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1. Introduction

The concept of neutrosophic set was introduced by Smarandache [13,14] in the 1990’s.
Afterwards many researchers [7,8,11,12,15] studied and developed it. Since its inception, the
neutrosophic set has garnered significant interest from researchers worldwide due to its flexibility
and effectiveness. It has proven to be not only valuable in the advancement of science and technology
but also applicable in various other fields. For instance, works[1,2,6,18,19] on medical diagnosis,
decision-making problems, image processing, social issues etc. had also been done in a neutrosophic
environment.

In 2010, Wang et al.[16] further developed the notion of a single-valued neutrosophic set. Salma
et.al. [9,10] added the thinking of neutrosophic relation and studied some of its properties. Building
upon these concepts, Yang et al.[17] in 2016 introduced single-valued neutrosophic relation and
investigated some properties. Taking the concept forward, Kim et al.[5] generalized the notion of a of
single-valued neutrosophic relation from a set X to a set Y. The authors also introduced the
composition of two neutrosophic relations and throughly examined various properties associated
with it.

More recently, in 2022, S.Dey and G.C.Ray [3] introduced a novel definition for the neutrosophic
composite relation of two single-valued neutrosophic relations. In this article, we aim to explore and
investigate some properties related to the redefined neutrosophic composite relation.

2. Preliminaries

In this section we confer some basic concepts which will be helpful in the later sections.
2.1. Definition: [13] Let X be the universe of discourse. A neutrosophic set A over X is defined as
A = {{x,T3(x),I4(x), F4(x)): x € X}, where the functions 7,74, F, are real standard or non-standard
subsets of ]70,17[, i.e,, 7;: X > ]70,1*[[1: X > ]70,17[[F4: X > ]70,1*[ and -0 < T, (x) + J,(x) +
Fa(x) < 3+,
The neutrosophic set A is characterized by the truth-membership function T, indeterminacy-
membership function J,, falsehood-membership function F,.
2.2. Definition:[16] Let X be the universe of discourse. A single-valued neutrosophic set (SVNS, for
short) A over X is defined as A = {{x,T;(x),J,(x), F4(x)): x € X}, where T,,7,,F, are functions
from X to [0,1] and 0 < T, (x) + T, (x) + Fu(x) < 3.
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The functions 7,74, F4 denote respectively the degrees of truth-membership, indeterminacy-
membership, falsehood-membership of the element x € X in A.

The set of all single-valued neutrosophic sets over X is denoted by N (X).

2.3. Definition:[4] Let A,B € NV (X). Then

i.  (Inclusion): If T3(x) < Tz(x),T4(x) = Tg(x), Fa(x) = Fg(x) for all x € X then A is said to be
a neutrosophic subset of B and which is denoted by A € B.
ii.  (Equality):If AS B and B € A then A = B.
iii. (Intersection): The intersection of A and B, denoted by ANB, is defined as ANB =
{0 Ta () AT (), Ta(x) V I (x), Fa(x) V Fp(x)): x € X}
iv. (Union): The union of A and B, denoted by AUB, is defined as AUB = {(x,T;(x) vV
Tp (%), T4 () A Jp (%), Fa(x) A Fp(x)): x € X}
v.  (Complement): The complement of the NS A, denoted by A°, is defined as A° =
{0 Fa(x), 1 = 7,(x), h(0)): x € X}
Vi. (Universal Set): If T;(x) =1,9,(x) =0,F,(x) =0 for all x €X then A is said to be
neutrosophic universal set and which is denoted by X.
vii.  (Empty Set): If T3(x) =0,9,(x) =1,F4(x)=1 for all x€X then A is said to be
neutrosophic empty set and which is denoted by @.

2.4. Definition: [4] Let A,B € N (X) and {4;:i €A} € N (X), A is an index set. Then the following
hold.
i. AUA=Aand ANA=A

ii. AUB=BUAand ANB=BnNA
iii. Au@=Aand AUX=X
iv. An@=0and ANX=A4
v. AnBnNnC)=AnB)NC and AUBUC)=(AUB)UC
vi. (A9 =4
vii. (AUB)° =A°NB° and (ANB)¢ = A°UB°
viil.  (Ujea A1) =Njep A7 and (Niea A1) =Vjen Af
ix.  BU(Niea4)) =Niea (BUA)
X. BN (Uiep A;) =Vien (BN A))

2.5. Definition: [5] Let X,Y,Z be three ordinary sets. Then R is called a single-valued neutrosophic
relation (SVNR, for short) from X to Y if it is a SVNS in X XY having the form R =
{0, ), T, ), In(x,¥), Fr(x, ¥)): (x,y) € X XY}, where Tr:X XY = [0,1],T5: X XY - [0,1], Fr: X X
Y - [0,1] denote respectively the truth-membership function, indeterminacy-membership function,
falsity-membership function.

In particular, a SVNR from from X to X is called a SVNRin X.

The empty SVNR and the whole SVNR in X, denoted by @y and Xy respectively, are defined as
By = {{((x,¥),0,1,1): (x,y) € X x X} and Xy = {((x,¥),1,0,0): (x,y) € X x X}.
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The set of all SVNRs from X to Y is denoted by SVNR(X X Y) and the set of all SVNRs in X is
denoted by SVNR(X).

2.6. Definition: [5] Let R € SVNR(X x Y). Then
i.  The inverse of R, denoted by R7?, is a SVNR from Y to X defined as R™*(y,x) = R(x,y)

foreach (y,x) eY x X.
ii. =~ The complement of R, denoted by R¢, is a SVNR from X to Y defined as T3 (x,y) =
Fr(x,¥), Ig(x,y) = 1 = Ip(x,y), Fg(x,y) = Tr(x,y) foreach (x,y) € X XY.

2.7. Definition: [5] Let R,S € SVNR(X x Y). Then
i. R is said to be contained in S, denoted by RCSS, if Tp(x,y) < Ts(x,y),Ir(x,y) =

Is(x,y), Fr(x,y) = Is(x,y) foreach (x,y) € X XY.

ii. R issaid tobeequal to S, denotedby R =S5,if RS S and S SR.

iii. =~ The intersection of R and S, denoted by RN S, is defined as RN S = {{(x,y), Tp(x,¥) A
Ts(, ), Ir(, y) VIs(x,y), Fr(x, y) V Fs(x,¥)): (x,y) €X X Y}

iv. The union of R and S, denoted by RUS, is defined as RUS = {((x,y),Tr(x,¥) V

T5(x,¥), Ir(x,y) AJs(x,¥), Fr(x,¥) AFs(x,¥)): (x,¥) € X XY}

2.8. Definition: [5] Let X,Y,Z be three ordinary sets. Also let R € SVNR(X X Y) and S € SVNR(Y X
Z). Then the composition(max-min-max composition) of R and S, denoted by S ¢ R, isa SVNR from
X to Z defined as
Seo R ={((x,2),Ts.r(%, 2), Isor (%, 2), Fsor (%, 2)): (x,2) € X X Z},

where

Tsor (%, 2) =Vyey (Tr(x,¥) AT5(v,2)),

Jsor(X,2) =Nyey (Tr(x,¥) V Is(y, 2)),

Fsor(X,2) =Ayey (Fr(x,y) V Fs(y, 2)).

2.9. Definition:[5]

i. The single-valued neutrosophic identity relation in X, denoted by Iy, is defined as : for each
xy)eXxX , T,(xy)=17,%xy)=0F,(xy) =0 if x=y and T, y) =
0,7,(,y)=1,F,(xy)=1if x #y.

ii. ~ ASVNR R in X issaid to be reflexive if for each x € X, Tp(x,x) = 1,9z(x,x) = 0, Fr(x,x) =
0.

iii. =~A SVNR R in X is said to be symmetric if for each (x,y) €X XX, Ti(x,y)=
Te, %), Ir(x,y) = Ir (¥, ), Fr(x,¥) = Fr(y, x).
iv. A SVNR R in X is said to be transitive if R o R € R, i.e., R? C R.

2.10. Proposition:[5] Let X be an ordinary set and R € SVNR(X). Then R is symmetric iff R™! = R.
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2.11. Definition:[3] Let X,Y,Z be three ordinary sets. Also let R € SVNR(X X Y) and S € SVNR(Y X
Z). Then the redefined neutrosophic composite relation of the SVNRs R and S, denoted by S <R, is
aSVNR from X to Z defined as

SR = {((x,2), Tsr (%, 2), Tsor (%, 2), Fsor (%, 2)): (X, 2) € X X Z},

where
_ TR(x.Y)+T5(¥.2)
T5or(X,2) =Vyey e —
_ JIR(xY)+Is(y.2)
Jsor (X, Z) =Nyey B
FRxY)+Fs(y.2)
Fsor(x,2) =Ayey - 5,

2.12 Example: Let X = {a,b},Y = {p,q},Z = {u,v}. Also let R € SUNR(X xY) and S € SVNR(Y x Z)
be given by the Table-1, Table-2.

Table-1
14 q
(0.6,0.1,0.2) (0.1,0.2,0.7)
(0.5,0.6,0.7) (0.3,0.2,0.1)
Table-2
u v
(0.5,0.3,0.2) (0.6,04,0.3)
0.9,0.1,0.2) (0.2,0.5,0.4)
Then by using the definition 2.11, we have
Teor (@, 10) =Vyer TR(a.y);LTS(y.u) _v {0.6;—0.5'0.1;—0.9} — 0.55.

Tour(a, 1) =Ayer IR(@)+HIsyw) _ /\{0'1+0'3 ’ 0.220.1} — 015,

2 2

TR(a,y)-;-Ts(y,u) = A {0.2-;-0.2’ 0.7-;-0.2} = 0.20.

Fsor(a,u) =Ayey

Similarly proceeding for the pairs (a,v), (b,u), (b,v), we get the redefined neutrosophic composite
relation S o R € SVNR(X X Z) as shown in the following Table-3.

Table-3
SoR u v
a (0.55, 0.15, 0.20) (0.60, 0.25, 0.25)
(0.60, 0.15, 0.15) (0.55, 0.35, 0.25)
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Main Results: In this section we study the properties of redefined neutrosophic composite relation.

3.1. Proposition: Let X,Y,Z be three ordinary sets. Also let R,S € SVNR(X XY) and P € SVNR(Y X
Z). Then
i. Po(RUS)=(PoR)U(PoS).
ii. RES=>PoRCPoS.
iii. (PoR)'=R1lopl

Proof:
i Clearly Po(RUS),(P°R)U(PoS) € SVNR(X xZ). Let (x,z) € X X Z. Then

_ Trus(x,¥)+Tp(¥.2)
Tporus) (X, Z) _y\E/Y B e—

= v TRCY)VIs(x,¥))+Tp (.2)
yEY 2

—v [TR(X.y)+TP(y.Z) v TS(X'Y)"'TP()’:Z)]
yEeEY 2 2

— [y\E/Y TR(vaV):TP(J/vZ)] v [y\E/Y Ts(X.JI)JZrTP(y.Z)]

= Tper(X,2) V Tpos (%, 2)

= Tperyu(pos) (x,2)
Similarly we can show that Jp,rus)(%,2) = Jperyucpos)(%,2) and Fporus) (X, 2) = Fporyucpos) (X, 2) -
Therefore Po (RUS)=(PoR)U (PoS).
ii. Clearly PoR,P oS € SVNR(X X Z). Let (x,z) € X X Z. Then

TR(Y)+Tp(¥.2) Ts(x,y)+Tp(¥,2)
< ~+“RcSl="1T,
2 _y\E/Y > [ R CS S] Pos(x, Z).

Tpop(x,2) = V
ror(12) =V,

Therefore, Tp.r(x,2) < Tp.s(X,2).
Similarly we can show that Jp.z(x,2) = Jp.s(x,z) and Fp.p(x,w) = Fp.s(x, 2).

Hence PoR S PoS.

iii.  Clearly PoR € SUNR(X xZ) and (PoR)™,R"*o P71 € SVNR(Z x X). Let (z,x) € Z x X.
Then

:T(PoR)_l(Z' X) = g—;’OR(x' Z)

— TR(x.¥)+Tp(¥,2)
yEY 2

—v Tp-1(r.X)+Tp-1(2,y)
yEY 2

= TR_loP_l (Z, x)
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Similarly we can show that J(p.p)-1(2, %) = Tg-1,p-1(2,x) and F(p.p)-1(2, %) = Fp-1,p-1(2, X).

Therefore (PeR)"! =R 1op™1,

3.2. Remark: Redefined neutrosophic composite relation is not commutative. We shall establish by

the following counter example.

Let X ={a,b},Y ={p,q},Z = {u,v}. Also let R € SVNR(X XY),P € SVYNR(Y x Z). Obviously PoR €
SVNR(X X Z) and RoP € SVNR(Y xY). Therefore PoR # R o P.

3.3. Remark: Redefined neutrosophic composite relation is not associative. We shall establish by the

following counter example.

Let X={a,b},Y ={p,q},Z ={u,v},W ={x,y}. Also let R € SVNR(X xY),P € SVNR(Y XxZ) and
Q € SVNR(Z x W) be given by the following Table-4, Table-5, Table-6.

Table-4
R p q
a (.6,.1,.2) (.1,.2,.7)
(.5,.6,.7) (.3,.2,.1)
Table-5
P v
D 5,.3,2 (.6,4,.3)
q (.9,.1,2) (.3,2,.1)
Table-6
X y
(.5.4,2) (.5,.3,1)
% (.8,2,.1) (.3,.6,4)

Then by using the definition 2.11, we find the redefined neutrosophic composite relations P o R €

SVNR(X X Z),Q o P € SYNR(Y X W),Q o (PoR) € SVNR(X X W), (Q o P) o R € SUNR(X X W)
shown in the following Table-7, Table-8, Table-9, Table-10.

Table-7
PoR u v
a (.55,.15,.20) (.60,.25,.25)
(.60,.15,.15) (.55,.35,.25)
Table-8
QoP x y
p (.70,.20,.15) (.50,.40,.25)
(.70,.25,.15) (.70,.30,.20)

as
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Table-9
Qo (PoR) x y
a (.475,.225,.225) (.475,.225,.225)
(.475,.225,.225) (.475,.225,.225)

Table-10
(QoP)oR x y
a (.65,.15,.175) (.55,.25,.225)
b (.60,.225,.125) (.50,.25,.15)
We see that Ty.p.ry(a,x) = 0.475 and Ttgeryer(@, x) = 0.65 . Since Tgepory(@, X) #

Tiqoryor(a,x),50 Qo (PoR) # (QoP)eR.

3.4. Remark: Redefined neutrosophic composite relation is not distributive over intersection. We shall
establish by the following counter example.

Let X ={a,b},Y ={p,q},Z ={u, v}, W ={x,y}. Also let R,S € SVNR(XXY),P € SVUNR(Y XZ) be
given by the Table-11, Table-12, Table-13.

Table-11
R q
a (.6,.1,.2) (.1,.2,.7)
(.5,.6,.7) (.3,2,.1)
Table-12
S p q
a (.8,.7,.3) (.2,.0,.7)
(.7,2,.3) (.5,.6,.4)
Table-13
P u v
p (.5,.3,.2) (.6,4,.3)
q (.9,.1,.2) (.3,2,.1)

Then by using the definition 4(")@, we find the SVNRs R NS € SVNR(X XY),Po(RNS) € SVNR(X X
Z),PoR€ESVNR(X XZ),PoSESVNR(XxZ)and (PoR)N(PoS) € SVNR(X XY) as shown in the
following Table-14, Table-15, Table-16, Table-17, Table-18.
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Table-14
PoR u v
a (.55,.15,.20) (.60,.25,.25)
(.60,.15,.15) (.55,.35,.25)
Table-15
PoS u v
a (.65,.05,.25) (.70,.25,.30)
(.70,.25,.25) (.65,.30,.30)
Table-16
RnNnS p q
a (.6,.7,.3) (.1,.2,.7)
(.5,.6,.7) (.3,.6,.4)
Table-17
Po(RNS) u v
a (.55,.15,.25) (.60,.35,.30)
(.60,.35,.30) (.55,.50,.40)
Table-18
(PoR)YN(P-YS) u v
a (.55,.05,.20) (.60,.25,.25)
(.60,.15,.15) (.55,.30,.25)

From the Table-17 and Table-18, it is easy to see that

Ipernsy(@,u) = .15

and 7(P°R)n(pos)(a, u) =.05.

Therefore Po (RNS)# (PeR)N (P oS).

3.5. Proposition: Let X be an ordinary setand R,S € SVNR(X x X).If R,S arereflexivethen SoR is
reflexive.
Proof: For any two elements x,y € X, we have

TR(x.Y)+Ts(v.x)

Teop(X,x) = V
or (0, 2) = v, EEE

— [ Vv TR(x,y)-;-Ts(y,x)] [TR(x,x);Ts(x,x)]
VEX

=[]V M] \% [2](': R and S are reflexive)
VEX 2 2

— [ Vv TR(x,y)-;-Ts(y,x)] Vv 1 — 1
VEX
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Again

IR(x,y)+Is(y.x)

Jeon(x,x) = A
or (6, 2) = A HEEE

— [ A XR(x,y)g—js(y,x)]A[JR(x,x);JS(x,x)]
VEX

=[A M]" [?](': R and S are reflexive)

VEX 2

— [ A 7R(x:y);7$(y:x)]/\0
VEX

=0

Similarly we can show that Fs.p(x,x) = 0.

Therefore, S o R is reflexive.

3.6. Remark: Let X be an ordinary set and R,P € SVNR(X). If R,P are symmetric then P o R may
not be symmetric. We shall establish it by a counter example.
Let X = {a,b}. Alsolet R,P € SVNR(X) be given by the Table-19 and Table-20.

Table-19
R a b
a (0.6,0.1,0.2) (0.5, 0.6, 0.7)
(0.5,0.6,0.7) (0.3,0.2,0.1)

Table-20
P a b
a (0.5,0.3,0.2) (0.6,0.4, 0.3)
(0.6,0.4, 0.3) (0.2,0.5,0.4)

Tr(a,y)+Ts(y,b) —v {0.6+0.6 0.5+o.2} - 06
2 2 '

Then %oR(al b) =VyEX

0.5+0.5 0.3+0.6

108 008 = 05,

and TPOR (bl a) =VJ’€X TR(b‘y):TS(y’a) =V {

We can see that Tp.z(a,b) = 0.6 # 0.5 = Tp.z(b, a). Therefore P o R is not symmetric.

3.7. Proposition: Let X be an ordinary set and R,S € SVNR(X X X) are symmetric. Then SoR is
symmetriciff SoR =RoS.

Proof: Since R and S are symmtric, so R~ =R and S~ =S [by 2.10]. First suppose that SeR is
symmetric. Then SoR = (SeR)™* =R 10571 = R0 S. Conversely suppose that SoR = R o S. Then
(SeR)™*=R1'oS'=RoSjie, SoR issymmetric.
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3.8. Proposition: Let X be an ordinary set and R € SVNR(X X X) be transitive. Then RoR is
transitive.

Proof: Since R is transitive, so R o R € R, i.e., R> € R. Now

Tp2(x,y)+T52(v.2)
To2,p2(X,2) = V R RS
r2.gr2 (X, Z) yex >

Tr(x.Y)+TR(Y.2)
yEX 2
= JTrer(X,2)
= Tr2(x,2)
Similarly we can show that Jgz,z2(x,2) = Jg2(x,2z) and Fgz,z2(x,2z) = Frz(x, z). Therefore R o R* C

R?.Hence R?, i.e., RoR istransitive.

3.9. Proposition: Let X be an ordinary set. If R € SVNR(X) is transitive R™! is also transitive.

Proof: Since R is transitive, so R e R € R. Now

To-1(x,¥)+Tp-1(¥.2)
To-1,p-1(x,2) = Vv B—— R "~
i (x,2) =y

— v ROX)+TR(EZY)
yEX 2

= Tror(2, %)

< Tr(z,x)

= Ty-1(x,2)
Similarly we can show that Jg-1,3-1(x,2) = Jg-1(x,z) and Fgp-1,z-1(x,z) = Fp-1(x,z). Therefore
R1oR™1c R™! andso, R! is transitive.
3.10. Remark: Let X be an ordinary set and R,S € SVNR(X). If R,S are transitive then RU S and
R NS may not be transitive. We shall establish it by a counter example. Let X = {a, b}. Alsolet R,S €
SVNR(X) be given by the Table-21 and Table-22.

Table-21
R a b
a (0.8,0.5,0.4) (0.6,0.4, 0.5)
(0.7,0.6,0.2) (0.7, 0.6, 0.3)

Table-22
S a b
a (0.7,0.4,0.2) (0.4, 0.6, 0.4)
(0.5,0.4,0.3) (0.5,0.4,0.4)

Clearly R and S are transitive.

Then the relations RUS and RN S are as given in Table-23 and Table-24.
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Table-23
RUS a b
a (0.8,0.4, 0.2) (0.6,0.4, 0.4)
(0.7,0.4, 0.2) (0.7,0.4,0.3)
Table-24
RNS a b
a (0.7,0.5,0.4) (0.4, 0.6, 0.5)
(0.5, 0.6, 0.3) (0.5,0.6,0.4)
Now,
Tr(a,y) + T5(y, b) 08+ 0.6 0.6+ 0.7
T(Rus)o(Rus)(a: b) =Vyex £ 2 > =v { 2 , 2 =107
Tr(@,Y)+Ts(v.,b 0.5+0.7 0.5+0.5
and T(Rns)o(Rns)(a: b) =Vyex REINHE0 )=V { ;r ’ ;r }=0.6.

We can see that Tigysyorus)(a,b) = 0.7 > 0.6 = Tpys(a,b), i.e. (RUS)o(RUS)<E RUS. Therefore
R U S isnot transitive.

We can also see that Tigngyerns)(b,a) =0.6>0.5="Tzns(b,a), ie. (RNS)e(RNS)LRNS.

Therefore R NS is not transitive.

3. Conclusion

In this article, we have investigated various properties in connection with redefined
neutrosophic composite relation. Our investigations into the neutrosophic composite relation provide
valuable insights and pave the way for further advancements in the field of neutrosophic algebra. We
anticipate that the findings presented in this study will serve as a significant resource for researchers
and scholars, enabling them to build upon our work and contribute to the ongoing development and
exploration of neutrosophic algebra.
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