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Abstract: In this present research, having view in the Neutrosophic norm (g, V, &), which we
presented J,-lacunary statistical convergence and J,-lacunary convergence strongly, looked into
interactions between them, and made a few findings regarding the respective categories. At least
went further to look at how both of such case approaches relate to J,-statistical convergence within
the relevant Neutrosophic normed space.
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1. Introduction

Fast invented statistical convergence in a sequence of real number. Research conducted by Das
and Ghosal, et al. provide additional information along with applications using ideals. When
Zadeh's [18], studied fuzzy set theory began to gain significance to be an academic subject.
Atanassov [1] studied intuitionistic fuzzy sets; Atanassov et al. used this idea to analyze
administrative decision-making challenges. The concept of an intuitionistic fuzzy metric space was
proposed by Park.

Smarandache [15] introduced Neutrosophic Sets (NS) as a development of the IFS. For the
situation when the aggregate of the components is 1, in the wake of satisfying the condition by
applying the neutrosophic set operators, various results can be acquired by applying the
intuitionistic fuzzy operators, whereas the neutrosophic operators are taken into the cognizance of
the indeterminacy at a degree akin to truth-membership and falsehood-non membership, the
operators disregard the indeterminacy. Jeyaraman et al. [9] developed approximate fixed point
theorems for weak contractions on neutrosophic normed spaces in 2022. In the present paper, our
aim is to discuss Neutrosophic norm (f,7V,d ), which we presented 7, -lacunary statistical
convergence and J,-lacunary convergence strongly, looked into interactions between them, and
made a few findings regarding the respective categories.

2. Preliminaries

The formula §(K) = lim = |{#11 < 7 : 71 € &}|, describes the natural density that exists for an
Mn—>00

e

integer set & that includes positive numbers, whenever |#i < 4 : 71 € || represents the maximum

value less than or equal to %1 with many elements in &.
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Since each value ¢ > 0, the numerical sequence ¥ = (x,;) can be considered being
statistically convergent in terms of £.
}iilrgo%|{msﬁ: 27 — Ll = ¢} =0,
ie, lzz -1 < ¢ (a.a. ) (1.1)
Here, which we state that st — lim x; = £. As an example, specify x; =1 When 7% acts as square,
else x; = 0. When |{#7i < 7 : x5 # 0}| < V7, thus st — limx; = 0. Remember it st —limx; = 0
holds true even if the developers had given x; anything measures upon all if m has become
square. Yet x never converges nor bounded. This happens obvious which limz; = £ while
inequality of (1.1) exists over every a limited amount of #i. Usual convergence naturally generalizes
to Statistical Convergence (SC). SC can become thought of just being regular summability
convergent in addition to require never remain convergent nor bounded because limzx; = £
yields st — lim x5 =
A ideal of non-trivial, if J consists only singletons, and then J has (i) an admissible ideal over
S. The sequence (z,;) is shown to make themselves ideal convergent towards £ and every ¢ >0, i.e.,
AEQ) ={MEN:|x; - =¢}ET.
Considering J = J5 = {QI CN:§Q) = 0}, while §(%) denotes the convergent value for set 2.
Convergence of ideal occurs around identical interval as statistical convergence when there is a
non-trivial admissible ideal J5.
Ideal 3, is a nontrivial on N x N appears to be strongly admissible when {i} x N and N x {}
originate from J,with every case 4 € N.
Therefore immediately apparent such strongly admissible ideal remains permissible.
Additionally, the article we take strongly admissible ideal 7, inN x N, and #¢Z% denotes the
space that contains all bounded double sequences.
A sequence of double lacunary represented by a double sequence 8 = 6,,, = {(¢,, dy)} exist
two increasing integer sequences (¢,,) and (d,) which means
g = 0,h,=¢C,—Cyq—= o0anddy = 0,h, = dy-dsq = ©, u, 8-> o,
We shall utilize the term shown below, ¢, = C,d,, Ays:= Ay b, and 0, is determined as
Sus = {(6,d): ¢, -1 < ¢ < é,andd,—1 <d < d,},
- Cu = dy - P
G, = o, — 1'% = 4, -1 Dus = Dy Ds-

All through the research, with 8, = 6,, = {(¢,, d,)} that we shall designate a sequence of

double lacunary nonnegative real numbers, respectively, wherever a different condition exists.
The double sequence with the integers * = {x;,} can be considered that it is J,-lacunary

statistical convergent as well as (J,)-convergent towards £, when for every ¢ >0 and § >0,

(G € Srat e — 21 2 2 8} € 7,

rJu

{(u,ﬁ) ENXN:
In the above illustration, we have to put

Xmn 2 8 (192(72)) or Ip, (7)) — ~1,i,;_)m Xma = L.
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Definition 2.1. The 7-tuple (&, ii, ¥, &,%, ©, A) is said to be a Neutrosophic Normed Space [NNS], if
acts as £-norm which is continuous, ® and A act as t-co norms which are continuous along
with E which acts as a real vector space, i, V, ® which denote fuzzy sets through

EXE.

(en1) 4 (5,6) +V (5, 6) + @(h,¢) <3,

(n2)0<4(h0)<1,0<¥(ho)<land0<a (ho)<1,

(cn3) p (I), Q') = 0 for all non-positive real number g,

(cnd) 4i(h,0) = 1forallp € R* & § =0,

(cn5) 4 (vh,0) = i (f), Wil) forall y € Rand y # 0,
(cn6) fi (b +3,0 +@) = minfs (5,0),4 (3.2)},
(cn7) lim 4 (h,6) = 1and lim 4 (h,0) =0,
(cn8) ¥ (h,6) = 1 for all non-positive real number g,
(cn9)  (h,¢) = 0forallg € R* & h =0,
(en10) ¥ (y5,6) = ¥ (5,:%), forall y € Rand y # 0,
(en11)V (h+3,06 +@) < max{i (,6),7 (32)},
(cn12) lim ¥ (§,0) = 0and lim ¥ (,0) = 1,

0> 0—00
(cn13) @ (f),é) = 1 for all non-positive real number ¢,
(cn14) & (h,¢) =O0forallg e R ©Hh=0,
(en15) @ (yh,0) = & (b, %), forall y € Rand y # 0,
(cn16) & (h+3,0 + @) < max{ @ (b,0), & (3,2)},

(en17) Jim (6,6) = 0and lim i (ho)=1.

In the above case, (&, V, @) is identified as a NN on E. In addition, (Z, &, V, @) is referred to be a NNS.
In NNS, we look at generalized sequence a statistical convergence through ideals. In the

present article, we pay attention and in addition we have to investigate the interaction among two

new ideas, as well as the author’s introduction of J,-Lacunary Statistical Convergence (LSC) and

strongly J,-Lacunary Convergence (LC) in a NNS.

3. Main Results
Definition 3.1. Let (8,4, V,@,% 0,A) be a NNS, J, € 2N which is a strongly admissible ideal
inN XN . A sequence x = (x,,) is said to be J, —Statistically Convergent (SC) to ¢ € E relate to the

NN (4,7, &), which is represented by 1) @S —limx =& or g Rl £(1(3,)), if for every ¢ >

0, every §>0,and 0>0,
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1 asﬁ,zﬁﬁzﬂ(xaz—é,é)SI—éor
(ﬁ,ﬁ)ENXN:WLﬁ ﬁ(xaz—é,@)zfand >8r €T,
W (o =§,0) 2 ¢
Definition 3.2. A sequence x = (x,,) is said to be 7,— LSC to § €E relate with the

T N (CAZA)IN
NN (g, 7,&) which is denoted by Io(7,) %@ — limx =& or x,, #—>$(19(72)), if for every ¢ >

0,every §>0,and 0>0,
(a,,z) E]Tu : .a(xaz _glé) <1 —607"
(r,u) ENXN : —— ﬁ(xaz—f,é)2§and >48p €T,
Yo Vu - .
& (xaz —$,0) 2 ¢
Definition 3.3. A sequence x = (x,,) is said as a strongly J, — LC to & or Jo(7,) —convergent

> v (f.9,6)
to ¢ € E relate to the NN (g, V, @) it can be denoted by x,, —

£(J9(3y), if forevery § > 0 and ¢>0,

1 N <
(,u) ENXN : —— z ﬂ(xaz—f,é)SI—é‘or
YrYu

(@,2) € Jpue

1 " S\ o R
{ U Z V(xuz_ft9)26 r € 17,.
YrYu 4
(@.3) € Jru
1 S o R
and — Z W (245 —60)26
\ YV Va

(a,2) €3 pru
Theorem 3.4. Let (E,p,7V,d,% 0,A) be a NNS, Double Lacunary (DL) sequence 0, strongly admissible
ideal 3, in N, and x = (x,,) € &, then

. @V,e) . LV,&) 5
(i) (@) If 2y —— & (Jo(95)), then 2, —— & (Ig(9,)).
. (BV,®) 5 (0,@) o
(b) If x € £%,(E), be a E of all bounded sequence space with x,, —— & (19 (72)) then x,, —— & (]9 (.72)).n
(i) 1p(I) 5 0 25,2 = Jp(3) 45D 0 £2,(2).

< (CRREN
Proof. (i) — (a). Given hypothesis, for all¢> 0,6 > 0,and ¢ > 0, letx,, Rt & (]9 (72)). Then we

can write
(b (xaz = &,0) 0or ¥ (20, = §,0) and & (x4, — §,0))
(a,3) EJpu
> > i (ta = §,0) 07 ¥ (taz — £,0) and & (taz — £,0)

(a,3) €3
i (xa5-8,0) £ 1-¢ or V (345-§,0) 2¢ and
1) (xaz_é'é ) E2Y
2 ¢ [{(@ ) € S t 1 (x4 = £,0) S 1= 01 ¥ (20s = £,0) 2 ¢ and &5 (14, — £,0) 2 ¢ ).
Then observe that
1

— >4
Vr¥Vu

{(a,z) ESru:ll(xaz_é'Q.) < 1_§V OTﬁ(XaZ—f\,é) ng}
and & (x,, — £,0) = ¢

and
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1
Vr¥u

(a,z) € Sru

(e =$0) A= 0r — D" 9 (10— 4,0) 2 68
y/r'/u o~
(@,3) € Iy

1 N
and —— E & (205 —¢,0) = ¢6,
rYu L
(az) € Srau

( ((@2) €3ttt (xa —§,0) <S1=¢ )| )
which implies {(/r“,u) ENXN : —— { orﬁ(xaz—f,é) = } 28}
YrYu and
\ \ B (%az —,0) 2 ¢ i)
1
VrVu

c{(/r*,u)ENXN: 265}

(f,@) 5 (,6) 5
Since x,, Rblan ¢ (]9 (72)), we immediately see that %, , Rt & (1,9 (172)).

(i) — (b). We assume thatx,, M & (19 (72)) and x € % (E). The inequalities T or hold for all a, z.

Let ¢ > 0 be given. Then we have

1 . S . . > . e > .
— (1 (205 —&,0) oV (355 — &,0) and & (2,5, — £,0))
S
(a,2) € Jpu
_ 1 (;1 (30 — &,0) or ¥ (24 — £,0) and)
y/ry_u (a,,z) SR d) (xdz - si Q)
ﬂ(*az‘é:@) <1-¢or¥v (faz—é.é) >¢ and & (asaz—é',g) >¢
+1 <u (tas = &,0) 07 ¥ (305 — £,0) and)
VrYu (@.2) € Spru @ (xaz -3, Q)
it (taz=8.0) > 1-% or ¥ (taz-§,0) <€ and & (xa,—4.0) <%
m {(a,z) €S h (s —&0)<1=¢ori(x,;—&0)=¢ and}| re
IV W (205 —§,0) 2 ¢ '
Note that

((l,Z)ES,M,_z,ll(xaz—é,Q.)Sl—é
Upy(,0)={(r,u) ENXN: —— or i (x,; —€,0) = ¢ and =
VrYu > . .
w(*uz‘f:@)zc

§|n<

c
belongs to 7,. If 7~ € (‘II#M, (<, Q)) then we have
1 . s .
= f(xaz —§,0) > 1= 2¢)
VrYu L
(a,3) €3 pu

1
YrVu

(a,2) € 3w
1

wee _". <2v’
" Z @ (20 — €,0) < 2¢

(a,2) € 3u

or V(2,5 — &,0) < 2¢
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Now
( 1 . > . . 3\
(r,u) ENXN: — Z H(xaz—f.e)ﬁ(l—Zc)
ru
(a,3) €EIru
1 .. > . v
Tuvo(S,0) = or —— Z V(x5 —§,0) = 2¢
” VrYu A
(2,2)€ Fput
d 1 ( é .)<2V
an EYE w\X - ’Q C;
VrVu s

(@,2)€ Iy

Hence T, 5 ;5 (¢,0) € Uy 5,5(S, 0), then along with on an ideal, T, 5;(¢,0) € 5.

(,@) -
Therefore, we conclude that x, , —— ¢ (]9 (72)),
(i1) It immediately following (i) — () and (i) — (D).

Theorem 3.5. Let (5,1, V,d,% 0,A) be a NNS. When a sequence 6 of DL with lim infg, > 1, lim
1

infg,, > 1 thereafter

(9,) 5 (L,&) 5
Xgg — f (1(72)) = Xpg — f (19(:]2))'
Proof. Assume initially that liminfg,. > 1, lim infg, > 1 then there exists a @,1) > 0 so that g, >
7 u
1+a,q, > 1+ p forsufficiently large #, «, which implies that

V¥ oY
Zra (L+@(1+Y)

Ifx,, e ¢ (1(3,)), then for every ¢ > 0 and for sufficiently large 7, «, we have

1 N N N
—Ha<a,z<z,: (2 —&0)<1—¢orv(x,, —&0)=¢and & (., — €,0) = ¢}

Bru

> [{(@2) €3rut i (x0s = §,8) S 1= 0r ¥ (305 = §,6) 2 ¢ and & (305 — §,6) = &)
{(a'tZ)ES/r'u:.a(xaz_étQ.)S 1—{‘07"}
V(x50 —&,0) = ¢and & (x5, — £,0) = ¢

Then for any & >0, we get
{(a,z)e?smw(xaz—é,é)s1—«:0rﬁ(xaz—€,@)zé}
and @ (xaz - f@) =<
a<a,z3<z,:fi(x;—60)<1-¢ .
c (r,u)eNxN:i orﬁ(xaz—f\,\é)ZC Zm.
and&‘j(xaz—f,é)ZC

>_ o (1
T @+@)(1+9) \ vy

ryu

1
{(w,u)ENXN P —
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(v,&) 5
If x4, Mf (1(7,)) consequently, the set on the right-hand belongs to J,and the set on the

(W) -
left-hand belongs to J,. It demonstrates that x,, Rl & (19 (72)).

The following result depends on the hypothesis of the lacunary sequence 0 provides satisfaction to

the requirement to satisfy each set C € & (3,), U{7A : 3,1 <A < 3,, r EC}E F (J,).

Theorem 3.6. Let (5,11, V,d,%,0,A) be a NNS. When a sequence 6 of DL with limsup g, >o0 , lim
s

sup g, > oo thereafter
u

(,0) (L0,5)
Xz ﬂ) 6(19 (‘72)) = Xaz M 5(1(72)):

Proof. If lim supg, >oo, lim supg, > o then without limited uniformity we can assume that
K u

(fv,&) 5
there exists a M, 9 > 0 such that g,.< P and g, < I for every »,u. Assume x,, el & (19 (72))and

let
Cru *= |{((L,Z) EJpu il (xaz - é: Q) <1- (fori/' (xdz - é: 9) = ¢and ) (xdz - é! Q) 2 é}l
. @v,o) . y < .
Since ¥,, — E(Ig (72)), it becomes that for all ¢ >0, 6 >0,and ¢>0,
a’:ZES/ru:/’l(xaz_éré) <1-¢or

(r,u) ENXN : —— V(205 —6,0) = ¢ >8r €17,
rJu > . v
and & (x5 — €,0) = ¢

e e <
Hence, we can select a positive integers 77, 1y € N so that === < §, for every 7 > 75,1 > 1.

YrYu

Now let &:=max {C,, : 1 <7 <7y,1<u <uy} and let ¢ and v be any integers satisfying

a,_,<0<a,and z,_, <v < z,. Then, we have
1 s N s
é—v|{aSQ,ZSv:ﬂ(xaz—E,Q) <1—¢ori(x,;—¢0)=¢and & (x,, — €,0) = ¢ |

1 {aSaszzu:ﬂ(xﬂ—é,g)s1—607”1’/'(35%—5,@)26}|

and & (x,, — £,0) = ¢

B Ap-13u-1

1
S———(C11+C12+Co1 +Co + -+ Cppuy + - Cru)

Ay-12y-1
.1 s 1 ( ~ Cromo+1 N _ Crypruo 4oty Cra
= -ToUo VooV, +1 — Vror1Yu — T Y Vu T
Ap—134-1 Ap—134-1 0 "o ymoyu¢0+1 ox1oTo y4f0+1 uUg rYu

Cr/u

sup
>0 w>ug Yo Yu

Tothg. L N 1 <

Ar-13u-1 Ap-13u-1

) VroTugtr + VrgonFug T+ VrVur)

Totod (ar —a,) (3, —2-1)

B Ap-13u-1 Ap—1By-1
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Yoty 3 oty l
<20 GG S —— MR

T Ap_1 By Apr-13u-1

Sincea,_, 3, = ®as ¢,V = o, it follows that

-0

1 N > > .
é—v|{aSQ,ZSUZﬂ(xaz—f,Q) < 1—607‘1’/’(35%—5,@) Zfandw(xaz—g‘,g

}E-‘]z-

and for all §1> 0, the set
{aSQ,sz:ﬂ(xaz—f,Q)S 1—gvorii(xaz—$,g')2gv}
and & (x5 — €,0) = ¢

. 1
{(Q,U)ENXN-Q—U

(av&) 5
This shows that %, e 5(1(72)).
Joining Theorem 3.5 and Theorem 3.6 we get

Theorem 3.7. Let sequence O obtain strongly lacunary. NNS. If 1 <liminf g, <limsup g,- <, and 1 <lim
7 ”

mf@u lim sup G < 0 then

(uvw)

——¢(15(9,)) © x4, e 5(1(72))

Proof. It follows immediately from Theorem 2.2 and Theorem 2.3.

Theorem 3.8. Let (5, 11, V, @,%,0,A) be a NNS so that

1. 1. 1. 1. 1,
ZCmn) >1—=>Cmp and J$ual Snn <5 Sma

a0 Ca <3 6ma (1=3¢ma) *(1-
If a Banach space E then closed subset Ip(7,) " n £2 (E) of €2, (E).
Proof. We initially assume that (as”%ﬁ) = (asf‘zﬁ) be a convergent sequence in Iy (7,) D) 2 ().
Suppose " convergent to x. It is clear x € £%(E).

We must demonstrate this x € I(7,)®V® n £2 (E). Since x™* € 14(7,)#V® 0 [Z(E) there are some

real numbers £, in such a way that x7% —)an (I9(3,)) for #i,A=1,2,3,..

Consider a strictly decreasing positive value double sequence {¢z.:} converging to zero. For all
m,A=1,2,3 ... thatis positive N5, insuch way thatif 71,74 = 9, then

mn

sup,v (x—x"9) < §4

Without limited normality assume that 9t;;,; = 77 and select a§ > 0 in such a way that § < —.

Now set
(r,u) ENXN : ——
'~ Yu
‘ZIu,v,w(S!fiﬁﬁ, Q) = {((l, Z) € S/y‘u : ,Ll (x;ﬁ mn’ Q) <1- CTO )
¢ o <6
L (36 mn:Q) >Tandw(x ﬁwm,é) 2%} J

belongs to &(J,) and
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(r,u) ENXN :

¢y4,4,

v

LAl _ g S+iati

i (e or

. . m+1,72+1» Q) <1-
§Bu,v,au (CWL-F 1,741 Q) = $o ~ .
m+1,7+1 <$

4

Cimi+1,A+1

M+1A+1 Q

v (x m+1,ﬁ+1'9) =

M+1,74+1
-2

and @ (x A+1,A+1) Q) =

\

belongs to § (7, ). Since Uy y 5(Sma,0) N %ﬂ‘v,w(éﬁﬂﬁﬂ,g) €EFT,) and @ ¢ F(J,), we can
choose (7, 1) € Wy 5,55 (S 6) N By is(Cvrars, 6)- Then

v

(a’r Z) E Swu : ‘u (nggﬁ

- ’Q'/rﬁﬁv Q)

l—c—or

V(2"

and & (x74"

— L2, 0) = gzj

N

1 o
— " <26<1
Vi, +1,A+1 . CAi+1,A4+1

TNV (R By 0) = 1 - ALy
i (xm+1 A+1 _ 2m+1,ﬁ+1;9.) > m+1,7+1

<

M+1,72+1
-8

. m 5
LA+ Q) 22—

4
Since y,.y,, = © and U 5 4 ($ma 0) N ‘Bﬂ,v‘&;(émﬂmﬂ,é) € §(J,) is finite, we can select the above

and & (xl,

»,u so that y,.y,, > 5.

As a result, there must exist a (a, z) € J,.,, for whatever we have simultaneously

. A . [ . A Cmn A . S
u (xﬁ?" — 84 Q) >1—"2%orv (xf;';” L Q) <2 and @ (xf{é” — 84 .
1 1 g\: 1, 1 . vfﬁ'ifﬁ
2 (xm+ T Qi s 0) > 1 — Tor v (fm+ e Liir1,+1,0) 2 2
and & (xm+1fn+1 _ £m+1,ﬁ+1,Q) > C«rﬁﬁ
For a given ¢, > 0 chose 22* gm” such that
1., 1., v 1. 1., v v v
(1 - gCﬁwz) * (1 - ;Cmﬁ) >1=Cmar 3Sma 0 ;¢ma <Sma and S¢mal S ¢ma < Cmn
Then it follows that
. sriat1 O\ _ Sma . Sma _ Sma
O R e L
and
§ (e A 5) < qun (x _ xwm,g) 0 sup¥ (x _ 3Em+1ﬁ+1’€)
i 2] ma 2
< S ) St < S
- 4 4 2

Hence, we have
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v (sﬁﬁ — L1410 Q) < [‘7 (Eﬁiﬁ -, g) 0V <3527Lz+1'ﬁ+1 - ﬂffrl+1,ﬁ+1'§> ORY <3€2~§ﬁ - xﬁzﬂﬁﬂ'g)]

Sfﬁzﬁ@ Y
2 2

B

.
< Cmn

and similarly fi (254 — Las1441,0) > 1 — Canand & (L4 — Lisra41,0) < S
It implies that {€,4}4.4 en is @ Cauchy sequence in £ and let £,;,; — & € E as 71,77 — oo,

. ) (9,8)
We will demonstrate this x —— L5 (I5(7,)).

Forany ¢ >0and ¢ >0, select (7, 7) € N X N in such a way that

1 . 1 1 1 1
Cn > 76sup ¥ (x —x7%,0) < 2§ V(€ma—80) >1—2¢or 26V (L —L0) <1<
47 mn 4 4 4 4

Now since

o~ . ~ A Q
- V o x 1 (tl, Z) ESrutV (xuz - 3322%' §) ©
—N(@a,2) €3 V(s —L20) 2 < ——

VirYu VrVu [V <xgﬁ _ me,i%) QO <2¢7wi _ 2’ g)] > g\:

<l e e -50) )
and equivalently
L_I{(a,z) €Jput (B —L0)<1-3} > 1_|{(a,z) €3, ¢ i (x(*;ﬁzn _ QWMQ> <1- £}|
Yr¥u YV 3 2
and
1 : 1 s o &
—{(@,2) €Fpu & gy — 2,0 2 < —= |{(¢, 2) €S,y (%n _ QM'_) < _}|
rYu YrYVu 3 2
It follows that

1
{(w,u)ENXN P —

{ (@,2) €Jpu t i (Ras — §,0) S 1=¢ }
YV

or ¥ (2, —§,0) = ¢and & (x4, — €,0) = ¢

o~ A A 0 ¢
((l,Z) E‘S’V%:M(xgén_‘gﬁiﬁ1§>s 1_5
c{(r,u) ENXN :

IrYul( or v <xf‘z”i —Bm,,i,g) >

. < (,8)
for any given ¢ >0. Hence we have x —— ﬂ,ﬁi,ﬁ(lg (72))..

4. Conclusion

We define the concept of J,-LSC additionally strong 7,-LC in order to relate towards the NN,
examine their relationship, and while certain observations regarding these. The research we
conducted involving J,-statistical in addition 7,-LSC about sequences in NNS give a technique for
approaching convergence problems of fuzzy real number sequences.
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