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Abstract
In this article we present the concept of interval-valued neutrosophic N-d-ideal by applying interval-valued
neutrosophic N-structure to d-ideal of algebraic structure d-algebra. We proved that an interval-valued
neutrosophic N-d-ideal's pre-image and image under homeomorphism and epimorphism, respectively, are also
interval-valued neutrosophic N-d-ideals. We provided some characteristics of interval-valued neutrosophic N-d-
ideal.

Keywords: Neutrosophic N-Structure (NSN-S), Interval-Valued Neutrosophic N-structure (IvNSN-S), d-algebra (d-A), d-
ideal (d-I), Interval-Valued Neutrosophic N-d-ideal (IvNSN-d-I).

1 | Introduction

In the field of abstract algebra, K. Iseki and Y. Imai [1, 2] proposed two extraordinary structures, called BCK-
algebra and BCl-algebra. In particular, BCK-algebras are a special type of BCl-algebra. Building on these
foundational concepts, J. Negger and H. S. Kim [3] proposed d-algebras, a broader approach that generalizes
the scope of BCK-algebras. The theory of ideals in d-algebras is discussed by Y. B. Jun, J. Negger, and H. S.
Kim [4].

In the field of set theory, Smarandache's neutrosophic set [5, 0] provides a prominent framework. This set
encompasses classical sets, fuzzy sets, and different generalizations, like IvESs, IFSs, and IvIFSs. The
application of NSs expands to several fields like control theory, algebra, and topology. Further developing
this concept, Wang et al. [7] gave the concept of interval-valued neutrosophic sets, which gives higher
adjustability and precision compared to single-valued neutrosophic sets. Jun et al. [8] introduced a novel
concept called negative-valued function and created N-structures. These N-structures were further extended
by Khan et al. [9], who introduced the idea of neutrosophic N-structure and applied it to a semigroup. Jun et
al. [10] applied the idea of neutrosophic N-structure to BCK/BClI-algebras.

In recent years there has been remarkable progress in neutrosophic set theory. In this manuscript, we provide
basic definitions essential for our work in Section 2. These basic definitions are d-algebra, d-subalgebra, d-
ideal, BCK-ideal, Fuzzy set, Fuzzy d-subalgebra, Fuzzy d-ideal, Fuzzy BCK-ideal, Neutrosophic set,

@ Corresponding Author: shakebaji6@sircrrengg.ac.in
d https://doi.org/10.61356/j.nois.2024.3330

Licensee Neutrosophic Optimization and Intelligent Systems. This article is an open access article distributed under the
@®terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0).


https://doi.org/10.61356/j.nois.2024.3330
https://sciencesforce.com/index.php/nois
https://sciencesforce.com/index.php/nois
https://orcid.org/0000-0001-5605-0531
https://orcid.org/0000-0002-6090-8083
https://sciencesforce.com/
https://sciencesforce.com/index.php/nois/

Interval-Valued Neutrosophic N-d-ideal in d-algebra 58

Neutrosophic N-structure, Interval-valued Neutrosophic N-structure, Interval-valued Neutrosophic N-d-
subalgebra, and level sets related to Interval-valued Neutrosophic N-structure. In Section 3, we

Introduced IvNSN-d-I with an example.
e Introduced IVNSN-BCK-I.

e Proved every IvNSN-d-I is an IvNSN-d-SA (converse not true, which is illustrated through an
example).

e Proved every IVNSN-d-I is an IvNSN-BCK-I (converse not true, which is illustrated through an
example).

e The proved intersection of an arbitrary family of IVINSN-d-I is also an IvINSN-d-1.
e Proved IvINSN-S is an IvINSN-d-1 if its level sets are d-ideal.

e Provided some characteristics of IvINSN-d-I.

Section 4 is the conclusion part, which briefly summarises the key concepts discussed in the manuscript.
2 | Preliminaries

Definition 2.1. [3] Let D (# @) be a set with a constant ‘0’ and a binary operation ¥’. Then D is called a d-
algebra if it satisfies the following conditions for all &4, d, € D.

AADdy*xd; =0

d-A20xdy =0

(d-A3)dy*d, =0and dy *dy = 0 implies dy = d,.
We will refer to dy < d if and only if dy * dy = 0.

Definition 2.2. [4] Let D be a d-algebra with binary operation *’ and P € D. Then, P is said to be a d-
subalgebra of ®, if dq,d, € P implies d; * d, € P.

Definition 2.3. [4] Let D be a d-algebra with binary operation ¢’ and a constant 0. Then, P € D is called a
d-ideal of D if it satisfies the following conditions

(d-11) d1 xd, € P and d, € P implies d, € P;

(d-I1I) d; € Pand d, € D impliesdq *d, € P.

Definition 2.4. [4] A subset P(# @) of d-algebra D is called a BCK-ideal of D if satisfies (d-I1) and 0 € P.
Definition 2.5. [11] A FS Ay in a set D (# 0) is a function from D into a [0,1].

Definition 2.6. [12] A FS Ar in a d-algebra D is called a fuzzy d-subalgebra of D if it satisfies
c}qT(dl * dz) = mln{cﬂT(dl), CAT(dZ)}’ for all dl,dz €ED.

Definition 2.7. [13] A FS Ar in a d-algebra D is called a fuzzy d-ideal of D if it satisfies Ar(dq) =
mln{c/q'r(dl * dz), c}qT(dz)} and CAT(dl * dz) = c}qT(dl) for all dll dz € D

Definition 2.8. [12] A FS ﬂT in a d-algebra D is called a fuzzy BCK-ideal of D if it satisfies A7 (0) =
CAT(dl) and CAT(dl) > mln{cAT(dl * dz), CAT(dZ)}, for all dl' dz € ®

Definition 2.9. A mapping f: D = Y of d-algebras is called a homomorphism if f(dq * d;) = f(dq) *
f(dz), for all dl,dz € @

Note that if f: D — Y is a homomorphism of d-algebras, then f(0) = 0.
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Definition 2.10. [5] A neutrosophic set over a universal set D is defined as follows
A = {{dy; Ar(dy), A(dy), Ap(dy)) | 44 € D}

where Ap(dy):D - -0, 17, A;(d1):D - -0, 1*[ , and Ap(d1):D > ]-0, 1*[ are the truth,
indeterminacy, and false degree value of d4 and -0< Aq(dq) + A;(dq) + Ap(d,) < 1%,
Consider F (D, [—1,0] ) to be the set of all functions mapping elements from a set D to the interval [—1,0].

We define an element of F (D, [—1,0] ) as a negative-valued function from ® to [—1,0], and is abbreviated
as an N-function [14].

Definition 2.11. [15] A NSN-S over D is defined to be the structure
A = {(dy; Ar(dy), A (dy), Ap(dy)) | di € D}
where Ar(dq):D - [-1,0], A;(d1):D - [-1,0] , and Ap(d;):D — [—1,0] are N-functions on D

which are called the negative truth membership function, the negative indeterminacy membership function,
and the negative falsity membership function, respectively, on ® and —3 < Agp(dy) + A;(dq) +
Arp(dy) <0.

An interval number is defined as a closed subinterval &= [OC‘C, OCU] within the interval [—1,0], where —1 <

ocf<ocU< 0. Let I represent the set of all such interval numbers. We define the refined minimum (denoted
by rmin) and refined maximum (denoted by rmax) for any two members in I. Further, we define the symbols

“x”,“%”, and “=" for two members in I. For two interval numbers &; = [o¢; %, o¢; U] and &, = [oc, %, oc, U]
rmin{&,, &,} = [minfoc; £, o, £}, minfoc, ¥, oc, U]
X X — L L u u
rmax{&,, &,} = [max{o, ¥, o, 1}, max{oc, ¥, oc, U]
% <X Leo L U < u . o .S - _x
0(1\0C2®0C1 _0(2 , 0(1 S 0(2 5 aﬂd hkerSe’ ocl /0(2 aﬂd OCl—OCz.

Definition 2.12. [16] Consider D is a set of objects (ot points), where each object in D represented by d.
An IvINSN-S over D is characterized as the set

) {(ﬁr = [Ar (@), Ar (@], A = [ A5 (@), A" (@) Ap = [Ar" (o), A" (d2)]) }
A= Z |d, €D

Whete Ar(di):D - 1[—1,0], A;(d1):D - I[-1,0], and Ar(d;):D — I[—1,0] are functions on D
which are called the negative interval-valued degree of membership, the negative interval-valued degree of

indeterminacy, and the negative interval-valued degree of non-membership, respectively, on D.

Definition 2.13. [16] Let D be d-algebra. An IvNSN-S A = (Arp, A;, Ap) is called an Interval-valued
neutrosophic N-d-subalgebra if it satisfies Ap(dq * dy) < rmax{ﬂT(dl),o‘ZT(dz)}; A (dy *dy) =
T‘min{oql(dl), c/zil (dz)}, and ﬂp(dl * dz) < Tmax{ﬂp(dl),ﬂp(dz)} for all dl' dz € D

Definition 2.14. [16] Let A= (ﬂT, oqvl,ﬂp) be an intetval-valued neutrosophic N-set in D and let * =
[TL, Tu], s = [SL, Su], t= [tL, tu] € I[—1,0]. Then, we define the following level sets for all d4 € D

Ll(cfiT, TV') = {dl € D: Ar(dy) < [TL, Tu]}; U(c/il,sv,‘) = {dl €D:A;(dy) > [SL, Su]}; and
Ly(Ap, t) = {dy € D: Ap(dy) < [t5, Y]}
3 | Interval-Valued Neutrosophic N-D-Ideal

Throughout this section, D represents a d-algebra unless otherwise specified.
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Definition 3.1. An IvNSN-d-T of D is the 'NSN-S A = (A, A, Ar) in D with the following inequalities
(IWNSN-d-1 1) Ar(d4) < rmax{c/iT(dl *dy), c/iT(dz)}

(IyNSN-d-1 2) A (dy) = rmin{A;(d; * d3), A;(d,)}

(IWNSN-d-I 3) Ap(dq) < rmax{c/iF(dl *dy), Ap (dz)}

(IWNSN-d-14) Ar(dq * dy) < Ar(dy)

(IWNSN-d-15) A;(dq * d3) = A;(dy)

(IWNSN-d-16) Ap(dy * d3) < Ap(dy), foralldy,d, €D.

Definition 3.2. An IWNSN-S A = (Ar, A;, Ap) in D is called an IWNSN-BCK-T if it satisfies the following

inequalities

(IvNSN-BCK-I 1) csz(O) < c/ir(dﬂ, c/il(o) 7 c/il(dﬂ, and C/iF(O) < C/iF(dl)
(IvNSN-BCK-1 2) Ar(dy) < rmax{Ar(d, * d,), Ar(d,)}

(IvNSN-BCK-1 3) A (d4) = rmin{A;(dy * d,), A;(d,)}

(IWNSN-BCK-14) Ap(dy) < rmax{Ap(dy * d,), Ap(d;)} forall dq,d, € D.

[730% 2]

Example 3.3. Consider a set © = {0,1,2} in which the operation “*” is defined as shown in the following
Cayley table (see Table 1).

Table 1. d-algebra.

* 0 1 2
0 0 0 0
1 2 0 2
2 1 1 0

Then (D,*,0) is a d-algebra. Let A= (c/iT, A e cfip) be an IvNSN-S in D as defined in the following table
(see Table 2).

Table 2. Interval-valued neutrosophic N-d-ideal.

D Ar(dy) A(dy) Ap(dq)

0 [-0.95,—0.31] [—0.55,—0.27] [—0.85,—0.51, ]
1 [—0.67,—0.15] [—0.87,—0.42] [-0.79,—0.39]
2 [—0.67,—0.15] [—0.87,—0.42] [-0.79,-0.39]

Then A = (c/iT, Aj, c/ip) is an IvNSN-d-I of d-algebra D.

Proposition 3.4. If A = (JZT, A, A F) is an interval-valued neutrosophic N-d-ideal of d-algebra D, then
ﬂT(O) < c/qT(dl), c/‘il(o) > c/q[(dl) and CAIF(O) < ﬂp(dl) for ﬁﬂ dl € b

Proof: Suppose that A= (JZT, A, JZF) is an IVWNSN-d-I of D, and let d; € D. Now utilizing (IvNSN-
d-I4), IvNSN-d-I 5), IvNSN-d-I 6), and d4 * d; = 0, we get,

c/iT(d1 *dq) < ‘/iT(dl) = cfiT(O) < c/ir(dﬂ
ﬂl(dl * dl) > ﬂl(dl) = 041(0) > c/d[(dl) fOf all dl € D
qu(dl *dq) < fﬂvF(dﬂ = fﬂvF(O) < C/ZF(CH)

Lemma 3.5. Let an IWNSN-S A = (A, A}, Ap) in D be an IWNSN-d-1 of D. If dy * dy < d3, then
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c/iT(dﬂ < Tmax{d‘iT(dz):c/iT(ds)}
c/ql(dl) > rmin{ﬂl(dz),ﬂl(d3)} fOI' all dl’ dz,d3 € D
C/iF (dy) < Tmax{c/iF(dz); cl‘iF (43)}

Proof: Suppose that A = (c/iT, A, c/ip) is an IVNSN-d-I of D. Let d4, d,, and d3 be any three members
of D such that dy * dy < d3. Then (dq *d,) *ds = 0.

Ar(dy) < rmax{Ar(dy * dy), Ar(dy)}
< rmax{rmax{Ar((dy * dy) * d3), Ar(ds)}, Ar(dy)}
= rmax{rmax{Ar(0), Ar(ds)}, Ar(d,)}
= rmax{Ar(dy), Ar(ds)},

A (dy) = rmin{A;(dy * dy), A;(dy)}
= rmin{rmin{A; ((d, * d,) * d3), A;(d3)}, A;(d2))}
= rmin{rmin{A,(0), A, (d3)}, A (d,))
= rmin{A,;(dy), A;(d3)},

Ap(dy) < rmax{Ap(dy * dy), Ap(dy)}
< rmax{rmax{Ap((dy * d,) * d3), Ap(d3)}, Ar(dy)}
= rmax{rmax{A(0), Ap(d3)}, Ap(d)}
= rmax{Ap(d,), Ar(ds)}.

This completes the proof.

Lemma 3.6. Let A = (A, Aj, Ap) be an IWNSN-d-1 of D. If dy < d, in D, then Ar(dy) < Ar(dy),
ﬂ](dl) > ﬂ](dz), and ﬂp(dl) < ﬂp(dz) fOI‘ ﬁﬂ dl'd’Z € fD

Proof: Suppose that A = (c/iT, A, cfip) is an IVNSN-d-I of D. Let d4 and &, be any two members of D
such that dl < dz. Then dl * dz =0.

Ar(dy) < rmax{c/iT(dl * dz),c/iT(dz)} = Tmax{ﬂT(O),ﬂT(dz)} = Ar(d,)
= Ar(d1) < Ar(dy),
A(dy) = rmin{A;(dy * d,), A;(d2)} = rmin{A;(0), A;(d,)} = A;(d,)
= A (dy) = A(dy),
Ap(dy) < rmax{Ap(dy * dy), Ap(dy)} = rmax{Ap(0), Ap(dy)} = Ap(dy)
= Ap(dy) < Ap(dy).

This completes the proof.

Theorem 3.7. If A = (ﬂT, c/lvl, ﬂp) is an [IVNSN-d-I of D, then for any dq, &1, &5, ... ... ... , & € D, such
that (((dl * ) * {?2) ......... ) * &, = 0 implies
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Ar(dy) < rmax{Ar(61), Ar(62), e oo . Ap(b)}
A(dy) > Tmin{c/il({’1)’c41(172)’ --------- wﬂl(&n)}
Ap(dy) < rmax{Ap(&,), Ap(63), ... ... .. , Ap(bn)}

Proof: By applying induction on n and Lemma 3.5 and Lemma 3.6.

Theorem 3.8. Every I'NSN-d-I of D is an interval-valued neutrosophic N-d-subalgebra.
Proof: Let A = (Ap, Aj, Ap) be an IvNSN-d-I of D. So

c/CzT(d1 *d,) < c/CZT(dﬂ < rmax{c/ir(dl * dz);cﬂvT(dz)} < Tmax{qu(dﬂ»fsz(dz)},
c1511(41 xd,) 7 dczl(dﬂ Y rmin{cﬂvl(dl * dz)»d‘iI (42)} 7 rmin{ﬂ,(dl),cﬁ,(dz)},

clqp(dl * dz) < clqp(dl) < Tma.X{c/zip(dl * dz),ﬂp(dz)} < Tmax{clqp(dl),clzip(dz)} for all dl' dz S
D.

Therefore, A = (c/iT, A, c/iF) is an interval-valued neutrosophic N-d-subalgebra.
The converse of this theorem is not true in general which is shown in the next example.

Example 3.9. Consider a set © = {0,1,2,3} in which the operation “*” is defined as shown in the following
Cayley table (see Table 3).

Table 3. d-algebra.

[SUREN SR N
LN -, OO
W= O O =
LW O O O
SO =, O W

Then (D,*,0) is a d-algebra. Let A= (c/iT, A e cfip) be an IvNSN-S in D as defined in the following table
(see Table 4).

Table 4. Interval-valued neutrosophic N-d-subalgebra.

D Ar(dy) Ay (dy) Ap(dy)

0 [—0.92,—0.53] [—0.73,—0.35] [—0.83,—0.63]
1 [—0.92,—0.53] [—0.73,-0.35] [—0.83,—0.63]
2 [—0.73,—0.42] [—0.89,—0.74] [-0.52,—0.31]
3 [—0.92,—0.53] [—0.73,—0.35] [—0.83,—0.63]

Itis clear that A = (Ar, Aj, Ap) is an interval-valued neutrosophic N-d-subalgebra, but
Ar(2) = [-0.73,-0.42] = rmax{A(2 x 1), Ar (1)} = A (1) = [-0.92,-0.53],
A;(2) = [-0.89,-0.74] = rmin{A;(2 * 1), A; (1)} < A;(1) = [-0.73,—-0.35], and
Ap(2) = [-0.52,-0.31] = rmax{A(2 * 1), Ap (1)} = Ar(1) = [-0.83,-0.63].
So A = (Ar, A, Ap) is not an [yNSN-d-I.

Proposition 3.10. Every IvNSN-d-I in D is an I'NSN-BCK-I of D.

Proof: The proof is straightforward.

The converse of this theorem is not true in general which is shown in the next example.
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Example 3.11. Consider a set D = {0,1,2,3,4} in which the binary operation “*” is defined as shown in the

following Cayley table (see Table 5).

Table 5. d-algebra.
1

B2 WO N = O

AL NN -, OO
W LW O O O N
W O O = O W
[ O R S e =

0
0
2
3
3

Then (D,*,0) is a d-algebra. Let A= (c/iT, A, c/iF) be an IVNSN-S in D as defined in the following table

(see Table 0).
Table 6. Interval-valued Neutrosophic N-BCK-ideal.
D Ar(dy) A;(d1) Ap(dy)
0 [-0.92,-0.54] [-0.58,—0.23] [-0.85,—0.57]
1 [-0.92,-0.54] [-0.58,-0.23] [-0.85,-0.57]
2 [-0.92,-0.54] [-0.58,—0.23] [-0.85,—0.57]
3 [-0.53,-0.21] [-0.97,-0.77] [-0.64,—-0.32]
4 [-0.92,-0.54] [-0.58,—0.23] [-0.85,—0.57]

Then A = (c/iT, Ap, A F) in D is an IVNSN-BCK-I of D but it is not an interval-valued neutrosophic N-d-

I, because

Ar(4%3) = Ar(3) = [-0.53,—0.21] = [-0.92,—0.54] = A (4)
A;(4%3) = A;(3) =[-0.97,-0.77] < [-0.58,—0.23] = A,;(4)
Ap(4%3) = Ap(3) = [-0.64,—0.32] = [-0.85,—0.57] = Ar(4).

Theorem 3.12. If {C/Zi, [ € A} is an arbitrary family of IVNSN-d-I of d-algebra, then i 2 A

d-1 of dealgebra, where | O\ oA; = (rmax(Ar,), rmin(Ay,), rmax(Ag,))
Proof: Suppose that {A;, i € A} be the collection of an arbitrary family of IWNSN-d-I of d-algebra and
o nAi = (rmax(Ar,), rmin(A;,), rmax(Ap,) ).
Forall i € A
rmax(Ar,)(dy) < rmax {rmax{Ar,(dy * dy), Ar,(d)}}
< rmax{rmax(Ar,)(dy * dy), rmax(Ar,)(d2)},
rmin(Ay;) (dy) = rmin {rmin{d; (d, ), Ay, (d2)}}
> rmin{rmin(A;,;)(dy * dy),rmin(A;,)(d2)},
rmax(Ap,)(d,) < rmax {rmax{c/zpl.(dl « dz),cfipi(dz)}}

< rmax{rmax(cfi,:l.)(dl * dz),rmax(c/iFi)(dz)}.

A, is an TvNSN-

Since c/qTi(dl * dz) < c/iTi(dl), clq/]i(dl * dz) > C/ili(dl) and C/iFi(dl * dz) < ﬂFi(dl) fOf all l (S A,

we have
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rmax(c/iTi)(dl *d,) < rmax(c/iri)(dﬂ
rmin(c/i,i)(dl xd,y) = Tml'n(cﬂvzl-)(dﬂ
rmax(cﬂvpi)(dl *dy) < rmax(c/zpi)(dl)

~

A; = (rmax(c/iTi), rmin(c/i,i), rmax(cﬁpi))is an IVNSN-d-I of d-algebra.

N
Hence i€ A

Theotem 3.13 An IWNSN-S A = (Arp, Aj, Ap) is an [YNSN-d-I of d-algebra D if and only if the

corresponding N-interval-valued fuzzy sets Ar, A IC, and A are N-interval-valued fuzzy d-ideal of D.

Proof: Suppose that A = (cﬂvT, a‘il,cﬂvp) be an IvNSN-d-I of d-algebra D. Then for any d4,d, € D we

have
Ar(d,y) < rmax{cfiT(dl * dz),c/ir(dz)]i Ar(dy x dy) < Ar(dy)
A(dy) > Tmin{c/iz(d1 *dy), c"il(dz)]i A(dy * dy) = Ai(dy)

clqp(dl) < Tmax{cf‘ip(dl * dz),ﬂp(dz)}; c/qp(dl * dz) < clqp(dl), for all dl, dz €ED. Clearly, c/ziT and
Ap are N-interval-valued fuzzy d-ideal of D. Now for all d4,d, € D, we obtain

A(dy) = rmin{A;(dy * d,), A;(d;)}

= —A;(dy) < —rmin{A;(d, * d,), A (d,)}
= rmax{—c/i,(dl *dy), _c/il(dz)]

= —A;(dy) + [-1,-1] < rmax{—A;(dy * d3) + [-1,—1], —A;(d3) + [-1,—1]}
= A, (dy) < rmax{clec(dl xd,), Ji,c(dz)}. Also
A(dy *dy) 7 A(dy)
= —A(dy *dy) < —A;(dy)
= —A(dy xdy) + [-1,-1] < =A;(d4) + [-1,-1]
= A, (dy * dy) < A (dy).

Therefore, the N-interval-valued fuzzy set c/i,c is a N-interval-valued fuzzy d-ideal of . Hence for an
IvNSN-d-1 A = (c/iT, Aj, A F), the corresponding N-interval-valued fuzzy sets Ar, ﬂ,c, and Ap are N-
interval-valued fuzzy d-ideal of D.

Conversely, suppose that A, A;°, and Ap are N-interval-valued fuzzy d-ideal of ©. For any d1,d, € D
we get

Ar(dy) < rmax{c/iT(dl * dz),c/iT(dz)}; Ar(dy * dy) < Ap(dy)
A (dy) < rmax{A, (dy * dy), A, (dr)}; A, (dy * dy) < A (dy)
Ap(dy) < rmax{Ap(dy * dy), Ap(dy)}; Ap(dy * dy) < Ap(dy). Now,
c/ilc(dl) < rmax{cfilc(dl * dz),cfilc(dz)}
[—-1,-1] — A;(dy) < rmax{[—1,—1] — A;(d; * d,), [-1,—1] — A;(d,)}
=[-1,-1] - rmin{c/i,(dl * dz),c/i,(dz)}

_cfil(dﬂ < _T'min{cfil(éﬁ *dy), cf‘il(dz)}
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A (dy) = rmin{A;(d, * d,), A;(d,)}. Also,
A (dy * d3) < A, (dy)
= [-1,-1] = A (dy * dy) < [-1,-1] = A;(dy)
= —A(dy * dy) < —A;(dy)
= A (dy * dy) = Ai(dy).
Hence A = (Ar, Aj, Ap) is an I'NSN-d-I of d-algebra D.

Theorem 3.14. Let A = (c/iT, Aj, c/iF) be an IvVNSN-S over d-algebra D. Then A= (c/iT, A, c/ip) is an
IvNSN-d-1I of D if and only if the following IvVNSN-S are an IvNSN-d-I of D.

A = (d‘iT'c/iTC: "‘iT)

c/iz = (c/iF;c/ti' c/iF)

Az = (d‘ilc'c/ihd‘ilc)
Theorem 3.15. An IVNSN-S A = (c/i'[', Aj, c/iF) over d-algebra D is an IVNSN-d-I of D if and only if for
all 7,8,f € I[—1,0] the sets L, (c/‘iT, f‘), U(c/il, 5), and L, (c/qu, f) of A are either empty are d-ideal of D.

Proof: Assume that A = (c/qu, A, c/qu) be an IvNSN-d-T of D. Let Ll(c/iT,f), U(o‘i,, 5‘), and L, (c/qu, f)
are non-empty sets for any #,$,f € I[—1,0]. Let dy,d, €D such that dy *d,, d, € Ll(c/iT, 7“), o)
Ar(dy * dy) < ¥ and Ar(dy) < ¥ Then, Ar(dy) < rmax{Ar(d, * dy), Ar(dy)} < rmax{#, ¥} <
¥ = dy € Li(Ap,7). And let dy € Li(Arp, ), dy €D. Then Ar(dy) < ¥ and Ar(dy *dy) <
Ar(d)) < 7. So,dy*d, € L, (u‘iT, f). Hence, Lq (a‘iT,f) is a d-ideal of D. Also, take d1,d, € D such
that d, *d,, d, € U(u‘i,,sf), so A;(dy*dy) = § and A;(dy) = §. Then, A;(d,) = rmin{cfi,(dl *
dy), Ai(dy)} = rmin{$, 5} = § > dy € U(A}$). And let dy € U(A3), dy €D. Then A;(dy) = §
and A;(dy * dy) = A;(dy) = 5.S0,d, *d, € U(c/i,, §) Hence, U(c/il,§) is a d-ideal of D. In a similar
process, we can show that L, (c/ip, f) is a d-ideal of D.

Conversely, suppose that for any 7, $,t € I[—1,0] the sets L, (c/iT, f), U(czqvl,§), and L, (ﬂp, f) of A are
d-ideals of D. Let us take {3,{, € Ll(c/iT, f) such that A7 ({y) > Tmax{c/iT(Q * Cz)'qu((z)}- Suppose
that Ap(Gy) =71 = [rf,r],  Ar((1*x8) =7 = [rf,r3], and Ap(3p) =75 = [rf,75']. Then,

[ i) > rmax{{rf, 81, [, 181} = [max{ed, mf) max(rfL, 4] and so,
rE > max{rt, v} and it > max{rd, i),
Taking 75 = [rf, 7] = 5 [Ar(G0) + rmax{Ar (& = G, Ar(3))]

=2 [, 8] + [max(rf, v} max{(rft, v}

= [2(rf + max{rf, r)), 2 (i + max(r, ri1)]

It follows that

rf > rf %(rf + max{rzﬁ, 1'35}) > max{rf, rgf:},
it > o= 2+ max{ri, vi) > max{rl, ri4.

Hence, [max{rzﬁ, rg_ﬁ}, max{réu, réu}] < [rf, n;u] < [rf,rlu] = Ar({y).
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Therefore, {; & Lq (c/iT, "Ffl,) On the other hand

Ar(y x$p) =75 = [rf, ] < [max{rf, vf}, max{ri, ri}] < [nf ] = 74,
Ar((y) = 75 = [rf, ] < [max{rs, vf}, max{rf, v¥}] < [nf ] = 7.

ie, (1 *(y,(, € Ll(a‘zT, 7\”;) This is a contradiction and therefore

Ar((y) < rmax{asz((l * 52)»0‘17"(52)} forall {;,{, € D.

Suppose that for any {y,{, € D, we have A7 ({y * {3) > Ar({y).

o 11 ~ . . .
Then taking 77 = [rf,riu] = E[CAT(Zl *{3) + cﬂT(ﬁ)], we have Ar({1) < [T{C;T}t] < Ar(§y * {3).
Hence {; € Ll(c/iT,ﬁ), (b ED, but {1 *{, & Ll(c/iT,ﬁ). This is a contradiction and therefore
Ar({1* ) < Ar(Gy).

Suppose that A;({y) < rmin{A;({y * {5), A;({2)} for some 3,0, € U(A},5). Let us take A () =
51=[sf,st], A1+ §) = 3 = [s7,5%], and A, (G) = 85 = [s7, 53] Then,
[s£,54] < rminf([s,5¥],[s5, 54} = [min{s§, s}, min{s., s3] and so,
st <min{ss,s5}and s{ < min{s¥, s}
Taking § = [s§, 53] = 3 [A1(G0) + rmin{eA; Gy * {2), A1 (8))]
=2 [[s£,54] + [min{s$, 5§}, min{s¥, s3]
= [3 (st + min{sf,s§)),5 (st + min{sE., s3})]
It follows that
st <sf= %(sf + minf{s%,s£}) < min{s%,sf},
st < sft = 2 (¥ + min{sg, s1)) < min{s}, s¥).
Hence, [min{s%,s%}, min{s¥, s¥}] > [s£,s¥] > [s£,s{] = A (G0
Therefore, {3 & U(Aj, $;). On the other hand
A(G1%G) = 5 = [sz,57'] = [min{s, s}, min{s3', s3'}] > [s4, s3] = 4,
A1({) = 53 = [s£,5Y] = [min{s%, s£}, min{s¥, s¥}] > [sf,s¥] = 5.
ie, {4 * (y, {o € U(A), $3). This is a contradiction and therefore
A1 (&) = rmin{A;({y * §5), A({p)} forall {1, {5 € D.
Suppose that for any {1, {, € D, we have A; ({3 * () < A; (7).

Then taking §7 = [Sf,siu] = %[Ji,({l *(y) + Ji,({l)],we have A;({y) > [Sf,s}l] > A;({y * (). Hence
$ €U(ALSL), §o €D, but {3+, & U(A,$7). This is a contradiction and therefore A;({y * {,) *
A (G0

Let us take {3, {, € Ly(Ap, ) such that Ap($) > rmax{Ap({y * {3), Ap(2)}. Suppose that Ap({y) =
t = [tf: tiu], Ap((1 %) =16, = [ti,;; t;u]’ and Ap({) =3 = [t—i’:, tgl] Then,

[tf, t;“] > rmax{[tf, t;“], [t:f, tgl]} = [max{tzﬁ, tff}, max{t%l, t%l}] and so,
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t1 > max{ts, t5} and t¥ > max{cl, t3'}.
Taking &, = [t£, t1] = 3 [Ap(G)) + rmax{dp (& * ), Ar ()]

= ek, 6] + [max{ef, t£), max{e2t, &4}]]

= 5 (¢ef +max(tf, ¢5]),5 (ef + max(e, )|
It follows that
tf >t; = ;(tf + max{t5,t5}) > max{t5,t5},
th>ti = %(t}l + max{td, c¥'}) > max{tl, c¥'}.
Hence, [max{t5, t5}, max{tl, e¥}] < [¢ef, t&] < [tf, ¢4] = Ap(Gy).
Therefore, {3 & Ly (A, t3). On the other hand
Ap(Gy*§5) = & = [t7, 6] < [max{ts, t5}, max{t, e3'}] < [t5, 1] = &4,
Ap((y) = &3 = [¢5, t¥] < [max{ts, t5}, max{td, ei}] < [¢ef, t}] = &4
ie, {1 * {2, {5 € Ly(Ap, £y). This is a contradiction and therefore
Ap(y) < rmax{Ap({y * §3), Ap({y)} forall {4, {, € D.
Suppose that for any {;,{, € D, we have A ({y * {5) > Ap({y).

L 1[5 . . .
Then taking ¢ = [tf: tiu] = E[‘AF((I *{5) + CAF(Zl)]: we have Ap({y) < [tf: t}l] < Ap({y * G3).
Hence {; € Lz(ﬂp,t\;), (b ED, but {1*x{, & Lz(a‘iF,f;). This is a contradiction and therefore
c/qp(cl * Zz) < CAVF(Z]_) Therefore c/q = (c/qT, c/il,c/q,vF) is an IvNSN-d-I OfD

Theorem 3.16. If an IvNSN-S A = (cfiT, a‘i,,cfiF) in © is an IVNSN-d-I of D, then the sets "‘ic/i—p =
{d1 €ED|Ar(dy) = fsz(O)}, c/ic/i, = {41 €D|A(dy) = cﬂvz(o)}, and v‘iﬁF = {41 €D|Ap(dy) =
A (0)} are d-ideals of D.

Proof: Assume that A = (c/iT, Aj, c/ip) be an IvNSN-d-T1 of D. Let di *xd,,d, € ﬂ'c/iT. Therefore
Ar(dy * dy) = Ar(0), Ar(dy) = Ar(0). Now by utilising definition 3.1, we obtain Az (d;) <
rmax{Ar(d, * dy), Ar(dy)} = rmax{Ar(0), Ar(0)} = Ar(0) = Ar(dy) < Ar(0). From
proposition 3.4, we have A7 (0) < Ar(dq). Therefore Ap(dy) = Ar(0) > d4 € Jiqu. Again let d4 €
cfiﬁT and d, € D. Then, Ar(d;) = Ar(0) and so Arp(dy *dy) < Ap(dy) = Ar(0) = Ap(dq *
d,) < A7 (0). By using proposition 3.4, we have A7 (0) < Ar(dyq * d,). Hence Ar(dy * dy) = Az (0).
ie.dy*xd, € c/iho. Therefore, dq € ‘/io‘ir’ d, €ED>d*d, € c/iho. Hence the set Jiqu is a d-ideal of

D. Similarly, we can show that A 4, and A 4y are d-ideals of D.
Theotem 3.17. If f is a d-homomorphism function from d-algebra D; into a d-algebra D, and A =
(Ar, Ay, Ar) be an TINSN-d-1 of D Then, £ (A) = (£~ (Ar), £ (A1), f(Ar)) is an TvNSN-

d-I of Dy, where f_l(d‘iT)(dﬂ = d‘iT(f(dﬂ), f_l(c/il)(dﬂ = c/il(f(dﬂ), and f_l(cfiF)(dﬂ =
c/ip(f(dl)) foralld; € D;.

Proof: For any d4,d, € D1, we have
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7 (Ar(dn) = Ar(f(dy) < rmax{dp(£(d) * £(d2)), Ar(f ()}
= rmax{Ar(f(dy * dy)), Ar(f(d2))}
= rmax {f~ (Ar(dy * d2)), £~ (Ar(d))},
FH(Arldy * d)) = Ar(f(dy * d2)) = Ar(f(dy) * f(d))
< Ar(f(dD) = £ (Ar(d),
£ (Aren) = A (f(d0) = rmin{ed; (f(da) * £ (), Ai(F (d2))}
= rmin{A; (f(dy * d2)), A (f (d2))}
= rmin {f = (A (dy * d)), £ (A ()},
FH(Ar(dy * dy)) = Ar(f(dy * d2)) = A (F(d) * f(d))
= Ai(f(d) = F71 (Ai(dD),
f7H(Ap(d) = Ap(f(dr)) < rmax{Ap(F(d1) * f(d2)), Ap(f (d2)))
= rmax{Ap(f (dy * ), A (f (d2))}
= rmax {f 1 (Ap(dy » d)), 7 (Ar(d2)) ).
FH(Ap(dy * d)) = Ap(f(dy * d2)) = Ap(f(d) * £ (d))
< Ap(f(d) = 7 (Ar(dy)).

Hence, f~*(A) is an IvNSN-d-I over D;.
Theorem 3.18. If f is a d-epimorphism function from d-algebra D; into a d-algebra D, and A =
(Ar, Ay, Ar) be an NSNS of Dy. 1 £ (A) = (7 (Ar), £ (AL, F(Ar)) is an TWNSN-d-T of
Dy, then A = (Ar, A, Ap) is an IWNSN-d-I of D,.
Proof: Let dq,d, € D,. Then their exits i1,1, € D; such that f(i;) = d; and f(i,) = d5.
Ar(dy) = Ar(f () = £ (Ar(i)) < rmax {7 (ApCiy * 1)), £~ (Ar(ir) )}

= rmax{Ar (f iy * 1)), Ar (f (i2))}

= rmax{Ar(f (i) * £ (i), Ar (£ ()}

= rmax{c/iT (dq * d,z),c/iT(d,z)},
Ar(dy * dz) = Ar(F (i) * £(i2)) = Ar(Flia 1)) = 71 (Ar(iy * 1))

< FH(Ar() = Ar(f (i) = Ar(dy),

Ai(dy) = A (f@) = 7 (A ) = rmin {7 (A Gy 1)), £ (A1) )}

= rmin{A; (f (iy * ), A (f (i2))}
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= rmin{A; (f (iy) * £ (i2)), A1 (f (i)}
= rmin{ A, (d * dy), Ay (d)),
Ar(dy * dy) = A(f (1) * f2)) = Ay (f iy +1)) = £ (Aiy + 1))
2 FH(A) = A(F()) = Ay,
Ap(dy) = Ap(F ) = £ (Ap(ip) < rmax {7 (ApCiy < 1)), £ (Aiir)))
= rmax{Ap(f(iy * 1)), Ar(f (i2))}
= rmax{Ap(f (1) * (), Ar (£ G2))}
= rmax{cfiF(ctl * dz),c/iF(dz)},
Ap(dy * dg) = Ap(f (i) * £(iz)) = Ap(f iy +12)) = £ (Apia * 1))
< FH(Ar(D) = Ap(F (i) = Ar(dy).
Hence the proof is completed.

4 | Conclusion

In this research, we presented the innovative idea of IvNSN-d-1 by applying IvINSN-S to the d-ideal of d-
algebra. We have clearly shown that the pre-image and the image of an IvINSN-d-I under homeomorphism
and epimorphism, respectively, remain IvNSN-d-Is. Furthermore, we investigated and characterized several
important features of IvNSN-d-Is.

4.1 | Limitations and Future Research

In everyday life, some scenarios may involve negative features in expressing opinions about a particular
problem. Negative features point out choices that are cither prohibited or unattainable. Interval-valued
neutrosophic N-structure offers the ability to make decisions based on negative features. The methodology
used in this manuscript is also applicable to ideals of other algebraic structures such as semigroups, near-rings,
b-algebra, BCH-algebra, etc.
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