
         Neutrosophic Systems with Applications, Vol. 8, 2023 

           https://doi.org/10.61356/j.nswa.2023.40 

 

Jeyaraman. M, Iswariya. S and Pandiselvi. R, Generalized Double Statistical Convergence Sequences on Ideals in 

Neutrosophic Normed Spaces   

Generalized Double Statistical Convergence Sequences on Ideals 
in Neutrosophic Normed Spaces 

 

Jeyaraman. M 1,* , Iswariya. S 2  and Pandiselvi. R 3  

1 P.G. and Research Department of Mathematics, Raja Doraisingam Govt. Arts College, Sivagangai, Affiliated to Alagappa 
University, Karaikudi, Tamilnadu, India; jeya.math@gmail.com. 

2 Research Scholar, P.G. and Research Department of Mathematics, Raja Doraisingam Govt. Arts College, Sivagangai, 
Affiliated to Alagappa University, Karaikudi, Tamilnadu, India; iiswariya1234@gmail.com. 

3 PG and Research Department of Mathematics, The Madura College (Autonomous), Madurai, Tamil Nadu, India; 
rpselvi@gmail.com. 

* Correspondence: jeya.math@gmail.com.  

 

Abstract: In this present research, having view in the Neutrosophic norm (�̇�, �̈�, �⃛�), which we 

presented ℐ2-lacunary statistical convergence and ℐ2-lacunary convergence strongly, looked into 

interactions between them, and made a few findings regarding the respective categories. At least 

went further to look at how both of such case approaches relate to ℐ2-statistical convergence within 

the relevant Neutrosophic normed space. 
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1. Introduction 

Fast invented statistical convergence in a sequence of real number. Research conducted by Das 

and Ghosal, et al. provide additional information along with applications using ideals. When 

Zadeh's [18], studied fuzzy set theory began to gain significance to be an academic subject. 

Atanassov [1] studied intuitionistic fuzzy sets; Atanassov et al. used this idea to analyze 

administrative decision-making challenges. The concept of an intuitionistic fuzzy metric space was 

proposed by Park. 

Smarandache [15] introduced Neutrosophic Sets (NS) as a development of the IFS. For the 

situation when the aggregate of the components is 1, in the wake of satisfying the condition by 

applying the neutrosophic set operators, various results can be acquired by applying the 

intuitionistic fuzzy operators, whereas the neutrosophic operators are taken into the cognizance of 

the indeterminacy at a degree akin to truth-membership and falsehood-non membership, the 

operators disregard the indeterminacy. Jeyaraman et al. [9] developed approximate fixed point 

theorems for weak contractions on neutrosophic normed spaces in 2022.  In the present paper, our 

aim is to discuss Neutrosophic norm ( �̇�, �̈�, �⃛� ), which we presented ℐ2 -lacunary statistical 

convergence and ℐ2-lacunary convergence strongly, looked into interactions between them, and 

made a few findings regarding the respective categories. 

2. Preliminaries  

The formula 𝛿(𝔎) = lim
�̂�→∞

1

�̂�
|{�̃� ≤ �̂� ∶ �̃� ∈ 𝔎}|, describes the natural density that exists for an 

integer set 𝔎 that includes positive numbers, whenever |�̃� ≤ �̂� ∶ �̃� ∈ 𝔎| represents the maximum 

value less than or equal to �̃� with many elements in 𝔎. 
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      Since each value 𝜍̌  > 0, the numerical sequence 𝔵 =  (𝔵�̃�)  can be considered being 

statistically convergent in terms of 𝔏. 

                                         lim
�̂�→∞

1

�̂�
|{�̃� ≤ �̂� ∶  |𝔵�̃� − 𝔏| ≥ 𝜍̌}| = 0, 

 i.e., |𝔵�̃�  − 𝔏| <  𝜍̌ (a.a. �̃�)                                  (1.1) 

Here, which we state that 𝑠𝑡 − 𝑙𝑖𝑚 𝔵�̃�  =  𝔏. As an example, specify 𝔵�̃�   = 1 When �̃� acts as square, 

else 𝔵�̃� = 0. When |{�̃� ≤ �̂� ∶  𝔵�̃� ≠ 0}| ≤ √�̂�, 𝑡ℎ𝑢𝑠 𝑠𝑡 −  𝑙𝑖𝑚 𝔵�̃� = 0. Remember it 𝑠𝑡 − 𝑙𝑖𝑚 𝔵�̃�  =  0 

holds true even if the developers had given 𝔵�̃�  anything measures upon all if 𝓂 has become 

square. Yet 𝔵  never converges nor bounded. This happens obvious which 𝑙𝑖𝑚 𝔵�̃� = 𝔏  while 

inequality of (1.1) exists over every a limited amount of �̃�. Usual convergence naturally generalizes 

to Statistical Convergence (SC). SC can become thought of just being regular summability 

convergent in addition to require never remain convergent nor bounded because 𝑙𝑖𝑚 𝔵�̃� = 𝔏 

yields 𝑠𝑡 − 𝑙𝑖𝑚 𝔵�̃� = 𝔏.  

A ideal of non-trivial, if ℐ consists only singletons, and then ℐ has (i) an admissible ideal over 

S. The sequence (𝔵�̃�) is shown to make themselves ideal convergent towards 𝔏 and every 𝜍̌ > 0, i.e., 

𝔄 (𝜍̌)  = {�̃� ∈ ℕ ∶ |𝔵�̃� − 𝔏| ≥ 𝜍̌} ∈ ℐ. 

Considering ℐ  = ℐ�̆� = {𝔄 ⊆ ℕ ∶ 𝛿(𝔄) = 0} , while 𝛿(𝔄)  denotes the convergent value for set 𝔄 . 

Convergence of ideal occurs around identical interval as statistical convergence when there is a 

non-trivial admissible ideal ℐ�̆� . 

     Ideal ℐ2 is a nontrivial on ℕ × ℕ appears to be strongly admissible when {𝒾} × ℕ and ℕ × {𝒾} 

originate from ℐ2with every case 𝒾 ∈ ℕ. 

    Therefore immediately apparent such strongly admissible ideal remains permissible. 

 Additionally, the article we take strongly admissible ideal ℐ2 in ℕ × ℕ, and ℓ∞
2  denotes the 

space that contains all bounded double sequences. 

     A sequence of double lacunary represented by a double sequence �̅� = 𝜃𝑢𝓈 = {(𝒸�̀�, �́�𝓈)} exist 

two increasing integer sequences (𝒸�̀�) and (�́�𝓈) which means 

       𝒸0̀  =  0, 𝒽𝓊 = 𝒸�̀� − 𝒸�̀�−1 →  ∞ 𝑎𝑛𝑑 �́�0  =  0, �̅�𝓈 =  �́�𝓈 – �́�𝓈−1  →  ∞, 𝓊, 𝓈 →  ∞. 

We shall utilize the term shown below, 𝒸�̀�𝓈: =  𝒸�̀��́�𝓈, 𝒽𝓊𝓈: =  𝒽𝓊𝒽𝓈 𝑎𝑛𝑑 𝜃𝓊𝓈  is determined as 

𝔍𝓊𝓈 ∶=  {(𝒸,̀ �́�) ∶  𝒸�̀� − 1 <  𝒸̀  ≤  𝒸�̀� and �́�𝓈 − 1 < �́�  ≤  �́�𝓈}, 

𝓆⏞
𝑢
∶=

𝒸�̀�
𝒸�̀� − 1

, 𝓆⏞̅
𝓈
≔

�́�𝓊

�́�𝓊 − 1
 𝓆⏞
𝓊𝓈
: =  𝓆⏞

𝓊
𝓆⏞̅
𝓈
. 

All through the research, with 𝜃2  =  𝜃𝓊𝓈 = {(𝒸�̀�, �́�𝓈)} that we shall designate a sequence of 

double lacunary nonnegative real numbers, respectively, wherever a different condition exists. 

     The double sequence with the integers 𝔵 =  {𝔵�̃��̂�} can be considered that it is ℐ2-lacunary 

statistical convergent as well as (ℐ2)-convergent towards 𝔏, when for every 𝜍̌ > 0 and 𝛿 > 0, 

{(𝓊, 𝓈) ∈ ℕ × ℕ ∶  
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{(�̃�, �̂�) ∈ 𝔍𝓇𝓊 ∶  |𝔵�̃� − 𝔏| ≥ 𝜍̌}| ≥ 𝛿} ∈ ℐ2. 

In the above illustration, we have to put 

                                      𝔵�̃��̂� →  𝔏 (𝐼𝜃2(ℐ2)) 𝑜𝑟 𝐼𝜃2(ℐ2) − lim
�̃�,�̂�→∞

 𝔵�̃��̂� = 𝔏. 
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Definition 2.1. The 7-tuple (Ξ, �̇�, �̈�, �⃛�,⋇, Θ, Δ) is said to be a Neutrosophic Normed Space [NNS], if ⋇

 acts as 𝓉 -norm which is continuous,  Θ  and Δ act as 𝓉 -co norms which are continuous along 

with Ξ which acts as a real vector space, �̇�, �̈�, �⃛� which denote fuzzy sets through  

Ξ × 𝔉.  

(cn1) 𝜇 ̇ (�́�, �̇�) + �̈� (�́�, �̇�) + �⃛�(�́�, �̇�) ≤ 3, 

(cn2) 0 ≤ 𝜇 ̇ (�́�, �̇�) ≤ 1; 0 ≤ �̈� (�́�, �̇�) ≤ 1 𝑎𝑛𝑑 0 ≤ �⃛� (�́�, �̇�) ≤ 1, 

(cn3) 𝜇 ̇ (�́�, �̇�) = 0 for all non-positive real number �̇�, 

(cn4) 𝜇 ̇ (�́�, �̇�) = 1 for all �̇� ∈ ℝ+ ⇔ �́� = 0, 

(cn5) 𝜇 ̇ (𝛾�́�, �̇�) = �̇� (�́�,
�̇�

|𝛾|
), for all 𝛾 ∈ ℝ and 𝛾 ≠ 0, 

(cn6) 𝜇 ̇ (�́� + 𝔷 , �̇� + 𝛼⏞) ≥ 𝑚𝑖𝑛{𝜇 ̇ (�́�, �̇�), 𝜇 ̇ (𝔷, 𝛼⏞)}, 

(cn7) lim
�̇�→∞

�̇� (�́�, �̇�) = 1 and lim
𝜚→∞

𝜇 ̇ (�́�, �̇�) = 0, 

(cn8) �̈� (�́�, �̇�) = 1 for all non-positive real number �̇�, 

(cn9) �̈� (�́�, �̇�) = 0 for all �̇� ∈ ℝ+ ⇔ �́� = 0, 

(cn10) �̈� (𝛾�́�, �̇�) = �̈�  (�́�,
�̇�

|𝛾|
), for all 𝛾 ∈ ℝ and 𝛾 ≠ 0, 

(cn11) �̈� (�́� + 𝔷 , �̇� + 𝛼⏞) ≤ 𝑚𝑎𝑥{�̈� (�́�, �̇�), �̈� (𝔷, 𝛼⏞)},  

(cn12) lim
�̇�→∞

�̈� (�́�, �̇�) = 0 and lim
�̇�→∞

�̈� (�́�, �̇�) = 1, 

(cn13) �⃛� (�́�, �̇�) = 1 for all non-positive real number �̇�, 

(cn14) �⃛� (�́�, �̇�) = 0 for all �̇� ∈ ℝ+ ⇔ �́� = 0, 

(cn15) �⃛� (𝛾�́�, �̇�) = �⃛� (�́�,
�̇�

|𝛾|
), for all 𝛾 ∈ ℝ and 𝛾 ≠ 0, 

(cn16) �⃛� (�́� + 𝔷 , �̇� + 𝛼⏞) ≤ 𝑚𝑎𝑥{ �⃛� (�́�, �̇�), �⃛� (𝔷 , 𝛼⏞)},  

(cn17) lim
�̇�→∞

�⃛� (�́�, �̇�) = 0 and lim
�̇�→∞

�⃛� (�́�, �̇�) = 1. 

 

In the above case, (�̇�, �̈�, �⃛�) is identified as a NN on Ξ. In addition, (Ξ, �̇�, �̈�, �⃛�) is referred to be a NNS.  

      In NNS, we look at generalized sequence a statistical convergence through ideals. In the 

present article, we pay attention and in addition we have to investigate the interaction among two 

new ideas, as well as the author’s introduction of ℐ2-Lacunary Statistical Convergence (LSC) and 

strongly ℐ2-Lacunary Convergence (LC) in a NNS.  

  

3. Main Results  

Definition 3.1.   Let (Ξ, �̇�, �̈�, �⃛�,⋇, Θ, Δ) be a NNS, ℐ2 ⊆ 2
ℕ×ℕ  which is a strongly admissible ideal 

in ℕ × ℕ . A sequence 𝔵 = (𝔵𝒶𝓏) is said to be ℐ2 −Statistically Convergent (SC) to �̀� ∈ Ξ relate to the 

NN (�̇�, �̈�, �⃛�), which is represented by 𝐼(ℐ2)
(�̇�,�̈�,�⃛�) − 𝑙𝑖𝑚 𝔵 = �̀� or 𝔵𝒶,𝓏

(�̇�,�̈�,�⃛�)
→    �̀�(𝐼(ℐ2)), if for every 𝜍̌ >

0, every  𝛿 > 0, and �̇� > 0, 
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{(�̃�, �̂�) ∈ ℕ × ℕ ∶
1

�̃��̂�
|{

𝒶 ≤ �̃�, 𝓏 ≤ �̂� ∶ 𝜇 ̇ (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 

�̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑

�⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌

}| ≥ 𝛿} ∈ ℐ2. 

Definition 3.2.   A sequence  𝔵 = (𝔵𝒶𝓏)  is said to be ℐ2 −  LSC to �̀� ∈ Ξ  relate with the 

NN  (�̇�, �̈�, �⃛�) which is denoted by  𝐼𝜃(ℐ2)
(�̇�,�̈�,�⃛�) − 𝑙𝑖𝑚 𝔵 = �̀� or  𝔵𝒶,𝓏

(�̇�,�̈�,�⃛�)
→    �̀�(𝐼𝜃(ℐ2)), if for every 𝜍̌ >

0, every  𝛿 > 0, and �̇� > 0, 

{(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{

(𝒶, 𝓏) ∈ 𝐽𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟

 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑

�⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌

}| ≥ 𝛿} ∈ ℐ2. 

Definition 3.3.  A sequence 𝔵 = (𝔵𝒶𝓏) is said as a strongly ℐ2 − LC to  �̀�  or 𝐽𝜃(ℐ2) −convergent 

to �̀� ∈ Ξ relate to the NN (�̇�, �̈�, �⃛�) it can be denoted by 𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→     

�̀�(𝐽𝜃(ℐ2)), if for every 𝛿 > 0 and �̇� > 0, 

{
 
 
 

 
 
 (𝓇,𝓊) ∈ ℕ × ℕ ∶

1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ �̇�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝛿 𝑜𝑟

1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ �̈�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝛿

𝑎𝑛𝑑
1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ �⃛�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝛿
}
 
 
 

 
 
 

∈ ℐ2. 

Theorem 3.4.  Let  (Ξ, �̇�, �̈�, �⃛�,⋇, Θ, Δ) be a NNS, Double Lacunary (DL) sequence 𝜃, strongly admissible 

ideal ℐ2 in ℕ, and 𝔵 = (𝔵𝒶𝓏) ∈ Ξ, then 

(i)  (a) If  𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    𝜉 ̀ (𝐽𝜃(ℐ2)), then 𝔵𝒶𝓏

(�̇�,�̈�,�⃛�)
→    �̀� (𝐼𝜃(ℐ2)).  

 (b) If  𝔵 ∈ ℓ∞
2 (Ξ), be a Ξ of all bounded sequence space with 𝔵𝒶𝓏

(�̇�,�̈�,�⃛�)
→    �̀� (𝐼𝜃(ℐ2)) then 𝔵𝒶𝓏

(�̇�,�̈�,�⃛�)
→    �̀� (𝐽𝜃(ℐ2)).n 

(ii) 𝐼𝜃(ℐ2)
(�̇�,�̈�,�⃛�) ∩ ℓ∞

2 (Ξ) = 𝐽𝜃(ℐ2)
(�̇�,�̈�,�⃛�) ∩ ℓ∞

2 (Ξ). 

Proof. (i) – (a).  Given hypothesis, for all 𝜍̌ > 0, 𝛿 > 0, and �̇� > 0, let 𝔵𝒶,𝓏
(�̇�,�̈�,�⃛�)
→    �̀� (𝐽𝜃(ℐ2)). Then we 

can write  

∑ (�̇� 

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇� ) 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇� ) 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇� )) 

≥ ∑  (�̇� 
(𝒶,𝓏) ∈ 𝔍𝓇𝓊

�̇� (𝔵𝒶𝓏−�̀�,�̇� ) ≤ 1−�̌�  𝑜𝑟 𝜈 ̈ (𝔵𝒶𝓏−�̀�,�̇�) ≥ �̌�  𝑎𝑛𝑑 

�⃛� (𝔵𝒶𝓏−�̀�,�̇� ) ≥ �̌� 

(𝔵𝒶𝓏 − �̀�, �̇�) 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�)) 

≥ 𝜍̌. |{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌  𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌  𝑎𝑛𝑑 �⃛�  (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ }|. 

Then observe that 

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{
(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌  𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 
}| ≥ 𝛿 

and 
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1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ 𝜇 ̇

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≤ (1 − 𝜍̌ )𝛿 𝑜𝑟 
1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ �̈�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

 (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌𝛿 

and 
1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ �⃛� 

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌𝛿, 

which implies 

{
 
 

 
 

(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅̅
|
|

{
 
 

 
 (𝒶, 𝓏) ∈ 𝔍𝓇𝓊: �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌  

𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

𝑎𝑛𝑑 
�⃛�  (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ }

 
 

 
 

|
| ≥ 𝛿

}
 
 

 
 

 

⊂ {(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅
≥ 𝜍̌𝛿} 

Since 𝔵𝒶,𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐽𝜃(ℐ2)), we immediately see that 𝔵𝒶,𝓏

(�̇�,�̈�,�⃛�)
→    �̀�(𝐼𝜃(ℐ2)). 

 (i) – (b). We assume that 𝔵𝒶,𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐼𝜃(ℐ2)) and 𝔵 ∈ ℓ∞

2 (Ξ). The inequalities 𝒯 or hold for all 𝒶, 𝓏.  

Let 𝜍̌  > 0 be given. Then we have  

1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ (�̇� 

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�)) 

      =
1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ (

�̇� (𝔵𝒶𝓏 − �̀�, �̇�) 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) 𝑎𝑛𝑑

�⃛� (𝔵𝒶𝓏 − �̀�, �̇�)
)

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

�̇�(𝔵𝒶𝓏−�̀�,�̇�) ≤ 1−�̌�  𝑜𝑟 �̈� (𝔵𝒶𝓏−�̀�,�̇�) ≥ �̌�  𝑎𝑛𝑑 �⃛�  (𝔵𝒶𝓏−�̀�,�̇�) ≥ �̌� 

 

 

        +
1

𝑦𝓇𝑦𝓊̅̅ ̅
∑ (

�̇� (𝔵𝒶𝓏 − �̀�, �̇�) 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) 𝑎𝑛𝑑

�⃛� (𝔵𝒶𝓏 − �̀�, �̇�)
)

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

�̇� (𝔵𝒶𝓏−�̀�,�̇�) > 1−�̌�  𝑜𝑟 �̈� (𝔵𝒶𝓏−�̀�,�̇�) < �̌�  𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏−�̀�,�̇�) < �̌� 

 

≤
𝔐

𝑦𝓇𝑦𝓊̅̅ ̅
|{
(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇� ) ≤ 1 − 𝜍̌  𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇� ) ≥ 𝜍̌  𝑎𝑛𝑑

 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 
}| + 𝜍̌ . 

 

Note that  

𝔄�̇�,�̈�,�⃛�(𝜍̌ , �̇� ) = {(𝓇,𝓊) ∈ ℕ × ℕ ∶   
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{

(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 

𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇� ) ≥ 𝜍̌  𝑎𝑛𝑑 

�⃛� (𝔵𝒶𝓏 − �̀�, �̇� ) ≥ 𝜍̌ 

}| ≥
𝜍̌ 

𝔐
} 

belongs to ℐ2. If 𝓇 ∈ (𝔄�̇�,�̈�,�⃛�(𝜍̌ , �̇�))
𝑐

 then we have  

1

𝑦𝑟𝑦𝑢̅̅ ̅
∑ �̇�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) > (1 − 2𝜍̌ )  

𝑜𝑟 
1

𝑦𝑟𝑦𝑢̅̅ ̅
∑ �̈�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) < 2𝜍̌  

 𝑎𝑛𝑑 
1

𝑦𝑟𝑦𝑢̅̅ ̅
∑ �⃛�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) < 2𝜍̌ , 
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Now  

𝔗�̇�,�̈�,�⃛�(𝜍̌ , �̇�) =

{
 
 
 

 
 
 (𝓇,𝓊) ∈ ℕ × ℕ ∶  

1

𝑦𝑟𝑦𝑢̅̅ ̅
∑ �̇�

(𝒶,𝓏) ∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≤ (1 − 2𝜍̌ )

𝑜𝑟
1

𝑦𝑟𝑦𝑢̅̅ ̅
∑ �̈�

(𝒶,𝓏)∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) ≥ 2𝜍̌ 

𝑎𝑛𝑑
1

𝑦𝑟𝑦𝑢̅̅ ̅
∑ �⃛�

(𝒶,𝓏)∈ 𝔍𝓇𝓊

(𝔵𝒶𝓏 − �̀�, �̇�) < 2𝜍̌ ,
}
 
 
 

 
 
 

. 

Hence 𝔗�̇�,�̈�,�⃛�(𝜍̌ , �̇�) ⊆ 𝔄�̇�,�̈�,�⃛�(𝜍̌ , �̇�), then along with on an ideal, 𝔗�̇�,�̈�,�⃛�(𝜍̌ , �̇�) ∈ ℐ2. 

Therefore, we conclude that 𝔵𝒶,𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐽𝜃(ℐ2)), 

(ii)  It immediately following (i) – (a) and (i) – (b). 

Theorem 3.5.  Let (Ξ, �̇�, �̈�, �⃛�,⋇, Θ, Δ) be a NNS. When a sequence θ of DL with lim inf
𝓇
𝓆𝓇 > 1, lim 

inf
𝓊
𝓆𝓊 > 1 thereafter 

𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    �̀� (𝐼(ℐ2)) ⟹ 𝔵𝒶𝓏

(�̇�,�̈�,�⃛�)
→    �̀� (𝐼𝜃(ℐ2)), 

Proof. Assume initially that liminf
𝓇
𝓆𝓇 > 1, lim inf

𝓊
𝓆𝓊 > 1 then there exists a �̃�, �̂� > 0 so that 𝓆𝓇 ≥

1 + 𝛼, 𝓆𝓊 > 1 + 𝛽 for sufficiently large 𝓇, 𝓊, which implies that  

𝑦𝓇𝑦𝓊̅̅ ̅

𝓏𝓇𝓊
≥

�̃��̂�

(1 + �̃�)(1 + �̂�)
. 

If 𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    �̀� (𝐼(ℐ2)), then for every 𝜍̌ > 0 and for sufficiently large 𝓇, 𝓊, we have  

1

𝓏𝓇𝓊
|{𝒶 ≤ 𝒶𝓇 , 𝓏 ≤ 𝓏𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌}| 

    ≥
1

𝓏𝓇𝓊
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌}| 

    ≥
�̃��̂�

(1+�̃�)(1+�̂�)
(

1

𝑦𝓇𝑦𝓊̅̅ ̅̅
|{
(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟

 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌
}|) 

Then for any 𝛿 > 0, we get  

{(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{
(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 
}| ≥ 𝛿} 

 ⊆ {(𝓇,𝓊) ∈ ℕ × ℕ ∶  
1

𝓏𝓇𝓊
|{

𝒶 ≤ 𝒶𝑟 , 𝓏 ≤ 𝓏𝑢 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 

𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

}| ≥
�̆��̃��̂�

(1+�̃�)(1+�̂�)
}.  
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If   𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐼(ℐ2))  consequently, the set on the right-hand belongs to ℐ2 and the set on the 

left-hand belongs to ℐ2. It demonstrates that 𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐼𝜃(ℐ2)). 

The following result depends on the hypothesis of the lacunary sequence θ provides satisfaction to 

the requirement to satisfy each set 𝒞 ∈ 𝔉 (ℐ2), ∪ { �̂� ∶ 𝓏𝓇−1 < �̂� ≤ 𝓏𝓇 , 𝓇 ∈ 𝒞 } ∈ 𝔉 (ℐ2). 

 

 

Theorem 3.6.  Let (Ξ, �̇�, �̈�, �⃛�,⋇, Θ, Δ) be a NNS. When a sequence θ of DL with limsup
𝓇
𝓆𝓇 >∞ , lim 

sup
𝓊
𝓆𝓊 > ∞ thereafter 

𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    𝜉(𝐼𝜃(ℐ2)) ⟹ 𝔵𝒶𝓏

(�̇�,�̈�,�⃛�)
→    𝜉(𝐼(ℐ2)), 

Proof.  If lim sup
𝓇
𝓆𝓇 >∞, lim sup

𝓊
𝓆𝓊 > ∞ then without limited uniformity we can assume that 

there exists a 𝔐,𝔑 > 0 such that 𝓆𝓇< 𝔐 and 𝓆𝓊< 𝔑 for every 𝓇,𝓊. Assume 𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→     �̀�(𝐼𝜃(ℐ2))and 

let  

𝒞𝓇𝓊 ∶= |{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌}|. 

 Since 𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐼𝜃(ℐ2)), it becomes that for all 𝜍̌ > 0, 𝛿 > 0, and �̇� > 0,  

{(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{

𝒶, 𝓏 ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌  𝑜𝑟 

�̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌  

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

}| ≥ 𝛿}  ∈ ℐ2. 

Hence, we can select a positive integers 𝓇0, 𝓊0 ∈ ℕ so that 
𝒞𝓇𝓊

𝑦𝓇𝑦𝓊̅̅ ̅̅
< 𝛿, for every 𝓇 > 𝓇0, 𝓊 > 𝓊0. 

Now let 𝔎:= max  {𝒞𝓇𝓊 ∶ 1 ≤ 𝓇 ≤ 𝓇0, 1 ≤ 𝓊 ≤ 𝓊0}  and let 𝜚 and  𝜐  be any integers satisfying 

 𝒶𝓇−1 < �̇� ≤ 𝒶𝑟 and 𝓏𝓊−1 < 𝜐 ≤ 𝓏𝓊 . Then, we have  

1

�̇�𝜐
|{𝒶 ≤ �̇�, 𝓏 ≤ 𝜐 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ }| 

≤
1

𝒶𝓇−1 𝓏𝓊−1
|{
𝒶 ≤ 𝒶𝓇 , 𝓏 ≤ 𝓏𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 
}| 

≤
1

𝒶𝓇−1 𝓏𝓊−1
 (𝒞11 + 𝒞12 + 𝒞21 + 𝒞22 +⋯+ 𝒞𝓇0𝓊0 +⋯𝒞𝓇𝓊) 

≤
1

𝒶𝓇−1 𝓏𝓊−1
. 𝓇0𝓊0 + 

1

𝒶𝓇−1 𝓏𝓊−1
(𝑦𝓇0�̅�𝓊𝓇0+1 

𝒞𝓇0,𝓊0+1 

𝑦𝓇0�̅�𝓊𝓇0+1 
+ 𝑦𝓇0+1�̅�𝓊0

𝒞𝓇0+1,𝓊0
𝑦𝓇0+1�̅�𝓊0

+⋯+ 𝑦𝓇�̅�𝓊
𝒞𝓇𝓊
𝑦𝓇�̅�𝓊

) 

≤
𝓇0𝓊0. 𝑙

𝒶𝓇−1 𝓏𝓊−1
+ 

1

𝒶𝓇−1 𝓏𝓊−1
( sup
𝓇>𝓇0 ,𝓊>𝓊0

𝒞𝓇𝓊
𝑦𝓇𝑦𝓊

) (𝑦𝓇0�̅�𝓊0+1 + 𝑦𝓇0+1�̅�𝓊0 +⋯+ 𝑦𝓇𝑦𝓊) 

≤
𝓇0𝓊0. 𝒶

𝒶𝓇−1 𝓏𝓊−1
+ 𝜍̌ .

(𝒶𝓇 − 𝒶𝓇0)(𝓏𝓊 − 𝓏−1)

𝒶𝓇−1 𝓏𝓊−1
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≤
𝓇0𝓊0. 𝓏

𝒶𝓇−1 𝓏𝓊−1
+ 𝜍̌ . 𝓆𝓇 . 𝓆𝓊 ≤

𝓇0𝓊0. 𝑙

𝒶𝓇−1 𝓏𝓊−1
+ 𝜍̌ .𝔐.𝔑 

Since𝒶𝓇−1 𝓏𝓊 → ∞ as �̇�, 𝜐 → ∞, it follows that  

1

�̇�𝜐
|{𝒶 ≤ �̇�, 𝓏 ≤ 𝜐 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌}| → 0 

and for all 𝛿1 > 0, the set  

{(�̇�, 𝜐) ∈ ℕ × ℕ ∶
1

�̇�𝜐
|{
𝒶 ≤ �̇�, 𝓏 ≤ 𝜐 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌

 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌
}|} ∈ ℐ2. 

This shows that 𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→     �̀�(𝐼(ℐ2)). 

Joining Theorem 3.5 and Theorem 3.6 we get  

Theorem 3.7. Let sequence θ obtain strongly lacunary. NNS. If 1 < liminf
𝓇
𝓆𝓇  ≤ limsup

𝓇
𝓆𝓇 <∞, and 1 < lim 

inf
𝓊
𝓆𝓊≤ lim sup

𝓊
𝓆𝓊 < ∞ then 

𝔵𝒶𝓏
(�̇�,�̈�,�⃛�)
→    �̀�(𝐼𝜃(ℐ2)) ⟺ 𝔵𝒶𝓏

(�̇�,�̈�,�⃛�)
→    �̀�(𝐼(ℐ2)), 

Proof.  It follows immediately from Theorem 2.2 and Theorem 2.3.  

 

Theorem 3.8. Let (Ξ, �̇�, �̈�, �⃛�,⋇, Θ, Δ) be a NNS so that 

1

4
𝜍�̃̌��̂�Θ

1

4
𝜍̌�̃��̂� <

1

2
𝜍�̃̌��̂�,  (1 −

1

4
𝜍̌ �̃��̂�) ∗ (1 −

1

4
𝜍̌ �̃��̂�) > 1 −

1

2
𝜍̌ �̃��̂� and 

1

4
𝜍�̃̌��̂�Δ

1

4
𝜍�̃̌��̂� <

1

2
𝜍�̃̌��̂� 

If a Banach space Ξ then closed subset 𝐼𝜃(ℐ2)
(�̇�,�̈�,�⃛�) ∩ ℓ∞

2 (Ξ) of  ℓ∞
2 (Ξ). 

Proof. We initially assume that (𝔵�̃��̂�) = (𝔵𝒶𝓏
�̃��̂�) be a convergent sequence in 𝐼𝜃(ℐ2)

(�̇�,�̈�,�⃛�) ∩ ℓ∞
2 (Ξ).  

Suppose 𝔵(�̃��̂�)convergent to 𝔵. It is clear 𝔵 ∈ ℓ∞
2 (Ξ).  

We must demonstrate this 𝔵 ∈  𝐼𝜃(ℐ2)
(�̇�,�̈�,�⃛�) ∩ ℓ∞

2 (Ξ). Since 𝔵�̃��̂� ∈  𝐼𝜃(ℐ2)
(�̇�,�̈�,�⃛�) ∩ 𝑙∞

2 (Ξ) there are some 

real numbers 𝔏�̃��̂� in such a way that 𝔵𝒶𝓏
�̃��̂�

(�̇�,�̈�,�⃛�)
→    𝔏�̃��̂�(𝐼𝜃(ℐ2)) for �̃�, �̂�= 1, 2, 3,… 

Consider a strictly decreasing positive value double sequence {𝜍�̃̌��̂�} converging to zero. For all 

�̃�, �̂� = 1, 2, 3 … that is positive 𝔑�̃��̂�  in such way that if �̃�, �̂� ≥ 𝔑�̃��̂�  then  

sup
�̃�,�̂�
, �̈� (𝔵 − 𝔵�̃��̂�, �̇�) ≤

𝜍�̃̌��̂�
𝟒
.   

Without limited normality assume that 𝔑�̃��̂� = �̃��̂� and select a 𝛿 > 0 in such a way that 𝛿 <
1

5
. 

Now set  

𝔄𝜇,𝜈,𝜔(𝜍�̃̌��̂�, �̇�) =

{
 
 

 
 (𝓇,𝓊) ∈ ℕ × ℕ ∶

1

𝑦𝓇𝑦𝓊̅̅ ̅

|
{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�, �̇�) ≤ 1 −
𝜍�̃̌��̂�
4
𝑜𝑟

�̈� (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂�, �̇�) ≥

𝜍�̃̌��̂�
4
𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂� , �̇�) ≥
𝜍̌�̃��̂�
4
} 

| < 𝛿

}
 
 

 
 

 

belongs to 𝔉(ℐ2) and  
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𝔅𝜇,𝜈,𝜔(𝜍�̃̌�+1,�̂�+1 , �̇�) =

{
 
 
 
 

 
 
 
 (𝓇,𝓊) ∈ ℕ × ℕ ∶

1

𝑦𝓇𝑦𝓊̅̅ ̅

|

|
�̇� (𝔵𝒶𝓏

�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≤ 1 −
𝜍�̃̌�+1,�̂�+1

4
𝑜𝑟

�̈� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≥

𝜍�̃̌�+1,�̂�+1
4

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≥

𝜍�̃̌�+1,�̂�+1
4

|

|
< 𝛿

}
 
 
 
 

 
 
 
 

 

belongs to  𝔉 ( ℐ2 ). Since  𝔄�̇�,�̈�,�⃛�(𝜍�̃̌��̂� , �̇�) ∩ 𝔅�̇�,�̈�,�⃛�(𝜍�̃̌�+1,�̂�+1 , �̇�) ∈ 𝔉(ℐ2)  and ∅ ∉ 𝔉(ℐ2),  we can 

choose (𝓇, 𝓊) ∈ 𝔄�̇�,�̈�,�⃛�(𝜍�̃̌��̂� , �̇�) ∩ 𝔅�̇�,�̈�,�⃛�(𝜍�̃̌�+1,�̂�+1 , �̇�).  Then 

1

𝑦𝓇𝑦𝓊̅̅ ̅

|

|

|

|

{
 
 
 
 
 
 

 
 
 
 
 
 (𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�, �̇�) ≤ 1 −
𝜍�̃̌��̂�
4
𝑜𝑟

 �̈� (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂� , �̇�) ≥

𝜍̌�̃��̂�
4

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂�, �̇�) ≥

𝜍�̃̌��̂�
4

∨ �̇� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≤ 1 −

𝜍̌�̃�+1,�̂�+1
4

𝑜𝑟

�̈� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≥

𝜍�̃̌�+1,�̂�+1
4

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≥

𝜍�̃̌�+1,�̂�+1
4 }

 
 
 
 
 
 

 
 
 
 
 
 

|

|

|

|

≤ 2𝛿 < 1. 

Since 𝑦𝓇𝑦𝓊̅̅ ̅ → ∞ and 𝔄�̇�,�̈�,�⃛�(𝜍�̃̌��̂� , �̇�) ∩ 𝔅�̇�,�̈�,�⃛�(𝜍�̌�+1,𝓃+1 , �̇�) ∈ 𝔉(ℐ2) is finite, we can select the above 

𝓇,𝓊 so that 𝑦𝓇𝑦𝓊̅̅ ̅ > 5.   

As a result, there must exist a (𝑎, 𝑧) ∈ 𝔍𝓇𝓊 for whatever we have simultaneously 

 �̇� (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂� , �̇�) > 1 −

�̌��̃��̂�

4
 𝑜𝑟 �̈� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�, �̇�) <
�̌��̃��̂�

4
 and �⃛� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�, �̇�) <
�̌��̃��̂�

4
 , 

�̇� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) > 1 −

𝜍�̃̌��̂�
4
𝑜𝑟 �̈� (𝔵𝒶𝓏

�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≥
𝜍�̃̌��̂�
4
  

𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏
�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1, �̇�) ≥

�̌��̃��̂�

4
.  

For a given 𝜍�̃̌��̂� > 0 chose 
�̌��̃��̂�

2
 such that 

 (1 −
1

2
𝜍̌�̃��̂�) ∗ (1 −

1

2
𝜍�̃̌��̂�) > 1 − 𝜍�̃̌��̂�, 

1

2
𝜍�̃̌��̂� Θ 

1

2
𝜍�̃̌��̂� < 𝜍�̃̌��̂�  and 

1

2
𝜍�̃̌��̂� Δ 

1

2
𝜍�̃̌��̂� < 𝜍̌�̃��̂�. 

Then it follows that  

�̈� (𝔏�̃��̂� − 𝔵𝒶𝓏
�̃��̂�,

�̇�

2
)  Θ �̈� (𝔏�̃�+1,�̂�+1 − 𝔵𝒶𝓏

�̃�+1,�̂�+1,
�̇�

2
) ≤

𝜍̌�̃��̂�
4
 Θ 
𝜍�̃̌��̂�
4
<
𝜍�̃̌��̂�
2

 

and  

�̈� (𝔵𝒶𝓏
�̃��̂� − 𝔵𝒶𝓏

�̃�+1,�̂�+1, �̇�) ≤ sup
�̃�,�̂�

�̈� (𝔵 − 𝔵�̃��̂� ,
�̇�

2
)  Θ  sup

�̃�,�̂�
�̈� (𝔵 − 𝔵�̃�+1,�̂�+1,

�̇�

2
) 

                ≤
�̌��̃��̂�

4
 Θ 

�̌��̃��̂�

4
<
�̌��̃��̂�

2
 

Hence, we have  
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�̈� (𝔏�̃��̂� − 𝔏�̃�+1,�̂�+1, �̇�) ≤ [�̈� (𝔏�̃��̂� − 𝔵𝒶𝓏
�̃��̂�,

�̇�

3
) Θ �̈� (𝔵𝒶𝓏

�̃�+1,�̂�+1 − 𝔏�̃�+1,�̂�+1,
�̇�

3
) Θ �̈� (𝔵𝒶𝓏

�̃��̂� − 𝔵𝒶𝓏
�̃�+1,�̂�+1,

�̇�

3
)] 

                     ≤
�̌��̃��̂�

2
 Θ 

�̌��̃��̂�

2
< 𝜍�̃̌��̂� 

and similarly �̇� (𝔏�̃��̂� − 𝔏�̃�+1,�̂�+1, �̇�) > 1 − 𝜍�̃̌��̂� 𝑎𝑛𝑑 �⃛� (𝔏�̃��̂� − 𝔏�̃�+1,�̂�+1, �̇�) < 𝜍�̃̌��̂� .  

It implies that {𝔏�̃��̂�}�̃�,�̂� ∈ ℕ is a Cauchy sequence in Ξ and let 𝔏�̃��̂� → 𝔏 ∈ Ξ as �̃�, �̂� → ∞.  

We will demonstrate this 𝔵
(�̇�,�̈�,�⃛�)
→    𝔏�̃��̂�(𝐼𝜃(ℐ2)).   

For any 𝜍̌ > 0 and �̇� > 0, select (�̃�, �̂�) ∈ ℕ × ℕ in such a way that 

𝜍�̃̌��̂� >
1

4
𝜍̌, sup
�̃�,�̂�

�̈� (𝔵 − 𝔵�̃��̂�, �̇�) <
1

4
𝜍̌, �̈� (𝔏�̃��̂� − 𝔏, �̇�) > 1 −

1

4
𝜍̌ 𝑜𝑟 

1

4
𝜍̌, �̈� (𝔏�̃��̂� − 𝔏, �̇�) < 1 −

1

4
𝜍̌.  

Now since 

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶  �̈� (𝔵𝒶𝓏 − 𝔏, �̇�) ≥ 𝜍̌}| ≤

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{

(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶  �̈� (𝔵𝒶𝓏 − 𝔵𝒶𝓏
�̃��̂�,

�̇�

3
) Θ

[�̈� (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂�,

�̇�

3
) Θ �̈� (𝔏�̃��̂� − 𝔏,

�̇�

3
)] ≥ 𝜍̌

}| 

                         ≤
1

𝑦𝓇𝑦𝓊̅̅ ̅̅
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶  �̈� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�,
�̇�

3
) ≥

�̌�

2
}| 

and equivalently 

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − 𝔏, �̇�) ≤ 1 − 𝜍̌}| >

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�,
�̇�

3
) ≤ 1 −

𝜍̌

2
}| 

and 

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �⃛� (𝔵𝒶𝓏 − 𝔏, �̇�) ≥ 𝜍̌}| ≤

1

𝑦𝓇𝑦𝓊̅̅ ̅
|{(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �⃛� (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂� ,
�̇�

3
) ≤

𝜍̌

2
}|. 

It follows that  

{(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{

(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏 − �̀�, �̇�) ≤ 1 − 𝜍̌ 

𝑜𝑟 �̈� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌ 𝑎𝑛𝑑 �⃛� (𝔵𝒶𝓏 − �̀�, �̇�) ≥ 𝜍̌
}| ≥ 𝛿} 

⊂ {(𝓇,𝓊) ∈ ℕ × ℕ ∶
1

𝑦𝓇𝑦𝓊̅̅ ̅
|{

(𝒶, 𝓏) ∈ 𝔍𝓇𝓊 ∶ �̇� (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂� ,

�̇�

3
) ≤ 1 −

𝜍̌

2

𝑜𝑟 �̈�  (𝔵𝒶𝓏
�̃��̂� − 𝔏�̃��̂� ,

�̇�

3
) ≥

𝜍̌

2
 𝑎𝑛𝑑 �⃛�  (𝔵𝒶𝓏

�̃��̂� − 𝔏�̃��̂�,
�̇�

3
) ≥

𝜍̌

2

}| ≥ 𝛿} 

for any given 𝛿 > 0. Hence we have 𝔵
(�̇�,�̈�,�⃛�)
→    𝔏�̃��̂�(𝐼𝜃(ℐ2))..  

      

4. Conclusion 

We define the concept of ℐ2-LSC additionally strong ℐ2-LC in order to relate towards the NN, 

examine their relationship, and while certain observations regarding these. The research we 

conducted involving ℐ2-statistical in addition ℐ2-LSC about sequences in NNS give a technique for 

approaching convergence problems of fuzzy real number sequences.  
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