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1. Introduction

Zadeh [36] uncovered the concept of a fuzzy set in 1965, and Atanassov [1] introduced the
intuitionistic fuzzy set, a generalized version of a fuzzy set, in 1986. After a decade, Florentin
Smarandache [26-28] developed and studied a new branch of philosophy called “Neutrosophy".
Smarandache [28] demonstrated that a neutrosophic set is a generalization of an intuitionistic fuzzy
set. Just like an intuitionistic fuzzy set, a neutrosophic set assigns degrees of membership and non-
membership to its elements. However, it incorporates an additional measure called the degree of
indeterminacy to determine the level of membership. In a neutrosophic set, all three neutrosophic
components are independent of one another, which is an important characteristic of the neutrosophic
set.

After Smarandache had brought the thought of neutrosophy, it was studied and taken ahead by
many researchers [6, 30, 34, 35]. Due to its flexibility and effectiveness, neutrosophy is attracting
researchers from various fields around the world, and it has proven to be useful not only in the
development of science and technology but also in other areas. For example, Abdel-Basset et al. [3, 4]
studied the applications of neutrosophic theory in several scientific fields, while Pramanik and Roy
[23] analyzed the conflict between India and Pakistan over Jammu-Kashmir using neutrosophic game
theory. Furthermore, researchers have applied neutrosophic theory to medical diagnosis [5, 15],
decision-making problems [13, 22], image processing [16], and many other fields.

In 2002, Smarandache [27] introduced the concept of neutrosophic topology on the non-standard
interval, and Lupiafiez [18-20] subsequently investigated many properties of neutrosophic
topological spaces. In 2012, Salama & Alblowi[29] revealed the idea of neutrosophic topological space
as an extension of intuitionistic fuzzy topological space developed by D.Coker [10] in 1997. Salama et
al.[32] later introduced the concept of neutrosophic continuous functions. In 2016, Karatas and
Kuru[17] redefined single-valued neutrosophic set operations and examined important properties
associated with neutrosophic topological spaces. Subsequently, various notions related to
neutrosophic topological spaces were developed by numerous researchers [2, 11, 12, 14, 24, 25, 30, 31,
33]. For instance, Al-Nafee et al. [8] utilized neutrosophic crisp points to construct separation axioms
in neutrosophic crisp topological spaces and examined the relationships between them. In 2020, Ahu

Sudeep Dey and Gautam Chandra Ray, Separation Axioms in Neutrosophic Topological Spaces


https://orcid.org/0000-0002-7427-9839
https://orcid.org/0000-0001-7482-0595

Neutrosophic Systems with Applications, Vol. 2, 2023 39
An International Journal on Informatics, Decision Science, Intelligent Systems Applications

and Ferhat [7] introduced the concept of neutrosophic pre-separation axioms in neutrosophic soft
topological spaces and explored the connections among these separation axioms. Additionally, A.
Mehmood et al. [21] developed and studied the neutrosophic soft p-separation axioms in
neutrosophic soft topological spaces, while V. Amarendra Babu and ]. Aswini [9] investigated
separation axioms in supra neutrosophic crisp topological spaces in 2021.

The primary objective of this article is to define and explore the separation axioms in
neutrosophic topological spaces. Prior to that, we shall first investigate some properties of single-
valued neutrosophic sets. Additionally, we shall define the subspace topology (relative topology) in
a neutrosophic topological space and examine a few properties.

The article is organized by conferring some basic notions in section 2. In section 3, we establish
some results in connection with single-valued neutrosophic sets. We then define neutrosophic
subspace with example and investigate some properties. In section 4, we define neutrosophic
Ty, Ty, To-spaces and study various properties. In section 5, we confer a conclusion.

2. Preliminaries
2.1. Definition: [26] Let X be the universe of discourse. A neutrosophic set A over X is defined as

A= {(x,T3(x),94(x), Fs(x)): x € X}, where the functions 7,7, F, are real standard or non-standard
subsets of 170,1%[,i.e,, T;: X = 170,17, 7,: X » 170,17, Fi: X » 170,11 [ and -0 < T,(x) + J,(x) +
Fa(x) < 3%

The neutrosophic set A is characterized by the truth-membership function 7, indeterminacy-

membership function 74, falsehood-membership function F,.

2.2. Definition: [35] Let X be the universe of discourse. A single-valued neutrosophic set A over X
is defined as A = {{x, T, (x), 4 (x), Fa(x)): x € X}, where T},7,4, F, are functions from X to [0,1] and
0<Ty(x) +T4(x) + Fu(x) < 3.

The set of all single-valued neutrosophic sets over X is denoted by N (X).

Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set.

2.3. Definition: [17] Let A,B € N(X). Then
(i) nclusion): If T,(x) < Tp(x),I4(x) = Tg(x), Fa(x) = Fp(x) for all x € X then A is said to be a

neutrosophic subset of B and which is denoted by A € B.

(ii) (Equality): If AS B and B € A then A =B.

(iii) (Intersection): The intersection of A and B, denoted by ANB, is defined as ANB =
{06, Ty () A Tp (%), Ja(x) V T (x), Fa(x) V Fp(x)): x € X}.

(iv) (Union): The union of A and B, denoted by AUB, is defined as AU B = {{(x,T;(x) V
T (%), 7a(x) A Jp(x), Fa(x) A Fp(x)): x € X}.

(v) (Complement): The complement of the NS 4, denoted by A€, is defined as A° = {{x, F4(x),1 —
T4 (), Ty(x)): x € X}.

(vi) (Universal Set): If T;(x) =1,74(x) =0,F4(x) =0 for all x €X then A is said to be
neutrosophic universal set and which is denoted by X.

(vii) (Empty Set): If T,(x) = 0,74(x) = 1,F,(x) =1 forall x € X then A is said to be neutrosophic

empty set and which is denoted by @.
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2.4. Definition: [29] Let {A;:i €A} € N (X), where A is an index set. Then
(1) Viea Ai = {(x, Viea Tn; (X)) Niea Ta; (%), Niea Fay(x)):x € X}
() Niea Ai = {(x, Aiea Tn; (X)) Viea In; (%), Viea Fay(x)):x € X}

2.5. Definition:[17] Let © € NV (X). Then t is called a neutrosophic topology on X if
(i) @ and X belong to 7.

(if) Arbitrary union of neutrosophic setsin 7 isin .

(iii) Intersection of any two neutrosophic sets in 7 isin .

If 7 is a neutrosophic topology on X then the pair (X, ) is called a neutrosophic topological
space (NTS, for short) over X. The members of t are called neutrosophic 7-open sets (neutrosophic
open sets or open sets, for short) in X. If for an NS A, A° € t then A is said to be a neutrosophic -
closed set (neutrosophic closed set or closed set, for short) in X.

2.6. Definition: [24] Let N(X) be the set of all neutrosophic sets over X. An NS P =
{(x, Tp(x), Ip(x), Fp(x)): x € X} is called a neutrosophic point (NP, for short) iff for any element y €
X, () =a,9p(y) =B, Fp(y) =y for y=xandTp(y) =0,7p(y) = 1,Fp(y) =1 for y #x, where
0<a<10<p<10=<y<1. A neutrosophic point P = {{x,Tp(x),Ip(x), Fp(x)):x € X} will be
denoted by x, .. For the NP x,z,, x will be called its support. The complement of the NP x,z,
will be denoted by (x4,5,)°. AnNS P = {{(x, Tp(x), Jp(x), Fp(x)): x € X} is called a neutrosophic crisp
point (NCP, for short) iff for any element y € X, Tp(y) = 1,7,(y) = 0,Fp(y) =0 for y =x and
) =0,9p(y) = L,Fp(y) =1 for y # x.

2.7. Definition: [32] Let X and Y be two non-empty sets and f:X — Y be a function. Also let A €
N(X) and B € N (Y). Then
(i) Imageof A under f isdefined by f(4) ={(y,f(TDO).fUDIO), A~ fA-F))»):y €Y},

where £(T(y) = {sup{:a(x):xef-l(y)} if ) #0

0 if f7fo)=9
_ (inf{Iy(x):x € fTTOY if ) # 0
fE0) _{1 if fon=¢
(A= F - F0)0) = {ilnf{TA(x):x EfTO} i; ;:lg; i g
(i) Pre-image of B under f is defined by f~(B) = {{x, f " (Tz) (x), f *(Tg) (x), f 1 (Fp)(x)): x €

X}

2.8. Theorem: [32] Let f:X - Y be a function. Also let 4,4; € N'(X),i €I and B,B; € N'(Y),j €].
Then the following hold.

A, €A, e f(A) S f(A), BLS B, f~1(B)) € f1(By).

(i) A € f71(f(4A)) andif f isinjective then A = f~1(f(4)).

(iii) f~1(f(B)) € B and if f is surjective then f~'(f(B)) = B.

(iv) F(UB;) =U fA(B) and f~1(n B) =N ().

(v) F(UA)) =U f(A), f(NA) SN f(A;) and if f isinjective then f(N A;) =N f(A4)).

(vi) f71(By) = 8%, f7H(V) = X.

(vil) f(@y) = By, f(X) =7 if f is surjective.
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2.9. Definition: [33] Let f be a function from an NTS (X,7) to another NTS (Y, 0). Then

(i) f is called a neutrosophic continuous function if f~*(G) € t forall G € o then

(ii) f is called a neutrosophic open function if f(G) € o forall G € 7.

(iii) f is called a neutrosophic closed function if f(G) is a neutrosophic closed setin Y for every
neutrosophic closed set G in X.

(iv) f is called a neutrosophic homeomorphism if the following three conditions hold:
a. f isa bijective function.
b. f is aneutrosophic continuous function.

c. f7! is aneutrosophic continuous function.

2.10. Definition:[24] Let (X,t) be a neutrosophic topological space. An NS A € N'(X) is called a
neutrosophic neighbourhood or simply neighbourhood (nhbd for short) of an NP x,, iff there
exists an NS B € 7 such that x,5, € B € A.

2.11. Definition: [14] Let (X,7) be a neutrosophic topological space. A subcollection B of 7 is called
a base for t iff for each A € 7, there exists a subcollection {4;:i € A} € B such that A =U {4;:i €A},
where A is an index set.

2.12. Definition:[14] Let (X,t) be a neutrosophic topological space and A € V' (X). A collection C =
{G,: 1 €A} of neutrosophic open sets of X is called a neutrosophic open cover (NOC, in short) of A
if A CUjc, G;. We thensay C covers A. In particular, C is said to be a NOC of X iff X =Ujc, G;.

Let C be a NOC of the NS A and C' € C. Then (' is called a neutrosophic open subcover
(NOSC, in short) of C if C' covers A.

2.13. Definition:[14] An NS A inan NTS (X, ) is said to be neutrosophic compact set iff every NOC
of A has a finite NOSC. In particular, the space X is said to be neutrosophic compact space iff every
NOC of X has a finite NOSC.

3. Neutrosophic Subspaces

In this section we try to establish some results related to single-valued neutrosophic sets. After
that, we define neutrosophic subspace with example and then investigate some properties.
3.1. Definition: Let X,Y be two crisp sets such that Y # @ and Y € X. We define Y ={(xapBy):xE€E
X}, where a =1,=0,y=01if x€Y and a =0, =1,y =1 if x € X\Y. The set of all single-
valued neutrosophic sets over Y will be denoted by NV (Y).
3.2. Definition: Let X,Y be two crisp sets such that ¥ # @ and Y € X. Then for an NS A € V' (X), we
define Aly = {(x, Ty, (), Ta), (), Far, (0)): ¥ € X}, where Ty, (1) = Tu(x), T, (¥) = L), Fapy () =
Fa(x) if x €Y and T, (x) =0, Ty, (x) = 1, Fyp (x) =1 if x € X\Y.

3.3. Remark: From the definitions 3.1 and 3.2, it is clear that
1. Aly e N(Y) forevery A € N(X).

2. Every NS A over Y can be considered as an NS over X by taking 7(x) = 0,7,(x) =
1,F4(x) =1 forall x € X\Y.
3. X|y=Y and 0|y, = @.
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3.4. Proposition: Let X,Y,Z be three sets such that 9 # Z S Y € X. Let A€ N(X) and {A;:1 €A} S
N (X), where A is an index set. Then

(1) (Uzea ADly = Uzea (Aaly).

(i) (Naea ADly = Naea (Aaly).
(iii) A%y = (Aly)".
(

iv) (Aly)lz = Alz.

Proofs:
@) (Urea Ay = {0 Tt e anly 0 Tusenanty @) Fuzepanty X)) x € X}
= {(x, T(UAEAAA)IY(x)'j(UAEAAz)Iy(x)'T(UAEAAA)IY(x»:x €YU
{x, T(UAEAAA)IY(x)'j(UAEAAz)IY(x)'T(UAEAAA)IY(x)):x € X\V}
= {00 T3ep a2 0 Tupe, 8, (), Fuppa, (X)): X €YU
{(x,0,1,1):x € X\Y}
= {(x,Vaea Ta, (0 Area Ja, (), Maen Fay (X)):x €Y}
= {(x,Vaea Taz1y (O Mea Jaz1y () Asen Faypy (X)) x €Y}
= Unea [{€%, Ty, (XD, Ta50y (X), Fappy (0)): x € YIU {(x,0,1,1): x € X\Y}]
= Uzea (42ly)

(ii) (Naea ANy = {6 Tinzc a0ty O Tz aply ) Fiazeaapiy () x € X3
= {0 Tnneatnly O Jezenanty ) Fnze,apty )i x €YU
{(x, T(”AEAAA)IY(X)'j(f"AEAAA)IY(x)'?(ﬂAEAAA)Iy(x)): x € X\Y}
= {0 Tn3e0a0 (0, I, (6D Frpa, (0)):x €YU
{(x,0,1,1): x € X\Y}
= {(x.Area g:‘ll(x)lVAEA 7A,1(x)'v/16A TAA(x»: x €Y}
= {(XArea Taz1y O Vaea Jay1y () Vaea Faypy (X)) x €Y}
= Naea [{€% Ty 1y (XD, Taz)y (), Faypy (0)): X € YU {(x,0,1,1): x € X\Y}]
= Naea (Aaly)

(i) A%y = {(x, Taepy, (%), Tacpy, (%), Facp, (x)): x € X}
= {(x, Tye (%), Tpc (%), Fye(x)): x € YIU {(x,0,1,1): x € X\Y}
= {{, Tpe (%), Tge(x), Fac(x)): x €Y}
= {0, Ta(x), Ja(x), Fa(x)): x €Y}
= {(t, a1y (), Tajy (%), Fap, (X)) x € YJ©
= ({(x, Ty (), Ta), (%), Fapp (0)):x € YU {{x,0,1,1): x € Y})©
= {{(%, Tea1p)e (%), Ty (1), Fappye (x)): x € X}
= (Aly)*

(iv) Al |z = {06 Ta) (O Ty (), Fapyy () x € X3
= {{x, Ty (%), Tay (%), Fapy ()):x € Z3 U {{x,0,1,1): x € Z}
= {00, T4 (%), I4(x), Fy(x)):x €Y NZ}U {{x,0,1,1):x ¢ Y N Z}
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={(x,T3(x), T4 (x), Fy(x)):x € Z}U {{x,0,1,1): x & Z}

= {(x, Ty, (%), T4, (), Fay,(x)): x € Z} U {{x,0,1,1): x & Z}
= {00 Ta17 (%), Tay, (), Fa, (0)): x € X}

= Al

3.5. Proposition: Let Y,Z be two non-empty subsets of X and let A € V(X). Then A|ynz) = (Aly) N
(Al2).
Proof:
Alynzy = {0 Thjynz) B Tagynz ) Fajynzy (X)) x € X}
= {0, T3 (%), I4(x), Fa(x)):x €Y NZ}U {{x,0,1,1):x ¢ Y N Z}
= {(x, Ta(x), Ta(x), Fa(x)):x €Y N Z}
= {6, T4 (%), T4 (x), Fa(x)): x € Y} 0 {{x, Ty (%), Ta (), Fa(x)): x € Z}
= [{4x, Tag, (), Ta1, (1), Fay (0): x € Y3 U {(,0,1,1):x € Y} N
[0 T, (0, T (0, Fag, (0)): X € Z3 U (6, 0,1, 1):x € Z)]
= {06, Tapy (), Tapy (), Fapy (0)): x € X} N {{x, Ty, (%), T (X), Fap, (X)): x € X}
= (Aly) N (4]2)

3.6. Proposition: Let (X,t) be an NTS. Let @ # Y € X and t|y = {G|y: G € t}. Then (¥,7|y) is an
NTS.
Proof:
1. X,0et=>Xy.0lye€tly.As ¥ =X|y and @ = 8|y, so ¥, 0 € 1|,.
2. Let {G;:i €A} S 7|y Then for each i €A, G; = G{|y forsome G; € . Now Ui, G; =
Uiea (Gily) == (Uiea Gy € Tly [“Uies Gi € T and by 3.4(i)].
3. Let G,H €t|y. Then G =G'|y and H = H'|y forsome G',H € . Now GNH = (G'|y) N
(H'ly) = (' nH)|y €Etl|y [* G' N H' € T and by 3.4(ii)]
Hence (Y, 7|y) is an NTS.

3.7. Definition: Let (X,7) bean NTS.Let @ # Y € X and t|y = {G|y: G € 7}. Then (Y, 7|y) [by 3.6]is
an NTS. The topology 7|y is called the neutrosophic relative topology of T on Y or the neutrosophic
subspace topology of Y and the NTS (Y, tl|y) is called a neutrosophic subspace (or a subspace, for
short) of the NTS (X, 7).

Members of t|y are called t|y-open sets in Y. An NS A € V' (Y) such that A € 7|y is called a 7]y-
closed setin Y.

(Y, ly) is called a neutrosophic open subspace or neutrosophic closed subspace of (X,7) according

as Yertor¥Vere.

3.8.  Example: Let X ={a, b} and T={0,X,AB,ANB,AUB} ,  where A=
{{(a, 0.5,0.4,0.2), (b, 0.6,0.3,0.5)} and B = {{a, 0.3,0.4,0.6), (b, 0.4,0.7,0.3)}. Clearly (X,7) is an NTS. Let
Y={a} . Then X|,={(a100),(011}=Y , @y={a011)(h011)}=0 , Aly=
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{(a,0.5,0.4,0.2),(b,0,1L,1)} , By = {{a,0.3,0.4,0.6),(b,0,1,1)}, (AN B)|, = {{a,0.3,0.4,0.6),(b,0,1,1)} ,
(AU B)|y = {(a,0.5,0.4,0.2), (b, 0,1,1)}.
Clearly t|y, = {8,7,4ly,Bly, (AN B)|y, (AU B)|y} is a neutrosophic subspace topology of Y, i.e.,

(Y, tly) is a neutrosophic subspace of (X, ).

3.9. Proposition: Let (Y,0) be a subspace of an NTS (X,7) and (Z,u) be a subspace of (¥,0). Then
(Z, 1) is a subspace of (X, 1).

Proof: Since ZSYc X, so Z< X. We need to show that 7|, =pu. Let G € u. Since (Z,u) is a
subspace of (Y,0), so there exists H € ¢ such that G = H|;. Again since (Y,0) is a subspace of
(X,7), so there exists K € t such that H = K|y,. Then G = H|; = (K|y)|z = K|z [by 3.4(iv)]. Since
K|; € t|z, so G € T|;. Therefore u € 7|;. Next suppose that U € t|;. Then there exists V € 7 such
that U =V|,. Since (Y,0) is a subspace of (X,7), so V|y € 0. Again since (Z,u) is a subspace of
(Y,0),s0 (V|y)|; Eu=V|; € u=> U € pu. Therefore 7|, € u. Hence 7|, = p, i.e.,, (Z, 1) is a subspace
of (X,7).

3.10. Proposition: Let Y and Z be two subspaces of an NTS (X,7).If Y € Z then Y is a subspace of
Z.

Proof: Let (Y,0) and (Z,u) be the subspaces of the NTS (X,7). Then 7|y = ¢ and t|; = u. Now
uly ={Aly:A€eut ={(Blz)|ly:B€t and B|;,=A€ u}={B|ly:B €1} =1|y =0. Since uly =0, s0 Y

is a subspace of Z.

3.11. Proposition: Let (Y,7|y) be a subspace of an NTS (X,7) and A € V' (Y). Then 4 is t|y-closed
iff A = F|y for some t-closed set F in X.
Proof:A is t|y-closed in Y & A€ is 7|y-open in Y © A° = G|y for some GET© A= (Gly)° @ A=

GC|y [3.4(iii)] © A = F|y, where F = G¢ is a 7-closed setin X.

3.12. Remark: From 3.11, it is easy to conclude that if (Y,7|y) is a subspace of an NTS (X, ) then

(Tly)® =y

3.13. Proposition: Let (Y,t|y) be a subspace of an NTS (X,t) and let B be a base for 7. Then Bly =
{B|y: B € B} is a base for t|y.

Proof: Let H be a t|y-open set in Y. Also let x, 5, € H be an arbitrary NP. Then there exists a -
openset G suchthat H = G|y. Since B is a base for 7, so there existsa B € B such that x5, € B C
G. Therefore x,5, € Bly € G|y = H as x4, € N'(Y). Thus for any x,z, € H, there exists a member
Bly of Bly such that x,p, € B|y < H. Therefore H =U {B|y: B|y € B|y and B|y < H}. Hence B|y is

a base for tly.

4. Neutrosophic Separation Axioms

Here we study the separation axioms in neutrosophic topological spaces. But, before that, we put
forward two definitions.
4.1. Definition: A property of an NTS (X, ) is said to be hereditary if whenever the space X has that

property, then so does every subspace of it.
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4.2. Definition: A property of an NTS (X,1) is said to be a topological property or topological
invariant if each space homeomorphic to X has that property whenever the space X has that
property. In other words, a property of an NTS is said to be a topological property iff it is preserved

under homeomorphism.

4.3. Definition: An NTS (X, 1) is called a neutrosophic T,-space or (NTy-space, for short) iff for any
two NPs x4, and y, 4,7, x #y, there exists a U € 7 such that x5, €U, Y44, € U or there
existsa V € 7 suchthat x4p, €V, ¥, 57, €V.

4.4. Example: Let X ={a,b} and 7= {6,X,A,B} , where A= {(a,1,0,0),(b,011)} and B=
{{(a,0,1,1),(b, 1,0,0)}. Clearly (X,7) is an NTS and itis a NTy-space.

4.5. Example: Let X = {a,b} and 7 = (@, X}. Clearly (X,7) is an NTS but it is nota NT,-space.

4.6. Proposition: Let T and 1" be two neutrosophic topologies on a set X such that t* is finer than
t.If (X,7) isa NT,-space then (X,t") isalsoa NT,-space.

Proof: Let x4 p, and y,/ 4,7, x #y, be two NPs in X. Since (X,7) is a NT,-space, so there exists a
G €7 such that x,p, €G, Y45, € G or there exists a H € T such that x,p5, € H, ¥4/ 5,7 €H.
Since 7" is finer than 7, so G,H € 7= G,H € 7°. Thus for any two NPs x5, and Yo'p'y's XFY,
there exists a G € T° such that x,p, € G, Yy, g7, & G or there exists a H € 7° such that x,p, ¢ H,

Yo' gy € H.Hence (X,7%) isalso a NTy-space.

4.7. Proposition: Let (X,7) be a NT,-space. Then every neutrosophic subspace of X is a NT,-space
and hence the property is hereditary.

Proof: Let (Y,7|y) be a neutrosophic subspace of (X, t), where t|y = {G|y: G € 7}. We want to show
(Y,tly) is a NT, -space. Let x,p, and y,r 4z, be two NPs in Y such that x#y. Then
Xapy Ya'p'y' €X, x #y. Since (X,7) is a NT,-space, so there exists a 7-open NS U such that
Xapy €U , Yo' g, €U or there exists a t-open NS V such that x4p, €V, Yo/ 5, €V. Then
(Xapy €Uly, Yar gy € Uly) o (Xapy € Vly, Yo' g’y € Vly). Also Uly,Vl]y € t|y. Thus for any two
NPs x4, and y, g7, in Y such that x # y, there exists a 7|y-open NS Uly such that x, g, € Uly,
Yo'y € Uly or there exists a t|y-open NS V|, such that xop, € Vly, v,/ 4, € V|y Therefore
(Y,tly) isa NTy-space and hence the property is hereditary.

4.8. Proposition: Let (X,7) be an NTS. Then X is a NT,-space iff for any two distinct neutrosophic

crisp points x;00 and y00 in X, (x1,0,0)4[cl(¥1,0,0)] OF (V1,008 [cl(%1,0,0)]-

Proof: Necessary part: Suppose that both (x;00)§[cl(V1,00)] and (¥1,0,0)G[cl(x10,0)] are false. Then
(¢1,00)9[cl(¥1,00)] and (¥1,00)q[cl(x100)] are true. Now (x1,0,0)q[cl(V1,00)] = X1,0,0 € [cL(V1,0,0)]° =
X100 € [N{G:G is a T-closed NS and y; 40 € G}]° = X190 €U {G°:G° is a T-open NS and y; 0 &
G} = x190 € G° for all T-open NSs G¢ such that y, ¢ & G°. This ensures that if H is a t-open NS
such that y, 0o € H then x;4, € H. Similarly (y;,00)q[cl(x1,0,0)] implies that if K is a T-open NS

such that x; 4 € K then y; 4o € K. Thus every t-open NS containing one of x; 4, and y; 4, must
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contain the other. But this is a contradiction to our assumption that X is a NT,-space. Therefore

(%1,0,0)4[cl(V1,0,0)] OF (F1,0,0)4[€L(x1,0,0)]-

Converse part: x,p, and y,q, be any two NPs in X such that x # y. Now by hypothesis,

(%1,0,0)4[cl(V1,0,0)] O (¥1,00)d[cl(X1,0,0)]- If (x1,00)q[cl(V1,00)] then x;44 € [cl(¥1,0,0)]¢, which gives
Xapy € [cl(¥1,0,0)]¢. Obviously VYpaqr & [cl(¥1,0,0)]¢. Since cl(y1,0,0) isa T-closed NS, so [cl(y1,0,0)]¢ is

a t-open NS. Thus there exists a 7-open NS [cl(y100)]° in X such that x4z, € [cl(}1,0,0)]° but
Ypar € [cl(¥1,00)]¢. Similarly if (y;0,0)4[cl(x1,00)] then there exists a T-open NS [cl(x1,0)]° in X
such that x4z, € [cl(x1,0,0)]° but ¥, 4, € [cl(X1,00)] . Therefore (X,7) isa NT,-space.

Hence proved.

4.9. Proposition: Let f be a one-one neutrosophic continuous function from an NTS (X, 1) to the
NTS (Y,0).If (Y,0) is NT, then (X,1) is alsoa NT,-space.

Proof: Let x5, and X2 g, be any two NPs in X such that x* # x%. Since f is one-one, so there

exist two NPs y, ., and y;,qrr,, y' #y?,in Y suchthat f(x55,) = ¥pqr and f(xifﬁfy,) = y;'q’r”

1

i.e., xalﬁly

= f ' (Ypqr) and x;,‘ﬁ,‘y, = f‘l(y;,‘q,‘r,). Since Y is NT,, so there exists a g-open NS G
such that y,,, €G, y;,’q,‘r, € G or there exists a g-open NS H such that y,,, ¢ H, y;,‘q,‘r, EH.

Again, since f is neutrosophic continuous, so f~'(G) isa t-openNS. Also y,,, € G = [~ (yp4+) €
fHG) = x4p, EF7HG) and y v @GS [T (Ypr ) € fTHG) 2 2 pr s & f71(G) . Similarly

f~*(H) isa t-open NS such that xirﬁ,_yr € f'(H), xg5, & f~*(H). Thus for any two NPs x5, and

xczl,'ﬁ,ly, in X suchthat x* # x?, there existsa 7-open NS f~'(G) suchthat x4, € f~*(G), x;,ﬁ,’y, ¢
f~1(G) or there exists a 7-open NS f~'(H) such that x5z, € f~'(H), x;,ﬁ,’y, € f~1(H). Therefore

(X,7) isa NTy-space. Hence proved.

4.10. Proposition: The property of being NT,-space is preserved under a bijective neutrosophic open
function.

Proof: Let (X,7) and (Y,0) be two NTSs. Alsolet (X,7) bea NTy-space and f:X — Y be a bijective
neutrosophic open function. We show that (Y,0) iaa NT,-space. Let y, ., and y;,, ' be two NPs

in ¥ such that y* # y®. Since f is bijective, so there exist two NPs x, 3, and xifjﬁ,'y,, xt #x%,in X

such that f (xollﬁ’y) = Ypqr and f (xél‘ﬁ,‘y,) = y;,‘ o' - Since X is NTy, so there exists a 7-open NS G

such that x; 5, €G, xil,Blyl € G or there exists a 7-open NS H such that x5, € H, xifﬁ,y, EH.

Suppose G exists such that x} 5z, € G and x’/ g, € G.Since f is a neutrosophic open function, so

a,By

f(G) isa g-open NS such that y; . = f(xg,) € f(G) and y7: v = f(x3s 5 1) & f(G). Similarly if

H exists such that x;ﬁ‘y ¢ H and xil'ﬁ!‘yl €H then f(H) is a o-open NS such that y,,, =
f(xéﬁ,y) ¢ f(H) and y;,'q,'r, = f(xéryﬁf‘y,) € f(H). Thus for any two NPs y, ., and y;,_q,,rf inY

such that y' # y?, there exists a g-open NS f(G) such that y,,, € f(G), y;,_q,_rr ¢ f(G) or there
exists a o-open NS f(H) such that y, ., & f(H), y;,_q,,r, € f(H). Therefore (Y,0) is a NT,-space.

Hence proved.

4.11. Proposition: The property of being NT,-space is a topological property.
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Proof: Let (X,7) and (Y,0) be two NTSs. Also let (X,7) be a NT,-space and f:X —»VY be a
neutrosophic homeomorphism. Since f is a neutrosophic homeomorphism, so f is a bijective

neutrosophic open function. Therefore by the proposition 4.10, (Y,0) is a NT,-space. Hence proved.

4.12. Definition: An NTS (X,7) is called a neutrosophic T;-space (NT;-space, for short) iff for any
two NPs x4, and y,r g7/, x # y, there exists a U € 7 such that x4, €U, v, 45,7 € U and there
existsa V € 7 suchthat x4p, €V, ¥, 57, €V.

4.13. Example: Let X ={a,b} and 7= {6,X,A,B}, where A= {(a,1,0,0),(b,0,1,1)} and B =
{{(a,0,1,1),(b, 1,0,0)}. Clearly (X,7) is an NTS and itisa NT;-space.

4.14. Example: Let X = {a,b} and 7 = (@, X} Clearly (X,7) is an NTS but itis nota NT;-space.

4.15. Proposition: Let T and 7" be two neutrosophic topologies on a set X such that t* is finer than
t.If (X,1) isa NT;-space then (X,t") is also a NT;-space.

Proof: Let x,p, and y,/ 4., x #y, be two NPs in X. Since (X,7) is a NT;-space, so there exists a
G € T such that x,p5, €G, Y, 5,7 € G and there exists a H € T such that x,p5, € H, ¥,/ 5, € H.
Since t* is finer than 7,s0 G,H € T = G,H € t*. Thus for any two NPs Xa By and Yo' gy in X such
that x # y, there existsa G € 7° suchthat x,p, € G, ¥,/ 47, € G and thereexistsa H € 7* such that
Xapy €H, Yo' g, € H.Hence (X,77) isa NT;-space.

4.16. Proposition: Let (X,7) be an NTS. If (X,t) isa NT;-space then itis a NTj-space.

Proof: Let x4, and y, 4.7, x #y, be two NPsin X.Since X is NT;-space, so there existsa U € 7
such that x,5, € U, ¥, 57, € U and there exists a V € 7 such that x,p5, €V, y,/ 4, € V. Hence
(X,7) isa NTj-space.

4.17. Remark: Converse of the proposition 4.16 is not true. We establish it by the following counter
example.
Let X ={a,b} and 7 = {5, X,A}, where A = {{(a,1,0,0),(b,0,1,1)}. Clearly (X,t) is a NT,-space but

not a NT;-space.

4.18. Proposition: Let (X,7) be a NT;-space. Then every neutrosophic subspace of X isa NT;-space
and hence the property is hereditary.

Proof: Let (Y,7|y) be a neutrosophic subspace of (X,7), where 7|y = {G|y: G € 7}. We want to show
(Y,zly) is a NT; -space. Let x,p, and y, 4z, be two NPs in Y such that x #y. Then
Xapy Yo' gy €X, x#y.Since (X,7) is NT;-space, so there exists a 7-open NS U such that x,z, €
U, yyp, €U and there exists a 7-open NS V such that x5, €V, v,/ 4, €V. Then (xqp, €
Uly, Yo'pr, € Uly) and (Xapy € Vly, Yo' g’y € VIy). Also Uly,V|y € t|y. Thus for any two NPs
Xqpy and Yur g in Y such that x # y, there exists a t|y-open NS Ul|y such that xgp, € Uly,
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Yo' g’y € Uly and there exists a 7|y-open NS V|y such that x5, € Vly, ¥, g, € V|]y Therefore
(Y,t|y) isa NT;-space and hence the property is hereditary.

4.19. Proposition: Let (X,t) be an NTS. Then every NCP in X isa t-closed NSiff X isa NT;-space.
Proof: Necessary part: Let x4p3, and y,,, be two NPs in X such that x # y. Since x #y, so
Xapy € (V1,00)¢- By hypothesis, y; 0, isa 7-closed NS. Therefore (y;,,)¢ isa 7-open NS. Thus there
exists a T-open NS (y1,0,0) such that x4, € (¥1,00)° but ¥pqr & (¥1,00)°. Similarly (x1,0,0)¢ isa -
open NS such that y, 4, € (x1,00)¢ but x4, & (x1,0,0)¢. Therefore X isa NT;-space.

Sufficient part: Let x;,, bean NCPin X. Alsolet y,,, beanNPin X suchthat x # y. Then y, . €
(%1,0,0)¢- Letus consider an NP x, 5, withsupport x.Since X isa NT;-space, so for y, . and xpz,,
there exists a 7-open NS G such that y,,, € G and x,5, € G. Since for all a,f,y with 0 <a <
1,0<f<1,0<y <1, onesuch G exists, therefore we must have a 7-open NS H such that y,,, €
H and x40 NH = @, ie., Ypqr € H S (X1,0,0)¢. Therefore (x;,)¢ is a t-open NS and hence x;,, is
a t-closed NS.

Hence proved.

4.20. Proposition: Let f be a one-one neutrosophic continuous function from an NTS (X, 1) to the
NTS (Y,0).1f (Y,0) is NT; then (X, ) isalsoa NT;-space.

Proof: Let x5, and X;I‘B/'yr be any two NPs in X such that x* # x2. Since f is one-one, so there
exist two NPs y, ., and y;,‘qr‘r,, y' #y?,in Y suchthat f(x55,) = ¥pqr and f(xif’ﬁf_y,) = y;,_q,_r,,

1

i.e., xalﬁly

= f ' (Vpqr) and xirlﬁ,,y, = f_l(ys'.q'.r')' Since Y is NTy, so there exists a o-open NS G
such that y; ., €G, y;,’q,‘r, ¢ G and there exists a o-open NS H such that y,,, & H, y;,’q,'r, €EH.
Since f is neutrosophic continuous, so f~*(G) and f~'(H) are t-open NSs. Also y,,, € G =
f Opar) €FHG) = xgp, € f7HG) and X S (A K- el (D S -
f71(G). Similarly xozl,’ﬁ,'y, € f7'(H) and x55, & f~*(H) . Thus for any two NPs x; 5, and x;,ﬁ,,y,
in X such that x* # x?, there exists a 7-open NS f~'(G) such that x, 4, € f‘l(G),xifﬁfly, ¢ f1(6)
and there exists a 7-open NS f~'(H) such that x, ., & f~(H), xi,’B,,y, € f~1(H). Therefore (X,1)

isa NT;-space. Hence proved.

4.21. Proposition: The property of being NT;-space is preserved under a bijective neutrosophic open
function.

Proof: Let (X,7) and (Y,0) be two NTSs. Alsolet (X,7) be a NT;-space and f:X — Y be a bijective
neutrosophic open function. We show that (Y,0) iaa NT;-space. Let y,,, and y;,'q,'r,, yt # y?, be

L. and x2 ., xt # x2%,in X such that

apy a' By
f (xéﬁ’y) =Ypqr and f (xif‘ﬁ,'y,) = y;,'q,‘r,. Since X is NTj, so there exists a T-open NS G such that

two NPsin Y. Since f is bijective, so there exist two NPs x

Xapy €G, x;,ﬁ,'y, ¢ G and there exists a 7-open NS H such that x5 5, € H, x;,_ﬁ,’y, € H. Since f is

a neutrosophic open function, so f(G) is a o-open NS such that y,,, = f (x;ﬁ,y) € f(G) and
Yor gt ot = f(X2r gr,) € f(G). Similarly f(H) is a o-open NS such that yjq, = f(xg,) € f(H) and
y;,,q,'r, = f(xfl,ﬁ,_y,) € f(H). Thus for any two NPs y, ., and _'y;r  in Y such that y! # y?, there

q'r
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exists a o-open NS f(G) such that y,,, € f(G), y;rlq!‘rl ¢ f(G) and there exists a o-open NS f(H)
such that y, ., & f(H), ysr‘qr'rr € f(H). Therefore (Y,o0) isa NT,-space. Hence proved.

4.22, Proposition: The property of being NT;-space is a topological property.
Proof: Let (X,7) and (V,0) be two NTSs. Also let (X,7) be a NT;-space and f:X =Y be a
neutrosophic homeomorphism. Since f is a neutrosophic homeomorphism, so f is a bijective

neutrosophic open function. Therefore by the proposition 4.21, (Y, o) isa NT;-space. Hence proved.

4.23. Proposition: Let (X,7) be an NTS. Then X is NT; iff the intersection of all the neutrosophic
neighbourhoods of an arbitrary NP of X is an NP.

Proof: Necessary part: Let x,p, be an arbitrary NP in X and N be the intersection of all the
neutrosophic neighbourhoods of x,,. Also let y,,, be any NP in X such that x # y. Since X is
NT;, so there exists a neutrosophic neighbourhood G of x,z, suchthat y,,,. € G and consequently
Yp.qr € N.Since y, 4, is arbitrary, so N = x4,

Sufficient part: Let x,p5, and ¥,,, be any two NPs in X such that x # y. By hypothesis, the
intersection of all the neutrosophic neighbourhoods of x,pz, is X4p,. So, there must exist a
neutrosophic neighbourhood of x, g, which does not contain y, 4. Similarly, there must exist a
neutrosophic neighbourhood of y,,, which does not contain x,z,. Therefore X is a NT;-space.
Hence proved.

4.24 Definition: An NTS (X,7) is called a neutrosophic T,-space or neutrosophic Hausdorff space
(NT;-space or N-Hausdorff space, for short) iff for any two NPs x4 5, and y,r 4,7, x # y, there exist
UV et suchthat x,5, €U, Y57,y €V and UNV = g.

4.25. Example: Let X ={a,b} and 7= {6,X,A,B}, where A= {(a,1,0,0),(bh,0,1,1)} and B =
{(a,0,1,1),(b,1,0,0)}. Clearly (X,7) is an NTS and itisa NT,-space.

4.26. Example: Let X = {a,b} and 7 = {@, X}. Clearly (X,7) is an NTS but it is not a NT,-space.

4.27. Proposition: Let T and 7" be two neutrosophic topologies on a set X such that t* is finer than
t.If (X,7) isa NT,-space then (X,7") is also a NT,-space.

Proof: Let x,p, and y, 4./, x #y, be two NPs in X. Since (X,7) is a NT,-space, so there exist

v’
G,H € 7 such that Xapy €G, Yo'y € H and G NH = @. Since t* is finer than 7,50 GGHET=>
G,H € t". Thus for any two NPs x, 5, and y,/ g, in X such that x # y, there exist G,H € t* such

that x5, € G, Yo' 3,y €H and GNH = @.. Hence (X,7*) isa NT,-space.

4.28. Proposition: Let (X,7) be an NTS. If (X,7) isa NT,-space then itis a NT;-space.

Proof: Let x4, and y, 4, be any two NPs in X such that x # y. Since (X,7) is a NT,-space, so
there exist 7-openNSs H and K suchthat x4, € H , y, 57,7 €K and HNK = @.Since x5, € H
and HNK =0, s0 xqp, € K. Similarly, y, g, € H. Thus there exists a H € 7 such that x,5, € H,
Yo' g, € H and there existsa K € T such that x5, € K, ¥,/ 4,7 € K. Hence (X,7) isa NT;-space.

4.29. Lemma: The co-finite NTS (N, 1) isnota NT,-space, where N is the set of all natural numbers.
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Proof: Let N = {(x,1,0,0):x € N} and @ = {{x,0,1,1): x € N}. Given that 7 is a co-finite topology on
N, so 7 is the set containing @ and all those neutrosophic sets over N whose complements are finite.
We show that the co-finite NTS (N,7) isnota NT,-space.

Suppose, on the contrary, that (N, 7) is a NT,-space. Then for any two NPs x5, and y, 4, in N
such that x # y, there exist 7-open NSs G,H such that x4p, € G, Y,/ p7,» €EH and GNH = @. Now
GNH=0=(GnH = (0)°= G°UH =N, which is not possible as N is an infinite neutrosophic
set and G° U H® is a finite neutrosophic set being the union of two finite neutrosophic sets ¢¢ and
HE.

Therefore the co-finite NTS (N,7) is anota NT,-space.

4.30. Remark: Converse of the proposition 4.28 is not true. We establish it by the following counter
example.

We consider the co-finite NTS (N, 1), where N is the set of all natural numbers. In the lemma 4.29,
we have shown that (N, 1) isnota NT,-space.

We now show that (N, ) is a NT;-space. Let N = {(x,1,0,0):x € N} and o= {(x,0,1,1): x € N}. Let
Xapy and Yo pr.r be two NPsin N such that x # y. Now (N\x1,0,0)¢ = X100, a finite NS. Therefore
N\x1 0, is a T-open NS. Obviously y,r g+ € N\x 0 but x,5, & N\x;o,. Similarly N\y; o, is a 7-
open NS such that x4, € N\y1,00 but Va'p'y' & N\ 0,0- Therefore (N,7) isa NT;-space.

Thus the co-finite NTS (N, ) isa NT;-space but not a NT,-space.

4.31. Proposition: Let (X,7) be a NT,-space. Then every neutrosophic subspace of X isa NT,-space
and hence the property is hereditary.

Proof: Let (Y,7|y) be a neutrosophic subspace of (X, t), where t|y = {G|y: G € 7}. We want to show
(Y,tly) is a NT, -space. Let x,p, and y, 4z, be two NPs in Y such that x#y. Then
Xapy Yo' gy €X, x#y.Since (X,7) is NT,-space, so there exist T-open NSs U,V such that x,, €
U, Ygrgr,y €Vand UNV =0 . Then x,p5, € Uly, Y447, €Vly and (Uly) 0 (VIy) = U NV)|y =
@|y = @. Thus for any two NPs x4, and y, 4,/ in Y such that x # y, there exist 7|y-open NSs
Uly, Vly such that x,5, € Uly, ¥4/ 47, €V]y and (Uly) N (V]y) = @. Therefore (Y,1|y) is a NT,-
space and hence the property is hereditary.

4.32. Proposition: If f is a one-one neutrosophic continuous function from an NTS (X,7) to a

neutrosophic Hausdorff space (Y,0) then (X, ) is also a neutrosophic Hausdorff space.

Proof: Let x5, and X2 g, be any two NPs in X such that x* # x%. Since f is one-one, so there

exist two NPs y, ., and y;,‘q,‘r,, y' #y?,in Y suchthat f(xgz,) = ¥pqr and f(xif,ﬁ,_yr) = y;,_q,_rr,
ie, g5, = f'(Vpqr) and xilyﬁlyyl =f '1(y;,'q,'r,). Since (Y, 0) is neutrosophic Hausdorff, so there
exist o -open NSs H;,H, such that y,,, € Hj, y;,_q,,r, €H, and H,NH,=0 . Since f is
neutrosophic continuous, so f~'(H;) and f~'(H,) are T-open NSs. Now f~'(Hy)nf~'(H,) =
fRHNH) =f"H(@)=0. Also Y, €H = [ (Vpqr) € fH(H) = xg5, € f'(H,) . Similarly

xilﬁf‘yl € f~1(H,). Thus for any two NPs x, ;. and x’/

apy »» in X such that x* # x?, there exist t-

By
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open NSs f~'(Hy), f7'(H,) such that xz5, € f™'(H,) , '€ fTY(Hy) and fTl(H;) N

2
Xo' By

f~Y(H,) = @. Therefore (X,7) isa neutrosophic Hausdorff space. Hence proved.

4.33. Proposition: The property of being NT,-space is preserved under a bijective neutrosophic open
function.

Proof: Let (X,7) and (Y,0) be two NTSs. Alsolet (X,7) bea NT,-space and f:X — Y be a bijective

neutrosophic open function. We show that (Y,0) iaa NT,-space. Let yz}‘q‘r and y;, p y! #y2% be

1
a,By

f(x;,ﬁ,y) = Ypqr and f(x;/‘ﬁ,,y,) = y;,q,‘r,. Since X is NT,, so there exist T-open NSs G,H such that

two NPsin Y. Since f is bijective, so there exist two NPs x and Xér'ﬁr‘yl, x' # x2,in X such that
xéﬁ'y € G, x;,ﬁ,'y, € H and G nH = @. Since f is a neutrosophic open function, so f(G), f(H) are
g -open NSs such that y; .= f(xgp,) € f(G), Ypr 0= f(xhrgr,) € f(H). Again since f is

bijective, so f(G)Nf(H)=f(GNH) = f(@) =@. Thus for any two NPs y, ., and y;,’q,f, inY
such that y' # y?, there exist g-open NSs f(G), f(H) such that y,,, € f(G), y;,_q,_r, € f(H) and

f(G) N f(H) = @. Therefore (Y,0) isa N T,-space. Hence proved.

4.34. Proposition: The property of being NT,-space is a topological property.
Proof: Let (X,7) and (V,0) be two NTSs. Also let (X,7) be a NT,-space and f:X - VY be a
neutrosophic homeomorphism. Since f is a neutrosophic homeomorphism, so f is a bijective

neutrosophic open function. Therefore by the proposition 4.33, (Y,0) is a NT,-space. Hence proved.

4.35. Proposition: Let A be a neutrosophic compact subset of a neutrosophic Hausdorff space (X, 1)
such that A N A° = @. Then A is a neutrosophic closed set.

Proof: We want to show that A is 7-closed, i.e. A° is T-open. Let x5, be an NP in A°. Since X is
neutrosophic Hausdorff, so for any NP y!,. € A (Obviously x #y as AN A° = @), there exist t-
open NSs G;(xqp,), Hi(Whqr) such that x5, € G;(Xap,), Yhor € H(Wqar) and Gi(xgp,) N
H; (yé,q,r) = @ for each i €A, where A is an index set. Clearly {H; (yé,q,r): i €A} is a NOC of A. Since
A is neutrosophic compact, so A has a finite NOSC, i.e.,, 4 S Uj_; Hik(y;f‘q,r). Let G;, (xqp,) be the
neutrosophic open sets corresponding to the neutrosophic open sets H;, (y;f‘q’r), k=123, ,n. Let
M = Ni=q G; (xqp,) and N = Ui, Hik(y;f‘q’r). Obviously M isa t-openset. We claim that M NN =
. Let Zy1 g1, be anarbitrary NPin N. Then z, 4/ € Hy, (y;f‘q’r) forsome k,1<k<n=z, 4 &
Gy (Xapy) for some k,1 <k <n=zy g &M. Again if u,,, € M be an arbitrary NP then u, s, €
Gy (xqpy) forall k,1<sksn=>u., ¢ Hik(y;f‘q_r) forall k,£1<k<n=u,s; € N.Thus MNN = d.
Since AS N andsince MNN =@®,s0 ANM = @ and therefore M S A€.Since M isa T-open set and
since X453, €M, so M is a T-neighbourhood of x,pz,. Since M S A°, so A° is also a 7-

neighbourhood of x,g,. Since x,z, is an arbitrary NP in A, so A° is a T-neighbourhood of each

of its NPs. Therefore A is 7-open, i.e.,, A is a 7-closed NS. Hence proved.

4.36. Proposition: Let (X,7) be a neutrosophic Hausdorff space. If x4z, isan NPin X and 4 is a
neutrosophic compact subset of X such that x4z, N A =@ then x,5, and A can be separated by

two disjoint neutrosophic open sets.
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Proof: Since x,5, NA =0, 50 x,p, € A°. Since X is neutrosophic Hausdorff, so for any NP y} ., €
A, x #y, there exist T-open NSs G;(Xop,), Hi(Vpqr) such that x4, € G;(Xep,), Yoar € Hpqr)
and G;(xq5,) N H; (y;;’q’r) = @ for each i €A, where A is an index set. Clearly {H; (yz’;,q,r):i EA} isa
NOC of A. Since A is neutrosophic compact, so A has a finite NOSC, i.e.,, 4 € Uy, H;, (y;;f‘q’r). Let

Gy (xq,p,) be the T-open NSs Corresponding to the t-open NSs H;, (y;f‘q’r), k=123, ,n. Let M =
Nk=1 Gi, (xq,p,) and N = Uy H;, (y;f‘q'r). Obviously M and N are neutrosophic open sets such that

Xepy €EM and A S N. We claim that M NN = @. Let Zy' g7, be an arbitrary NP in N. Then
Zy gy € Hl-k(y;f‘q’r) for some k,1 <k <n=2zy g, &Gy (Xqpy) forsome k, 1<k <n=z,z 1 &
M. Again if u,,, € M be an arbitrary NP then u,,; € G; (xqp,) for all k,1<k<n=>u,, &
H;, (y;;f‘q’r) forall k,1<k<n=u,s & N. Therefore MNN = @. Hence proved.

4.37. Proposition: Let A be a neutrosophic compact subset of a neutrosophic Hausdorff space (X, ).
If x,p, isanNPin X suchthat x,3, N A =@ then there exists a neutrosophic open set G such that
Xa,By EGC AC.

Proof: Immediately from 4.36.

4.38. Proposition: Let A and B be disjoint neutrosophic compact subsets of a neutrosophic
Hausdorff space (X, 7). Then there exist disjoint neutrosophic open sets ¢ and H such that A € G
and B € H.

Proof: Let x4, € A. Then x4, € B as AN B = @. Since X is neutrosophic Hausdorff, so for
any Yo' g, € B, there exist disjoint 7-open NSs G(y,g,/) and H(y, g,’) such that x,p, €
GCa'pry) and yur . € H(Ygr gr o). The collection {H(y,r p7,1): Vo g, € B} is evidently a NOC of
B. Since B is neutrosophic compact, so there exist finitely many NPs y,i,q,r,i =1,2,3,...,n of B such
that B S UL, HW)gr) - Let H(xgp,) = Ui Hhgr) and G(xgqp,) = Nty GOVhqr) , Where
G(Yp,qr) are the T-open NSs corresponding to the 7-open NSs H(y; 4,)- Then clearly H(xqp,) and
G(xqp,) are T-open NSs such that x5, € G(x4p,), B € H(Xqp,) and G(xqp,) N H(xgp,) = 3.
Now suppose that x,z, is an arbitrary NP in A. We construct G(x4p,) and H(x,g,) as above.
Evidently {G(x4py):Xap, € A} is a NOC of A. Since A is neutrosophic compact, so there exist
j=123,....,m of A such that AS U™, G(x},,). Let G = U™, G(x},,)
and H=N7L, H (xfysyt), where H (xf_s‘t) are the 7-open NSs corresponding to the 7-open NSs
G (xf,slt). Clearly G and H are neutrosophic open sets such that AC G, BEH and GNH = (.

finitely many NPs x;

T,5,t’

Hence proved.

5. Conclusion

In this article, our primary objective was to explore the separation axioms in neutrosophic
topological spaces. Just like in the study of topological spaces in classical, fuzzy or other settings, the
significance of subspace topology and subspaces can not be overlooked, as many properties of
topological spaces are interconnected with subspaces. Therefore, in section 3, we have introduced the
concept of neutrosophic subspace, and investigated a few properties of it. Before delving into
neutrosophic subspaces, we have laid the groundwork by establishing some results based on single-

valued neutrosophic sets which have played a crucial role in the study of neutrosophic subspaces.
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Moving forward in section 4, we have defined neutrosophic T,, T; and T,-spaces in relation to
neutrosophic topological spaces and examined various properties associated with these separation
axioms. Our future research will aim to explore other notions associated with neutrosophic
topological spaces. We hope that the findings presented in this article will prove beneficial to the

research community and contribute to the advancement of various aspects of neutrosophic topology.
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