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Abstract

This article aims to present the neutrosophic functions on neutrosophic set theory, that similar to the classical
set theory, in this paper, we consider the neutrosophic function of three types, composition of neutrosophic

function, one-to-one and onto of neutrosophic function with their properties by theorems and examples.
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1 | Introduction

Language of mathematics will play a crucial role in explaining( or interpreting) the physical world around us,
it begins by describing the many in one by expressing (or interpreting) it by using the concept of set. Namely,
that abstract set that describes what it contains, without any relations or operations on it. This procedure
represents the first step in the methodology of mathematical thought when that set is born in the mind of
someone who uncovers it from the world of nothingness to the world of existence. After that, mathematicians
are interested in, how to construct relations and operations, and so they study new mathematical structures
similar to those known in old mathematical structures. The Science of Neutrosophy is a modern school of
mathematical systems treating a world reality that contains indeterminacy which is the opposite of
determinacy; when we encounter physical world problems that include some indeterminacy issues.
Indeterminacy can occur in various situations or phenomena related to ontology or epistemology. The
concept of indeterminacy, in Neutrosophy, according to Smarandeche" is everything that is in between the
opposites. (4) and (antA), written (antA) [14,18]. This paper aims to continue our study in neutrosophic
set theory in [4,6,7,8]. It also enhances our work in [3,5,10] with the same approach. In addition, it represents
a kind of contribution to the dissemination of neutrosophic knowledge with other works in [1,2,9], and in
the field of algebraic neutrosophic. We will refer to the sources of neutrosophic logic and neutrosophic set as
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generalizations of the Intuitionistic fuzzy set and fuzzy set in [13,15,16,17], and concerning the classical set
theory see [11,12,19].

2 | Neutrosophic Functions on Neutrosophic Sets of Three Types

In this section, we will begin our development of the axiomatic neutrosophic set theory that corresponds to
the axiomatic set theory. In the literature philosophy of mathematical axiomatic systems, it consists of a set of
undefined terms and axioms, axioms mean that a declarative sentence (or proposition) is assumed to be true.
We will postulate the basis of neutrosophic functions on a neutrosophic set of three types, and we investigate
their properties. This section includes neutrosophic functions on neutrosophic sets of three types with their
neutrosophic graph, neutrosophic restriction, extension, identity, and constant functions. In addition, the
concepts of one-to-one, onto, and composition functions are addressed with some theorems and examples.

Definition 1.2 Let X lt [I] and Yit [1] (i = 1,2,3) be two neutrosophic sets of three types generated by X and
Y. Assume that f{(I) =1, for any i = 1,2,3 and ff(xI) = f,(x) (D). Intuitively, we can define the
neutrosophic functions. fi : XH[I] v YE[I] of three types generated by a classical function f,: X — Y as
follows:

Lo fo () = feCe) + fur Ol = fe(xn) + feCe) fur (D),

2 f,f(x)={;:§((2),and
_ fe(x1)
. RW =0 + 200n

forallx € X lt [I] x1,x; € X, and an indeterminacy I. In other words, a correspondence from a neutrosophic
set XF[I] to a neutrosophic set Yf[I] is a quadruple ff = (Xit[l],Yit[I],fni(I),Fn[l]), where XF[I] is a
neutrosophic domain of i Y{f[I] is the neutrosophic co-domain of L D is a neutrosophic image of
indeterminacy I, and Ty [I] is a neutrosophic subset of Xf[I] X Y;*[I], and it's called the neutrosophic graph
of fL The neutrosophic set:
NeuDom(f}) = {x € X![I]:3y € Y [I] 3 fi(x) =y & (x,y) € T,[I]} € X}[1], is the

neutrosophic domain of ff, and the neutrosophic set:

NeuCod(f;}) = {y € V! [Il:3x € X}[I1 3 f{(x) =y & (x,¥) € T,[1]} € Y{[1], is the

The neutrosophic range (or neutrosophic co-domain) of fiL.

Example 1.2 Let X = {a,b} and Y = {1,2,3} be two classical sets, with a classical function f.: X +— Y such

that fo(a) = 1, and f;(b) = 2, the neutrosophic sets of three types which are generated by X, and Y are
a+al atbl 1+11,1+ 20,1+ 3], aal 1,11,
XEH[I] = {b R bl'}, YE[I] = {2 +1L2 + 21,2 + 31,}, XL[1] = {b' bl'}, YE[I] = {2,21,},
’ 3+ 13+ 2[,3+ 3I ’ 3,31
1,1+ 17,1+ 21,1+ 3],
}, and Y£[I]= {2, 2+ 11,2+ 21,2 + 31, } respectively. The neutrosophic
3,3+ 13 + 21,3 + 3I

a,a+ al,a+ bl,
X ={5 8 Lo
function f;1 of type-1 is given by:
fala+al) = fo(a) + fi(al) = fe(@) + fe(@)fa () =1+ 11,
fala+bD) = fo(@) + £ (bD) = fe(@) + fe(B) i (1) = 1 + 21,
FLb +al) = £.(b) + £1(al) = £.(b) + f(@fL(D) = 2 + 11, and
fit(b+ bI) = f.(b) + /() = f.(b) + f.(b)f;(I) = 2+ 2I. The neutrosophic graph of the

neutrosophic function f,& is shown in Figure 1.
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Figure 1. The graph [, [I] of f;.

Concerning the neutrosophic function f2 of type-2, we have
200 = (£
PO =1

Neutrosophic function f;Z are given by the following:
fi(@ = fe(@) = 1L f7(al) = fe(@)f (D) = 11, £ (b) = fe(b) = 2,and f7 (b]) = fe(D)f' (1) = 21.

The neutrosophic graph of the neutrosophic function f2 is shown in Figure 2.

, where f.(x) is a determinacy part and f;2(xI) is an indeterminacy part, the values of

X5[1] fi Y[l

¢ ed—he 1 |

al ¢ »>®1]

P N

bl o > o2/
° 3
31
[ )

Figure 2. The graph T, [I] of f;2.

. . . . fe(x1)
Finally, the neutrosophic function f,2 of type3 is given by: f,,(x) = {

In this case, we have,

fi(@)=f(@) = 1,fi(a+al) = fe(a) + fip (al) = fe(a) + fe(@fd (D =1+ 1,

fi (a+bI) = fo(a) + f7 (D) = fe(a) + fe(D)Z (1) =1+2I,

fi ) =fe(b) =2,£3(b+al) = fo(b) + fi (al) = fo(b) + fe(@)fi7 (1) =2+ 11, and

f2(b+bl) = f,(b) + £2(bD) = f.(b) + f,(D);Z(I) =2+ 2I, the neutrosophic graph of the

neutrosophic function f;3 can be represented by a similar previous method.

Definition 2.2 Let fi{: X![I] — Y [I] be the neutrosophic function of three types generated by a classical
function f.: X +—= Y and Af[l lcX lt [1]; the function fnl considered only on Af[l ] is called the neutrosophic
restriction of fi to A[I], written fnl|Af[I], iffni|Af[I] =fin (Af[l] X Y}t [I])

Definition 3.2 Consider Af [I1cXx lt [I] with g,il: Af [1] — Yit [1] is a given neutrosophic function, then
L XEHI ¥ Y [I] is called the neutrosophic extension function of three types of g& over XF[I], if
fiALI] = gi, for all x € AS[I].
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Definition 4.2 A neutrosophic function of three types, [ L X! ] — XE{1] is called a neutrosophic identity

function, if I}, (x) = x, forall x € X![I],x;,%, € X, and an indeterminacy I.

Definition 5.2 Let fi{: Xf[I] — Y} [I] be the neutrosophic function of three types generated by a classical
function f,: X v Y, then f;! is called a neutrosophic constant function, if there exists a neutrosophic element

Yo € YE[I] such that £;i(x) = y,, for all x € X}[I].

Theorem 1.2 Let f,: X +— Y be a one-to-one (injective) function, then f;1: Xf[I] — Y{[I] be a one-to-one
neutrosophic function.
Proof. Suppose that f.: X — Y is a one-to-one function, andconsider x,y € Xf[I] such that
fa () = fr ).
= fo(x) + fi Ge2D) = fe (1) + fid (721)
= fe(x) + fe O fd (D) = fe ) + fe ) fa (1)
= fe(x) + fe Ol = fe(1) + £ ()]
= (fc(xl) = fc(yl)) A (fc(xz) = fc(}’Z)), because f is a one-to-one.
= (xy =y A2 =2)
= (x1 + x21) = (y1 +y.1)

= x = y. Hence f;} is a one-to-one neutrosophic function.

Theorem 2.2 Let fz: X v Y be a one-to-one function, then f;3: X£[I] +— Y{£[I] be a one-to-one
neutrosophic function.
Proof. In a similar manner to theorem 1.2.

Theorem 3.2 Let f.: X — Y be a one-to-one function, then f;2: X5[I] — Y£[I] be a one-to-one
neutrosophic function.
Proof. Considerf,: X + Y is a one-to-one function. Suppose that x,y € X3[I] such that
fi () = fi' (). Since,
fiC) = fi )
{ fe(x1) = fe(y1), determency part
fiCal) = fif nD) & feCe)fit (D = fe )i (D, indetermency part
X1 = Y1, determency part
{xll = y;1,indetermency part
x = y,determency part
{xl = yl, indetermency part

Hence f;2 is a one-to-one neutrosophic function.

Theorem 4.2 Letf,: X — Y be an onto (surjective) function, then fit: X{[I] — Y{[I] be an onto
neutrosophic function.

Proof. Suppose that f.:X+Y is a onto function, and consider y € Y{[I] = 3y,;,y, €Y, and
indeterminacy I such that y =y; +y,] = 3xy,x, € X, and indeterminacy 1 such that f.(x;) =
Y1, fe(x2) = ya, and fii (I) = I. Therefore, fo'(x) = fo(xy) + fl (eal) = feCer) + feCe) fr (1) = y1 +

y,I = y. Hence Hence f;} is an onto neutrosophic function.

Theorem 5.2 Let f,:X — Y be an onto (surjective) function, then f,2:X5[I]+> Y£[I] be an onto
neutrosophic function.
Proof. By the similar argument of theorem 4.2.
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Theorem 6.2 Let f,: X — Y be an onto (surjective) function, then f;2: X5 [I] +— Y#[I] be an onto
neutrosophic function.

Proof. Assume that f,: X > Y is a onto function. Let y € Y{f[I] = 3 y; €Y, and indeterminacy I such

that y = {yl,det — part

ol ind — part = 3x, € X and indeterminacy I such that f.(x;) = y; or
fe(x1) = y1, determency part

fi Gal) = fe e ff (D =31l = fo(x) = {fnz (x,D) = f.(x))f2() = y,1, indetermency part

y,determency part

2 . . .
. = is an onto neutrosophic function.
yl, indetermency part fa p

= 200 = {
Theorem 7.2 Let f.: X +— Y be a bijective (injective & sutjective) function, then fif: XF[I] — Y [I],i =
1,2,3 is a neutrosophic bijective function.

Proof. By theorems 1.2 into 6.2.

Theorem 8.2 Let I3, : X — X be a bijective(injective+sutjective) identity function, then
13,,: XE[I] ¥ Y{[I] is a bijective neutrosophic identity function.
Proof. Let I5.: X — X be a bijective identity function. Assume that x,y € Xf[I] such that
Iin(®) = Ign () © Iac(x1) + Ign (x21) = Ige(y1) + Ign (v21)
& TgeCe) + Lo ln(D = Tacn) + Loy (D)
S X1 +x0 =y +y,1.
= x = y. Hence i§, is a one-to-one neutrosophic identity function. In addition, suppose that y € Xt[I] =
3 y,Y, € X, and indeterminacy 1 such that y = y; + x,I = 3Ixq,x, € X, and indeterminacy I such that
Lic(x1) = y1,13.(x3) = vy, and 13, (I) = I. Therefore, X; = Y1, %, = y,, and I = I Hence,
13,(0) = Igc () + Lac ()15, (D) = y1 + y,1 = y. Hence, 1}, is an onto neutrosophic identity function,

and consequently, I3, is a bijective neutrosophic identity function.

Theorem 9.2 Let t3.: X — X be a bijective(injective+surjective) identity function, then
I3,,: X3[I] — X&[1] is a bijective neutrosophic identity function.

Proof. The same argument is in theorem 8.2.

Theorem 10.2 Let t3.: X > X be a bijective(injective+surjective) identity function, then

Iﬁn: X, — Xi[1]is a bijective neutrosophic identity function.

Proof. Consider tg.: X — X is a one-to-one function. Suppose that x,y € X5[I] such that
lgn(x) = I3y (). Since,

lac(x1) = lac(y1), det — part

13,01 D) = 13,1 D) © Lac(x)13n (D) = Lac (1)1, (1), ind — part
X, = yp,det — part

(x1] = y11, ind — part

x =y, det —part

(xI = yl,ind — part

Ign(x) = 13, (y) =

=

=

Hence I3, is a one-to-one neutrosophic identity function, and I3, is obvious is an onto identity function,

hence I3, is a bijective neutrosophic identity function.

Definition 6.2 Let f}, g,il: X lt [1] — Yl-t [1],i = 1,2,3 be two neutrosophic functions, where
frrge: X Y be two classical functions, then fif are neutrosophic equal to g , written ff = gi, iff
f(x) = gh(x), forallx € XF[I] And,i = 1,2,3.
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Definition 7.2 Let fi': XF[I] v+ YE[I] and g&: Y [I] — ZE[I],i = 1,2,3 be two neutrosophic functions,
where fo:X v Y and g.: X > Y are two classical functions, the composite of fFand gl is defined by:

(g5 ° @) = gh (£()), for all x € X{[[and i = 1,2,3.

Example 3.2 Let R be a set of classical real numbers and RE[I] be a set of neutrosophic real numbers of three
types. Consider two classical functions f;, ge: R — R such that f,(x) = x? and g.(x) =x+ 1,Vx € R.
We can generate two neutrosophic functions f;l , g&: RE[I] +— RE[I] induced from f; and g, , respectively.
Suppose that x € RE[I], the neutrosophic composite is given by:
(gh e @) = gh(fiH @)

= gn(fe(er) + fe(x2))

= gn(® + %)

= gc(xlz) + gc(xzz)l

= (x12 + 1) + (%22 + 1), for instance, the neutrosophic image of the neutrosophic element
(gt o ,H(2 +31) =5+ 101. While,
(fit 2 gn)(®) = fi (gn(x))

= fn (gc(x1) + g:(x2)D)

= fnl((x1 + 1)+ (x, + 1)1)

= fc((x1 + 1)) + fe(xp + DI

= (1 + D%+ (x2 + DA

= (x12 + 2x; + 1) + (x3%2 + 2x, + DI So the neutrosophic image of neutrosophic
element, (f;f © g2)(2+30) = (4+22+ 1)+ (9 + 2.3+ 1)] =9 + 16]. We see that the composition
of the neutrosophic function is not commutative. i.c. (ga o f;1)(x) # (f;f © g5) ().

3 |Properties of Neutrosophic Functions on Neutrosophic Sets of
Three Types

This section includes the properties of neutrosophic functions on some neutrosophic subsets of the
neutrosophic domain with the operatot's union, intersection, difference, and on generalization of union and

intersection.

Definition 1.3 Let f1: X lt [1] — Yit [1] Be the neutrosophic function of three types generated from a classical
function. f.: X = Y and classical sets X and Y respectively.

LetC l-t [I] Be a neutrosophic subset of X lt [I] Generated by C € X. Define a neutrosophic direct image of it [1]
under f;} | written fni(Cit[I]), as follows: fni(Cit[I]) = {y € Y[I:3x € CHI] 3 fii(x) = y}.

Theorem 1.3 Let f,{ X lt [I] — Yit [I] Be the neutrosophic function of three types generated from a classical
function. f,: X — Y and classical sets X and Y respectively, and Let Cf[I] € XF[I] and
B{[1] < X{[11, if CE[1] = BY[1, then f{(C{[1]) = fi(B{111).

Proof. Suppose that Cf[I] = Bf[I], and let y € f;} (Cit [I]), then there exists a neutrosophic element x €
C!I] such that ££(x) = y, for any i = 1,2,3. Since C[I] = Bf[I], implies that x € Bf[I], hence

fix) € fii (Blt [1]), therefore y € ff (Blt [I]), and consequently,f,f(Cit [I]) c fi (Blt [1]) By a similar method,
we can prove the second part. fif(Bf[I]) € f££(CE[I]), to get the conclusion,

fi(cti ]) = (BT ]) The converse of the theorem is not true, by the following example.
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Example 1.3 Let f;1: ZE[I] — R[I] be a neutrosophic function of type—l from the neutrosophic set of

integers to the neutrosophic set of real numbers defined by fn (x) = x1% + x,2I . Consider

221 —2+43] 24212 - 4+ 41,4+ 91,
t _ ) ) t — ) —_—
ciin ={ 3-21,3+3I }’andBl[’]—{—3+21, 3 31}7%(61[]) {9+41 9+91}alnd

FABEID = {5 575 1 o b we say that (£2(BETID) = £E(CEUD), bue G # B,

Theorem 2.3 Let fi: XE[I] — Y [I] be a neutrosophic function of three types generated from a classical
function f,: X v Y, and classical sets X and Y respectively, and Let Cf[I] € XF[I] and
BE[I] € XE[1], then:

L fa(cfn v BHN) = fi(ciN) v (B ),

2. fi(CiInBiIN) < fi(CHUT) N £a(BE 1), and

3. fi(Ct) - fi(BfI) < fi(cE ] - BEN):

Proof. (1). Lety € fil(CE[IT v BE[1]).

Since y € fii(CEIT v BE[).

= 3x € (CIHINUBHI) 3 fi(x) =y

= 3x e C[I]vax eBIHI 3 fi(x) =y

= (3x € C}[113 fi(x) =y) v(3x € BE[I] 3 fii(x) = y)
= (fi(x) € fi(CUD) v (fi(x) € £i(Bf D)

= (v € fi(CIID) v (v € H(BIID)

= (v € (fi(CIIID v £ (BELIT)
= f(CE U BEIIT) < FE(CETT) U £(BELIT) (1). By similar way, lery € (£E(CETIT) U £(BELN)),
=y e i)V y € f(BH)

= (3x e I3 fi(x) =y)v(3z € B (1] 2 £{(2) = y)
= (3x € (CFHITUBLIT) 3 fii(x) =y) v (3z € (CEIITV BEIT) 3 fi(2) = y)
= (y € fi(ctn v B{N))

= fa(C{TVBEI) € fi(CEN U BET) ),

= fa(Ci UV B{]) = fi(C{ 1) U £ (B LH]).

@) Let y € fi(C{ 11 n Bf[1])

= 3Ix € (C/IIINB[I]) 3 fi(x) =y

= 3Ix € CI[IIA3x € B[] 2 fi(x) =y

= (Elx € Cl-t[l] E) fn‘(x) = y) A (Elx € Bl-t[l] e} fn‘(x) = y)
= (fi(x) € fi(CIID) A (fi(x) € H(BIID)

= (v € i (C{UD) A (y € £ (BF D)

= (y € (F(CEUD N £L(B )

= fi(Cil] n BE[ID) € fi(CE) n £ (BELD).

). Lety € (£i(CEN) — £i(BE)),

=y € fi(CI) Ay € fi(Bf[1])

vy € f(C) = (3x € Cfl1] 3 f{(x) = y)

vy & fi(BII) = fi(x) € fi(Bi[1]) = x & B{[I]

= 3Ix € CH[I1AIx € BE[I]1 3 fi(x) =y

= (3x € (Cf[I1 - Bf[1]) 3 fii(x) =)
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= (fa () € fa(cin) - (B{1N)
= (v € f(cfIn) — (B 1)
= (f,f(Cit [11) — fi(BEI ])) c fH(CEHIT) — (BE[I]. The following examples illustrate that the equality in

part 2 of the previous theorem does not hold.

Example 2.3 Let f;1: XE[I] — Y{[I] be a constant neutrosophic function of type-1, where

24212471
t — ) ) t — t —
X1 = {7 2747 1}, and Y{[I] = {4 + 41}, take CE[I] = {2 + 21,2 + 71,7 + 21}, and

BT = (7471, CHII 0B = 9411),. we bav £2(CEI] 0 BELIT) = FA@S1T]) = @411,
FLCHID = fA({2 + 21,2 + 71,7 + 21}) = 4 + 41, and

FLBAHIN = LA 7+ 713) = 4 + 41, s0 FE(CHID N f,X(BLE[I]) = 4 + 41, we sce that

fa (CIUD 0 £/ (BIUD € fi (CL1T] 0 BIID).

Example 3.3 Let f,1: R [I] — RY[I] be a neutrosophic function from the neutrosophic set of real numbers
to itself such that fix(x) = fo(x1) + fil(xx1) = fo(x1) + fo(x) A1), where f.(x) = x2. Let CE[I] =
{a+bl:a,b € C=[-2,0]} and Bi[I] = {c+dl:c,d € B =[0,2]}be two neutrosophic sets of type-1
generated by C and B, then the intersection of Cf[I]1 N Bf[I] = 0 + 01, and

F(CEII N BE[ID) = £ (0 + 0I) = 04 01, while fi (C{[I]) = i ([—2,—2I]) = 4 + 4I, and

fa BIUD = f7([2,21]) = 4 + 41, hence fif (CIID) N i (BI[I]) = 4 + 41 #

f(CEHII N BE[I]) = 0+ 01

Theorem 3.2. Let f: Xl-t [1] — Yit [I] be a neutrosophic function of three types generated from a classical
one-to-one function fy: X + Y, and classical sets X and Y respectively, Cl-t [[cX f [I] and

BH[I] c X}[I], then:

fni(Cl-t [I]n Bf [I]) = frf(Cit [I]) n fnl(Bf [I]), if and only if £i{: XF[I] +— Y [I] is a one-to-one neutrosophic
function.

Proof. Suppose that f;i: Xf[I1 — Y{[I] is a one-to-one neutrosophic function, Cf[I] c XF[I] and

Bf[I] c XE[I]. Lety € fE(CEIT n BE[I)

e 3x € (CIUINBHI) 3 fii(x) =y

e 3x e (CHINBHI) 3 fix) =y

o (3x € €111 3 £i(0) = y) A (3x € BHI 3 G0 = ¥)

o (yeficiim) a(y e fi(BL))

& y € (FH(CEU) 0 £i(BE)). Hence £E(CEIT 0 BE) = £E(CE) 0 £(BE). Conversely,
Suppose that £, (CF[I]1 n BF[11) = £(CET) n fE(BE[11), where CE[1] < X£[I] and Bf[I] < X{[1].

To show that fl: XF[I] = Y{[I] is a one-to-one neutrosophic function, consider x,z € X} [I], x # z such
that f;l(x) = f{(z) = y. Consider C}[I] = {x}, and B{[I] = {2z} Are two neutrosophic of type-1, we have
FH(CE) = Fi0) = y and £(BEN) = £1G2) = y. S0, £(CEUT) 0 £L(BETT) = , but

CHIN n BE[I] = 9¢[1], and fni(Cl-t[I] n Blt[l]) = fnl((Df[I]) = @L[I]. Therefore, £ is a one-to-one

neutrosophic function.

Theorem 4.2. Let fnl Xit [1] — Yit [I] be a neutrosophic function of three types generated from a classical
function f,:X + Y and classical sets X and Y respectively, and TLet Hf[I]:a € § € Z* be a family of

a
neutrosophic subsets of X} [I], then:
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1L fi <uaHf[1]> = Ug fil (H_@) and

2. fi <ﬂa Hf[1]> C N fit (Hit[l])-
Proof. (1).Suppose that y € Ug fit (Hf [1]) ©3Jaeidyefl (H{ [1])
o3xeHN3 i) =y,
© 3x € U H{I 3 fi(x) =,
oy =fi e (UaHf[I])
(2). Suppose that y € f;} (naHf[1]> = 3Ix € NLHII]2 fii(x) =y
= 3x € HI[I] 3 fi(x) = y,Va € i
=y=f@ES (Hf[l]),\m €l
Y= F@ € N (Hf[l])
— (naHfm) c Mo <Hfm>.
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