V [Rs, (i), ia(0) V Ry (i (), i N} (Vx € X),

far 0 = Vyer fa@) V [Rsg (o), faGO) V Rs, (i ), fa )T} (Vx € X).

Example 4. We use the quintuple implication method as stated in Eq.(1) to deal with the FMP problem

shown in Example 1. For the three implications: Godel implication, Lukasiewicz implication and Gougen
implication, we have the same result B* ={<0,1,1><0,11><0,11>,<0.4,0.5,03>,<
0.4,0.5,0.3 >}, which is close to the statement "'y is large". Therefore, it is consistent with human thinking.

Moreover, we use the quintuple implication method as stated in Eq.(2) to deal with the FMT problem shown
in Example 1. For the three implications: Godel implication, Lukasiewicz implication and Gougen
implication, we have the same result A" = {< 0.4,0.5,0.3 >,< 0.4,0.5,0.3 >,<0,1,1 >,<0,1,1 >,<

0,1,1 >}, which is close to the statement " is small". Hence, it is consistent with human thinking.

As for fuzzy reasoning, the reductivity of an inference method is a significant subject. Therefore, we consider
the reductivity of single valued neutrosophic fuzzy modus ponens and single valued neutrosophic fuzzy

modus tollens.

Definition 3.3. ([3] A method for FMP is said recoverable if A* = A implies B* = B. Similatly, a method for
FMT is recoverable if B* = B implies A" = A.

Theorem 3.3. The single valued neutrosophic fuzzy inference quintuple implication method for FMP is
recoverable if A is normal single valued neutrosophic set (there is Xy € X such that A(xy) =< 1,0,0 >= 1%).
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Proof: Suppose A" = A and there exists 2y € X such that A (z9) = A" (zy) = (1,0,0) =1". Then we have

B(y) = B*(y)
= VxexT (T(R(A(x), B(y)), R(A"(x), A(x))), A*(x))
2 T(T (R(A(x0), B(y)), R(A"(x0), A(x0))), A (x0))
=TT RA%BY)), 19,17
=B®)
Therefore B" = B. This shows that the quintuple implication method for FMP is recoverable.

Theorem 3.4. The single valued neutrosophic fuzzy inference quintuple I method for FMT is reductive if
single valued neutrosophic residual implication R satisfy R(R(4,0%),0%) = A, and B is co-normal single
valued neutrosophic set (there is Yo € Y such that B(yy) =< 0,1,1 >= 0%).

Proof: Suppose B* = B is co-normal single valued neutrosophic set, i.e. there exists yg € Y such that
B*(yo) = B(y¥y) =< 0,1,1 >= 0", then we have
A(x) = A*(x)
= \/7 @A, BON, RBO), B0, 4G

yeY
=T (T(RAX), B(y0)), R(B(¥0), B*(¥0))), A(x))
=TT (R(A(x),17),1%),A(x))
= A(x)
Therefore A" = A. This shows that the quintuple I method for FMT is recoverable.

4 | Robustness of Single Valued Neutrosophic Fuzzy Inference
Quintuple I Method

In this section, we introduce a new distance between single valued neutrosophic sets. We study robustness of
quintuple I method based on left-continuous single valued neutrosophic t-representable t-norms with this

new distance.
Theorem 4.1. [25] Let X = {Xy,Xy,..., %}, for all @, B € SVNS(X), then
d(a, ) = maxt\/ I taCx) = tsC0l, \/ 1) = 15001 \/ 1 £ = o1}
xXi€X xi€X Xi€EX
is a metric on SVNS(X) and (SVNS(X), d) is a metric space. d is called a distance on SVNS(X).

Definition 4.1. [25] Suppose that § is a n-tuple mapping form SVNN™ to SVNN, Ve € (0,1). For any <
61, f>= (< ty, iy, f1 >, <ty iy f2 >,..., <ty in fn >) ESVNN",

Ag(<tif>¢)
=V{d@ < tif>F<t,i,f>)] <thi,f >e SUNN™, d(< ti,f> <t,i',f'>)<e}

is called € sensitivity of § at point < t,1,f >, where d(< t,1,f >, < t',i",f' >) = maX{Vj | tji — t]{|, V; | ij—
GV = £
Definition 4.2. [25] The biggest € sensitivity of § denoted by

ax@ =\ Ag<tif>e
<itf>eSvNs™"

is called € sensitivity of .
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Definition 4.3.[25] Let & and §' be two n-tuple single valued neutrosophic fuzzy connectives. We say that §
at least as robust as § at point < t,i,f >,if Ve € (0,1), A (<tif>e)<A % (<ti,f>,¢€). We say that
& is more robust than ' at point < t,1i,f >, if there exists € > 0 such that Ag(< t,1,f>, &) <Ag (<
ti,f>,¢).

Definition 4.4. [25] Let § and &' be two n-tuple single valued neutrosophic fuzzy connectives. We say that

& at least as robust as §', if Ve € (0,1), Ag(e) < Agr(€). We say that § is more robust than §' if there
exists € > 0 such that A g(&) < A g (€).

Definition 4.5.[25] Let A and A’ be two single valued neutrosophic fuzzy sets on universal X. If || A —
A" I=Vyex d (A(x), A'(x)) < e forall x € X, then A’ is called e-perturbation of A denoted by A" € 0(4, €).

Proposition 4.1.[25] For a binary single valued neutrosophic fuzzy connectives &:SVNN X SVNN —
SVNN, we can obtain:

1) Let & be a left-continuous single valued neutrosophic t-representable t-norm on SVNS, T (a, ) =
< T(ta,tﬂ),S(ia,iﬁ),S(fa,fﬁ) > for all @ =<ty iy fo>, B =< tﬁ'iﬁ'f[i’ >€ SVNN, then
Are)= ) A(aB)e)

(a, B)ESVNN?

=V  ANVATtasts) = T(osth)], |8 (iayis) =S (ilyip) |, 1S (farfs)— S (fi f5)| 1d((,8),(a’,8") e }}
(a, B)€SVNN?

= V {|T(tu7t3)7T(tu+€7tﬂ+€)|1 |S(ia)iﬂ)7s(iu+€7iﬂ+5)|1 |S(f(nf/3)7s(.ﬁt+€7fﬂ+6)|7
(a, B)€SVNN?

1T (tasts) =T (taTe,ts =€), |S(tayig) =S (dateis—2)l, [S(farfs) =S (fatefo—e)l,

1T (tasts) =T (ta+&,t5) s 1S (asis) = S (ta+&,05) |5 [S(farfs) =S (fat2,f5)l,

[T (tasts) = T (tasts +€)ls 1S (laris) — S (dasig t )|, |S(fasfs) =S (fasfst+e)ls

T (tarts) — T (tasts —€)|, 1S (Gasis) =S (Garis—€)l, |S(farfs) =S (farfs—€)l,
1T (ta,ts) =T (ta —&sts T &), 19(dayis) = S (ia — &g+ )|, 19(fafs) =S (fa =&, fs +e)l,
IT (tats) =T (ta —&sts — )|, 18(da,is) = S (ia—&is—€)l, 19(fa,fs) =S (fa—e,fs =€)l
IT (tasts) =T (ta—&,ts)]s 1S (lasis) = S (ia—&5)|, S (farfs) —S(fa—e,fa)l}

2) Let & be single valued neutrosophic residuated implication Ry induced by left-continuous single

valued neutrosophic t-representable t-norm T, Ry(a, B) = big <
RT(taJtﬁ))'RS(iB'ia)rRS(fBrfa)big> for all a =<tgyiy fo> B =< tﬁ’iﬁ’fﬁ >e SVNN,
then

Ae(e)= \  Ar((aB)e)

(a, B)€SVNN?

= VAV {Re(tats)— Re(tith)|, |Rs(isyia) — Rs(ibil)l, |Rs(farfa)— Rs(fi f2] 1d((e,B),(a,8") <e}}

(o, B)ESVNN?

\/ {IBr(tarts) = Rr(tatetst+e)l, [Rs(isp,ia) = Rs(is+e,iate)l, |Ro(fosfo) — Bs(fs+ e, fate)l,

(o, B)€ SVNN?
|Rr(tasts) — Re(ta+ets—e)l, |Rs(is,ia) = Rs(is+e,ia—¢)|, |Rs(fote fo) = Rs(fa,fa—¢)l,
|RT(tmtﬂ)7RT(ta+87t0)|7 |RS(iHvia)7RS(i/i+5’ia)|7 |R5(f@aﬁx)7RS(ﬁﬁ+57fa)|v
|Br(tasts) — Rr(tasts T )|, |Rs(is,0a) = Rs(ipsia )| |Rs(fofo) = Rs(fa, fa ),
IRT(tmtﬁ)fRT(tmtﬂ76)|7 ‘Rs(iﬂvia)fRS(iﬂ:ia78)‘7 IRS(fﬁ»fa)fRS(fﬁvfafs)lv
|Br(tasts) — Rr(ta —ests )|, |Rs(is,ia) — Rs(is—e,iate)|, |Rs(fa,fo) —Rs(fo—e,fate)l,
|RT(tmtﬂ)7R7‘(ta757tﬂ76)'7 |R5(iﬂ’ia)7RS(i»’i78»1'075”» |R5(fdzfa)7Rs(fﬂfgvﬁxfg)la
|Br(tasts) — Br(ta —e,ts)|, |Rs(is,ia) = Rs(ip —&,0)|, |Bs(fo,fa) = Rs(fs—e,fu)l}

where Ry is residual implication induced by left-continuous t-norm T, Rg is coresidual implication induced

by right-continuous t-conorm S.

Corollary 4.1. [25] The € sensitivity of the single valued neutrosophic Lukasiewicz t-representable t-norm is
Az (&) =2e A1l

Corollary 4.2. [25] The € sensitivity of the single valued neutrosophic Lukasiewicz residual implication is
ARTL =2e N1l
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Definition 4.6. Let A, A', B, B', A" and A" be single valued neutrosophic fuzzy sets. B* and B'* are the
single valued neutrosophic R-type quintuple I solution of FMP(4, B, A*) and FMP(A', B', A"™),respectively.
IfIA-A"lISeIB—-B' IS¢ || A" — A II< &, then the single valued neutrosophic R-type quintuple 1
solution of FMP &-sensitivity A g+ (€):

Ag-(e) =l B*—B"™ ||= \/d (B*»),B" ()

YEY

Definition 4.7. Let A, A', B, B, B* and B"* be single valued neutrosophic fuzzy sets. A* and A" are the
single valued neutrosophic R-type quintuple I solution of FMT(A,B,B*) and FMT(A’,B’,B""), respectively.
If||[A=A"l| <€, ||B—=B'|| £ ¢ ||B* —B"|| < &, then the single valued neutrosophic R-type quintuple 1
solution of FMT &-sensitivity A 4+(€):

Age(e) = |14 — A”|

=\ d(@warw)

XEX
Theorem 4.2.Let A, A', B, B, A" and A”" be single valued neutrosophic fuzzy sets. B* and B'* are the single
valued neutrosophic R-type quintuple I solution of FMP(4, B, A*) and FMP(A’, B', A"™), respectively. If ||
A=A <&, IB=B' IS¢, A" — A" |I< &, then the single valued neutrosophic R-type quintuple I
solution of FMP &-sensitivity A g:(¢) = B* =B < A+ (A T(A R(g)))

Proof: Let A,A',A*,A”" € SNVS(X),B,B' € SNVS(Y). If lA—A"lI< &, IB—B' IS¢, [ A*— A" II<
&, then

Ap(e) =[|B* = B"||
=V d(B*(y),B"*(y))

yeyY

=V d(\/ T(T(R(A(z),B(y)), R(A*(z),A(z)), A (2)),

yeyY zeX

\ T(T(R(A'(z),B'(y)), R(A"*(z),A'(x)), A" (x)))

zeX

=V V dTTR(A(2),B(y)), R(A*(z),A(2)), A* (),

T(T(R(A'(z),B'(y)), R(A"*(2),A'(z)), A (z)))
=a (s (ar(e)Ve))
By corollary 4.1, A z(&) = (2e A1) > &, then A (A g(e) Ve) = Ar(Ag(e)), Ap-(e) =l B*—B™ |I<

A7 (87(An®@)).

Corollary 4.3. Let R be single valued neutrosophic residuated implication induced by left-continuous single

valued neutrosophic Lukasiewicz t-representable t-norm T, then A p+(€) < € + 2A ¢ ().
Proof: Let A*(x) =<< tll il'fl >, A(x) =<< tz, iz,fz >, B(y) =<< t3,i3,f3 >, A’*(x) =<< t{,li,fll >,

A'(x) =< ty,ip f; >, B'(y) =<t3,i3,f3 >. Suppose |A—A"lI<&, IB-B'lI<g A" A" IS e
By proposition 4.1, we have
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d(T(T(R(A (z),B(y)), R(A*(2),A(2))),A (), TIT(R(A'(z),B'(y)), R(A"(z),A(z))), A" (2)))
=maz{|(0V ((0V (Ry(t2,t3) + Rr(t1,82)—1)) +t, —1)) —
(OV((0V (Rp(ta,ts)+ Re(ti,t2)—1)) +t1—1))|,
[(LA (i + (1A (Rs(is,42) + Rs(12,41))))) —
(1A + (1A (Rs(is,%2) + Rs(is,11)))
[(LA(A+ (AN (Rs(fs, f2) + Bs(for fr)
(LA + (XN (Rs(f3,f2) + Rs(f2, f1)
<maz{[(0V ((0V (Rr(ts,ts) + Rr(t,t5)—1
(0V ((0V (Ry(tsyts) + Rr(ti,t,) —1)) +
[(LA (44 (1 A (Rs(i3,%2) + Rs(i2,%1))))) —
(LA (4 + e+ (1 N (Rs(43,%2) + Rs(da,51) + 2 =(€)))))],
[(LACA+(IA(Rs(fss o) + Rs( f2 /1)) —
(IN(Ai+e+(INA(Rs(fs o) + Rs(fos i) + 2 =(€))))}
<e+220g(¢g)

M
)
DI}
)+tf1))
t

)~
)
)
(hite) +ax(e)—1))

Theotem 4.3. Let A, A, B, B', B* and B'* be single valued neutrosophic fuzzy sets. A* and A" are the single
valued neutrosophic R-type quintuple I solution of FMT (4, B, B*) and FMT(A', B, B'"), respectively. If
IlA—A"lI<e IB=B' lI<¢, I B"—B"™ [I< &, then the single valued neutrosophic R-type quintuple I
solution of FMT &-sensitivity

Aa(e) =l A" = A" 1< A7 (A r(Ag(e)).

Proof: Let A, A" € SNVS(X),B,B',B*,B"”" € SNVS(Y). If[A—A" IS e,IB—B' I< &, B*—B"™ II<
&, then

Ay(e) =147 =A™
=V d(4*(2), A" (2))

reX

=V d(\/ T(T(R(A(),B(y)), R(B(y),B"(y)),A (x)),

zeX yeyYy

V T(TR(A'(z),B'(y)), R(B'(y),B"*(y)), A'(x)))

yeY

< \/ V dTTRA(2),B(y)), R(B(y), B*(y)), A (),

rzeX yeY

T(T(R(A'(2),B'(y)), R(B'(y),B"*(v)),A'(2)))
=a (s (ar(e)Ve))

Corollary 4.4. Let R be single valued neutrosophic residuated implication induced by left-continuous single
valued neutrosophic Fukasiewicz t-representable t-norm T, then A 4+(€) < € + 24 ¢ (¢).

Proof: Let B*(y) =<< tll il'fl >, A(x) =<< tz, iz,fz >, B(y) =<< t3,i3,f3 >, B’*(y) =< tZ,ll l{,fll >,
A'(x) =<t} ib, fi >, B'(y) =< th, i} fi >. Supposc | A— A" 1< e, I B—B' [<e, | A" — A" |<e,
By proposition 4.1, we have :
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d(T(T(R(A(z),B(y)), R(B(y),B"(y))),A(z)),
T(I(R(A'(z),B'(y)), R(B'(y),B'(y))),A'(z)))
=maz{|(0V ((0V (Rr(ts,t3) + Rp(ts,t1)—1)) +t,—1)) —
(0V ((0V (Rr(ta,t3)+ Rr(ts,ti)—1)) +t3—1))],
|(1 /\(i2+(1 /\(Rs(i3ai2)+RS(i1,i3)) )) -
(LA (iz+ (1A (Rs(d3,72) + Rs(i1,3))))) |,
(LA (ot (IA(Rs(fss fo) + Rs( 1, f5))))) —
(LA S+ (LA (Bs(f )+ BoCFL P
S maz{|(0V ((0V (Rr(ts,t3)+ Rr(ts,t1)—1)) +t,—1)) —
(OV((0V (Rr(tats)+ Rr(ts,t1)—1)) +(ta+¢e) + 2 x(e) —1))],
[(LA (42 + (LA (Rs(43,42) + Rs(1,13))))) —
(LA (ig+e+ (1 AN(Rs(is,30) + Rs(i1,i3) + 2 z(e))))],
(LA (ot (XA (Rs(fss fo) + Rs(f1, f5))))) —
(AIN(fote+(LNA(Rs(fs, fo) + Rs(fi, f5) + 2 =(e))I}
Se+2a(e)

T — — ~—

5 | Conclusions

In this paper, we propose quintuple I method based on left-continuous single valued neutrosophic t-
representable t-norms. Single valued neutrosophic fuzzy inference quintuple I Principle for FMP and FMT
are proposed. Moreovet, the single valued neutrosophic R-type quintuple I solutions for FMP and FMT are
given respectively. We prove that single valued neutrosophic fuzzy inference quintuple I methods are
recoverable and robust. The logical basis of a fuzzy inference method is very important. In future, we will
consider to build the strict logic foundation for quintuple I method based on left-continuous single valued
neutrosophic t-representable t-norms, and to bring the single valued neutrosophic fuzzy inference method

within the framework of logical semantic.
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