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Abstract
This article aims to introduce my work on constructing neutrosophic set theory. Neutrosophy is a new branch of
mathematical systems proposed by Smarandache in 1995 as an extension of an intuitionistic fuzzy set according to
three-degree membership functions. The new perspective of neutrosophic sets consists of two paths, the first path
depends on the three degrees including the degree of truth-membership, degree of indeterminacy-membership, and
degree of false-non-membership respectively, while the second path depends on the generated classical set by three
types of neutrosophic sets and study the concepts of neutrosophic theory. In previous work, I Presented the
concepts of neutrosophic sets including universal, empty, compliment, and subsets, denoted as HE[I], where i
equals to 1,2 or 3. I also explored neutrosophic operations and their properties, such as neutrosophic unions and
neutrosophic intersections. In this article, I shall delve into additional materials and theorems related to these
concepts and discuss neutrosophic and symmetric differences, including their properties. Furthermore, I shall

present a generalization of De Morgan's theorem.

Keywords: Neutrosophic sets Hit [1]i =1,2,3; Neutrosophic Complement of Sets; Neutrosophic Difference of Sets;
Neutrosophic Symmetric Difference of Sets.

1 | Introduction

In 1995, Smarandache introduced a new branch of philosophy, Neutrosophy Science. In this philosophy, the
mathematical system neutrosophic includes indeterminacy in the set such I,(x) is called the indeterminacy
for T4(x) or F4(x) on nonstandard interval ]°7, 17 or single-valued [0,1] as a generalization of an
intuitionistic fuzzy set. Neutrosophy is the base of neutrosophic logic, a multiple-value logic that generalizes
intuitionistic fuzzy logic, and fuzzy logic respectively. For more information about the principle of
neutrosophic philosophy, and extend the debate including; the thesis (A) and antithesis (AntiA) to get a
synthesis, thesis (4) and antithesis (AntiA) to get a retrosynthesis (NeutA), neutrosophic system, and
neutrosophic dynamic system. I refer to [1, 2]. In addition, for neutrosophic over/undet/off/ sets from the
point view degree of membership function [3]. The neutrosophic algebra structures based on the
neutrosophic number of the form Ny = a + bl, I is literal in indeterminacy, I? = I, and 0I = 0 used by
scholars such as [4, 5]. In [6], I have tried to provide the necessatry initial concepts for constructing the
neutrosophic set theory as a generalization of set theory. Furthermore, I tried to construct from a classical set
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a neutrosophic set of three types Hf[I ], where i = 1,2,3, and a neutrosophic number in my work represents
the first type that comes from any classical set, while N, = {a} U al and N3 = (a + bI) U {a} Represents
the second and third types respectively. This article aims to complement and expand the previous work in [0]
by presenting the complements of the neutrosophic set, the difference, and the symmetric difference of the
neutrosophic set and presenting some of their properties. This work establishes the theory of neutrosophic
set theory with [6] and reinforces previous work in [7-11].

2 | More Information on Subsets, Union, Intersection, and Power
Neutrosophic Sets

In this section, I present more information on subsets, union, intersection, and power sets of neutrosophic
sets of three types with some theorems and examples as extension concepts in [4].

Definition 2.1 [6] Let H # @ € U be a non-empty set, then;
i). HE[I] = {hy + hyI: hy, h, € H} be a neutrosophic set of type 1,
ii). Hi[I] = {al U {a}:a € H} be a neutrosophic set of type 2, and
i), Hi[I] = {(hy + hyI) U {h;}: hy,hy € H} be a neutrosophic set of type 3, where I is an

indeterminacy

Theorem 2.1 Let HE[I], NF[I], and ME[I] be three neutrosophic sets of type i, and i equals 1, 2, or 3. If
HE[I € ME[1], and HE[I] € NE[I], then

i). HF[I] < M[I]1n NI, and
ii). HI[I] < ME[I]uU NI
Proof (1). Let HE[I] € M} [I], and HF[I] © Nf[I]. Assume that x € HE[I].
wx €HI[I]=x€MHITA x € NI
= (3xq,x, € M) A (3x1,%x, € N), indeterminacy I such that x = x; + x,1

= (3x1,x, € (M AN)), indeterminacy I such that x = x; + x,1
=> (x € (M{[11 AN} [1]))

N (x e (ML[1] N NE [1]))
= Hf[I] c Mf[I1N NF[I].m
(2). By the same method.

Theorem 2.2 L et Hit [1], Nl-t [1], Mit [1], and Of [1] be four neutrosophic sets of type i, and i equals 1,2 or
3.1FHE[I']  NE[I], and ME[1] € OF[1], then:
. HE[IMuMEHI e NF[IT U OF[1], and
ii). HF[I]nMEI] < NE[I) 0 OF[T].
Proof (1). Suppose that H [I1 € NF[I], and MF[I] < OF[I], for any i = 1,2,3.
Assume that, x € (H{[I]u M{[I]) = (x € H{[I]) v (x € M{[1])
= (x e N{[1) v (x € Of[1])

= x € (N[11v 0f[1])
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= HI[I]U ME[I] € NF[I]U Of[1]. m
(2) By a similar method.
Definition 2.2 [4] Let Hf [I] be three neutrosophic sets of type i, and i equals 1,2 or 3.

Cc c
—_——

—
The neutrosophic complement sets of type i are denoted by Hf[I],and defined by: HE[I] =
{x:x ¢ HE[I] Ax € UH[I1}={x:x ¢ HAx € U},

Definition 2.3 [6] Let Hf[I] be three neutrosophic sets of type i. The neutrosophic power sets of type i
defined by 3 (H[I1) = {Nf[I]: Nf[11 € H{[1],i = 1,2,3}.

Theorem 2.3 Let Hf [I] and N{[I] be two neutrosophic sets of type i, consider S(Hlt [I]) and S(Nit [1])

are neutrosophic power sets of type i. Then
i), ZH{[I] N 2Nf[1] — ZHf[I]anF[I]’ and
ii). ZHit[I] U 2Nit[1] c ZHit[I]an’t[l], forany i = 1,2,3, H and N are classical sets.
Furthermore,
S(HEI]) or 2H{l] represents the same notation of neutrosophic power sets of type i.
Proof (1). Assume that Ef[I ] € (ZHl’t[l] N ZNl’t[l]),
& (Ef] € 2MUN) A (EE[] € 2M0),
& (Ef[11< HE) A (EET] € NETTD),
& Ef[1] < (HEI n NE[ID),
& Ef[1] € 2H{InN; 1]
Hence, ZHit[I] N ZN{[I] = ZHit[I]nNit[I], foranyi =1,2,3.m
(2). Suppose that Ef[I] € (ZHit[I] U ZNit[I])
= (Ef1 € 2400 v (1) € 2M0)
= (Ef[1 < HE[N) v (EE] < NELTD)
= Ef[11 < (Hf[11u Nf[1])
> EfI € 2H{[NUN{I]
= 2H{[N Y 2N < 2H{UIONTT for any i = 1,2,3.m

Example 2.1 Let H = {a,b} and N = {c} be two classical sets, then the neutrosophic sets of type-1, type-2,
and type-3 are given by:

a+al, a+bl, a, al, a, a+al, a+bl, )
Hill]= {b +al, b+ bl,}’ ) ={y ) and HS[I] = {b, b+al, b+ bl,}‘ While

Ni[Il={c+cI},Ni[I]1={c, cl},and Nf[I]1={c, c+ cl}, we see that

2HlIT . neutrosophic- element: @5 [1],

0
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1 neutrosophic- element: é[_l = {a}, Hz[ 1{al}, Hz[ 1{b}, and HZ[ 1{bI},

1 3
2 neutrosophic- elements: H3[I] = {a, aI} HZ[ ]{a b}, HZ[ 1{a, bI},
5 v s

H3[1]{al, b}, H}[I]{al, b}, and HS[I]{al,bI},
8 9 10

3 neutrosophic- elements: Hs[I] = {a, al, b}, Hz[ 1{a,al, bl}, HZ[ 1{al, b, b1}, and
11 12 13
H;[I] = {a, b, bI}

14

4 neutrosophic- elements: Hi[I =
15

{Z' Zﬁ'}. Also, we have,

2Nl neutrosophic- element: @5 [1],

0

1 neutrosophic- element: N [I] = {c}, Hz[ 1{cl}, and
1

2 neutrosophic- elements: N[I1 = {c, cI}. Now, 22011y 2V2011 Congsists of 24 neutrosophic

3
a, al, . .
clements. While HE[I] U NE[I] = {b, bl }, and the neutrosophic power set 2H2INUN2 T o nsists of 64
¢, cl

neutrosophic elements, and consequently, 2H:[11 y 2N3l1] o pHz[ITUNSIT]

3 | More Difference and Symmetric Difference of Neutrosophic Sets of
Type-1, ype-2, and Type-3 with their Properties
This section addresses to study of the difference between neutrosophic sets, and the symmetric difference

between neutrosophic sets of three types with their properties.

Definition 3.1 Let H lt (11, Nit [1] be six neutrosophic sets of type i. Then the difference of neutrosophic sets
of type I, defined by

HIMN© NHI] = {x: (x € HEI) A (x € NE[DD),i = 1,2,3}
= {(@x1,x, € H) A(T x1,x, € N), indeterminacy I such that x = x; + x,1}
Theotrem 3.1 Let Uit [I] be a neutrosophic universal set of type i, Hit [1], and Nit [1] c Ul-t [1]. Then:

1. HE[I) © ot[1] = HE[1,
2. HII1© NI € HE[I] and NE[I] © HE[I] < NI,

c c

3. HHI1© NHI = Tv?m © ﬁ?ﬁ

HII1© []=H?[1]nﬁm

H{U1n NE[T] = © (Hfl11 © N{ 1),
6. HIITUNf[I] = u(N 1© Hf1]), and
7. HE[I1© NEH[I] = iI@(HfI n NE[I).
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Proof.
1. Consider x € (H{[I1 © 0i[I1) & (x € H{[I]) A (x & ®{[I])

o (erf[I])A(xe Qm

& (x € HEI) A (x € UEI])
o (x € (H![I] n Ut [1]))
& (x € HE[1]), hence HE[I1 © @%[1] = Hf[I]. m
2. Assume that x € (Hf[I]1 © N{[I]), for any,i = 1,2,3
= (x € Hf[I1) A (x & N{[I1)
= (3 x1,x, € H) A(3 x1,%3) € N, indeterminacy I such that x = xq + x,1
= (3 x4, x5 € H), indeterminacy I such that x = x; + x,1
= (x € Hf[I]) = HE[I] © N{[1] < HE[I]. m The second part by the same argument.

3. Assume that x € (Ht ) N ]), for any,i = 1,2,3
& (x e HEI) A (x € Nf[ ]),
© (Axq,x, € H) A (3 xq,%5) € N, indeterminacy [ such that x = x1 + x,]

4

c
= <EI X1,Xy & ) <EI X1,X5 € ﬁ), indeterminacy [ such thatx = xq + x,/
c
<EI X1,X5 € Iﬁ\‘/‘) A <EI X1,Xy & H), indeterminacy [ such thatx = xq + x,/
Cc
<x € m A (x ¢ Nt )
C

/—'H —_——

16 Nt[ 1, therefore, HF[I1 © NE[I1 = Nt[I] © N[I].m
4. Suppose that x € (Hf[I] © N£[1])
o (x e HI) A (x ¢ Nf[11),i=1,2,3
© (Fxy,x, EH)A (3 x1,x5, & N), indeterminacy I such that x = x; + x5/

Cc
© (3 x,x, €EH)A <EI X1,Xp € ﬁ), indeterminacy I such thatx = x; + x,]

& (x e HEI) A (x € m)

& x€ (H [I1n NEHT ]), therefore, HF[I1 © Nf[I] = HF[I]n NI . m

5. Suppose that, x € (H{[1] © (H} [ [1])) forany, i = 1,2,3
& (x e H) A (x € (HE © NELT)
& (x e HII) A (x € HEI ] Vx € N ),
e (x e H{[I) A (x € Hl-t[I]Vx € Nf[l]),

c

@(erf[I]/\er )v(er [1] Ax € NE[1D),

& (Fy)V (x € H[I] Ax € N[I),
& (x € Hf[I] Ax € N[1]),
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e x € (HfIIN Nf[l]), therefore, Hf [I1 N Nf[I]1 = HE[11 © (HE[I1 © NE[I]). m
6. Presume that, x € ( ]Ju (N 1© HEI ])), for any, i = 1,2,3

& (x € HE[I) v (xe (N 10 H{ I ]))

& (x e HI[I) v (x Nf[I] A x € HE[I]),

e (xe€ H{[l])v(x ENIITAxXE il?m>

& (x e HE IV x eNit[I])/\<x € HE[I /\xE’HT.tm)

& (x € HE[I1vx € NE[I) A (Fy),

e (xeH[Ivx e N 1),

e x e (HI v ), hence HE[I1 U NEH[I] = Ju (NI © HE). m
7. Assume that x € (H @ (H-t [I]n Nit[l])), for any,i = 1,2,3

o (x € HiL1) A (x & (HE 0 L))

o (e HIN) A ((x € )V (x € N{ITT)),
& (x e HEIT) A <ert > (x & NFLID) )

c

@(erf[I]/\er >v(er NAax ¢ NH[ID),

© Fy Vv (x € HE[I Ax ¢ NE[TD),
& (x € HHIIAx & NETID),
& (x e HHIIA x ¢ NE[ID),
HE[Il © N[[I], hence
HI[N© NHI = HEI1 © (HEUT N NE(DD). m

The following theorem gives us the generalization of De-Morgan's theorem in classical set theory in
neutrosophic classical set theory.

Theorem 3.2 Let UF[I] be a neutrosophic universal set of type i, Hf[I], and Nf[I] € Uf[I]. Then:
Cc c Cc

(HE[ U NEID) = HE[TT N NETIT, and

c

ii). (HEUINNE) = HE[IU NETD .
c
Notation. It is appropriate to express of Hl-t [MN=16 Hl-t [1], for any i = 1,2,3, where

HE[I] € 1, because all neutrosophic sets belong to considered space with full or 100% degree
membership of 1.

c

Proof (1). Suppose that x € (HE[I] U Nf[I]) & x € (1 &) (H [11U NE[I ]))
o (xe 1 x e (HITUNI))

@(xel/\ (erit[I]/\erNi[l]))
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Cc

xEl/\(xEHf

[ITAx € Nf[l])

/—L ’—L
S x € Hit[l] NxEe€ Nit[l] , hence
c

Cc c

[1]) = Hf[I1n Nf[I].m
(2). By a similar method.

Definition 3.2 Let Hf [I ], Nf[I] be six neutrosophic sets of type i. Then the symmetric difference of
neutrosophic sets of type { defined by:

HE[I @ Nf[1] =
= {(3x,x, € H)®(I x4,x3) EN,

{x:x € HI[I]® x € NH[I],i = 1,2,3}
indeterminacy I such that x = x; + x,1}

The symbol @ means that, the exclusive ot, thatis x € H Lt [I[]orx € Nl-t [I] but not both. In other words,
HE[I1 © N IT = (HE U NE(ID) © (HE[TD 0 NE[D) or
— (HE111© NI U (T © 1)

Theorem 3.3 Let U [1] be a neutrosophic universal set of type i. Consider Hl-t 11, Nl-t [1], and

Mt[ ] c [ ]. Thenforanyl—123 we have
1. [Il@c)t[] H{ 1],
2. HIINOHI = ®[I],
3. [I]@N[I] NE[I @ H{,
4. (H 1 ® )@Mt Hf [11© (H{I] © Mf[1]), and
5. []@N[l] 0[] = H[1] = N/ [11.
Proof.
1. HEN @ of1 = (HE [N v ot1]) © (HE [ n ot1)
=Hf[]e<z>1[]
2. Ttis clear that by deﬁnmon Ht[l] @H [1] = [] ]
3. (Hf[I1 ®© NE[I = (HE[D U NED) © (HE[] nNE[D)
_(N qu[I])e(Nf an[I)
N1 @ H{[I].m

The parts (4) and (5) by the same method.
4 | Conclusion

In previous work, I Presented the concepts of neutrosophic sets including universal, empty, compliment, and
subsets, denoted as Hf[I'], where i equals to 1,2 or 3. I also explored neutrosophic operations and their
properties, such as neutrosophic unions and neutrosophic intersections. In this article, I shall delve into
additional materials and theorems related to these concepts and discuss neutrosophic and symmetric
differences, including their properties.
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