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Abstract: The purpose of this article is to study some covering properties in neutrosophic
topological spaces using neutrosophic b -open sets. We define neutrosophic b -open cover,
neutrosophic b -compactness, neutrosophic countably b -compactness neutrosophic b -
Lindeléfness, neutrosophiclocal b-compactness and study various properties entangled with them.
We study some covering properties involving neutrosophic continuous, neutrosophic b-continuous
and neutrosophic b*-continuous functions. Lastly, we define neutrosophic base, neutrosophic
subbase, neutrosophic second countability via neutrosophic b-open sets and investigate some
properties.
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1. Introduction

In 1965, Zadeh [30] introduced the concept of a fuzzy set. K. Atanassov [1], in 1986, extended
this notion to intuitionistic fuzzy set. After that, the idea of a neutrosophic set was developed and
studied by Florentin Smarandache [20-22]. Later, the theory was studied and taken ahead by many
researchers [9,12,26,28]. It had been proved by Smarandache [22] that a neutrosophic set was a
generalized form of an intuitionistic fuzzy set. Various applications [4,5,15,29] in different fields were
done in a neutrosophic environment.

In the year 1968, C. L. Chang [7] created the notion of a fuzzy topological space and then, in 1997,
D. Coker [8] gave the idea of intuitionistic fuzzy topological space. In the year 2012, Salama & Alblowi
[23] introduced neutrosophic topological space as a generalization of intuitionistic fuzzy topological
space. Afterwards, many studies were done by the researchers [2,3,6,11,16-19,24,25,27] to develop
various aspects of neutrosophic topological spaces. The concept of neutrosophic b-open sets was
given by Ebenanjar et al.[14]. Recently Dey & Ray [10] studied compactness in neutrosophic
topological spaces. But compactness via neutrosophic b-open sets has not bee studied so far. In this
write-up, we study covering properties using neutrosophic b-open sets.

The article is organized by stating some basic concepts in section 2. In section 3, we define
neutrosophic b -open covering, neutrosophic b -compactness, neutrosophic countably b -
compactness and neutrosophic b-Lindeldfness and study various properties associated with them.
In section 4, we define neutrosophic local b-compactness and try to establish some properties. We
define neutrosophic b -base, neutrosophic b -subbase, neutrosophic b-second countability and
investigate some covering properties in section 5 and lastly, in section 6, we confer a conclusion.

2. Preliminaries

In this section, we state some basic concepts which will be helpful in the later sections.
2.1. Definition: [20] Let X be the universe of discourse. A neutrosophic set A over X is defined as
A = {{x, T,(x),14(x),F4(x)): x € X}, where the functions T,,1,, F4 are real standard or non-standard
subsets of ]70,17[, i.e.,, T;: X - 170,11, 1;:X > 170, 1*[, F: X > ]70,17[ and ~0 < T,(x) + [, (x) +
T, (x) < 3*.
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The neutrosophic set A is characterized by the truth-membership functionT,, indeterminacy-
membership function I, falsehood-membership function F,.

2.2. Definition: [28] Let X be the universe of discourse. A single valued neutrosophic set A over X
is defined as A = {{x, Ty(x), [4(x), F4(x)): x € X}, where T,,14,F, are functions from X to [0,1] and
0<T,(x)+I,(x)+T,(x) <3.

The set of all single valued neutrosophic sets over X is denoted by N (X).
Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set.
2.3. Definition: [16] Let A, B € V' (X). Then
i) (Inclusion): If T,y(x) < Tg(x),I4(x) = I5(x),F4(x) = Fz(x) forall x € X then A is said to be
a neutrosophic subset of B and which is denoted by A € B.
i) (Equality):If AS B and B € A then A =B.
iii)  (Intersection): The intersection of A and B, denoted by AN B, is defined as ANB =
{06 Ta(x) A Tp(x), 1o (x) VI (x), F4(x) V Fp(x)): x € X}
iv)  (Union): The union of A and B, denoted by AUB, is defined as AUB = {(x, Ty(x) v
Tp(x), 14 (x) Al (), Fo(x) AFp(x)): x € X3.
v) (Complement): The complement of the NS A, denoted by A¢, is defined as A=
{6 Fa(x), 1 =1, (x), Ty(x)): x € X}
vi)  (Universal Set): If T;(x) =1,14(x) =0,F4(x) =0 for all x €X then A is said to be
neutrosophic universal set and which is denoted by X.
vii)  (Empty Set): If Tu;(x) =0,I;(x) =1,F,(x) =1 for all x€X then A is said to be
neutrosophic empty set and which is denoted by @.

2.4. Definition: [18] Let N(X) be the set of all neutrosophic sets over X. An NS P =
{(x, Ty(x), I4(x), F4(x)): x € X} is called a neutrosophic point (NP, for short) iff for any element y € X,
Tp(¥) =a,lp(y) =B,Fp(y) =y for y=x and Tp(y) =0,1p(y) = L,Fp(y) =1 for y#x, where
0<a<10<pB<10<y<1. A neutrosophic point P = {{x, T,(x),1,(x), F4(x)):x € X} will be
denoted by x,p,. For the NP x,5,, x will be called its support. The complement of the NP x4,
will be denoted by xg 5, or (xa,ﬁ,},)c.

2.5. Definition: [16] Let 7 € NV (X). Then t is called a neutrosophic topology on X if

i) @ and X belong to 7.
i)  An arbitrary union of neutrosophic sets in 7 isin .

iii)  The intersection of any two neutrosophic sets in 7 isin 7.

If 7 is a neutrosophic topology on X then the pair (X, 1) is called a neutrosophic topological space
(NTS, for short) over X. The members of 7 are called neutrosophic open sets in X. If for a
neutrosophic set A, A° € T then A is said to be a neutrosophic closed set in X.

2.6. Definition:[14] Let (X,7) be an NTS and G be a NS over X. Then G is called a

i) Neutrosophic b-open (NBO, for short) set iff G < [int(cl())] U [cl(int(G))].
i)  Neutrosophic b-closed (NBC, for short) setiff G 2 [int(cl(G))] U [cl(int(G))].

If G is an NBO (resp. NBC) setin (X,7) then we shall also say that G isa 7-NBO (resp. 7-NBC) set.
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2.7. Theorem: [14] Let (X,7) be an NTS.
i) If G € N(X) then G is an NBO setiff G is an NBC set.

i) If GeN(X) then G is an NBC setiff G¢ is an NBO set.

2.8. Theorem: [13] Let (X,7) be an NTS and A € V' (X). Then
i)  Every neutrosophic open set in an NTS is an NBO set.

i)  Every neutrosophic closed set in an NTS is an NBC set.

2.9. Definition: [27] Let f be a function from an NTS (X,7) to the NTS (Y, o). Then
i) f is called a neutrosophic open function if f(G) € o forall G €t

i) f is called a neutrosophic continuous function if f~*(G) € T forall G € o.

2.10. Definition: [13] Let f be a function from an NTS (X,7) to the NTS (Y,0). Then f is called a
neutrosophic

i) b-open functionif f(G) isan NBOsetin Y for every neutrosophic open set ¢ in X.
i) b-continuous function if f~*(G) is an NBO setin X for every o-open NS G in Y.
i) b*-continuous function if f71(G) isan NBO setin X for every NBOset G in Y.

2.11. Proposition: [13] Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X, 7). Then
i) G ly isa 7 |y-NBOsetin Y for every -NBOset G in X.
i) Glyisa t|y-NBCsetin Y forevery T-NBCset G in X.

2.12. Definition: [10] Let (X,7) be an NTS. A collection {G;:1 € A} of neutrosophic sets of X is said
to have the finite intersection property (FIP, in short) iff every finite subcollection {G;,:k = 1,2,---,n}
of {Gy: 1 € A} satisfies the condition NE_,G,, # @, where A is an index set.

*For neutrosophic function and its properties, please see [25].

3. Neutrosophic b-compactness

3.1. Definition: Let (X,7) be an NTS and A € NV (X). A collection C = {G;:i € A} of NBO sets of X
is called a neutrosophic b-open cover (NBOC, in short) of A iff A SU;ea G;. In particular, € is said
to be an NBOC of X iff X = U;ea G;.

Let C be an NBOC of the NS A and C' € C. Then C’ is called a neutrosophic b-open subcover
(NBOSC, in short) of C if C' is also a NBOC of A.

AnNBOC C of an NS A4 is said to be countable (resp. finite) if C consists of a countable (resp. finite)
number of NBO sets.

3.2. Definition: An NS A inan NTS (X, 1) is said to be a neutrosophic b-compact set iff every NBOC
of A has a finite NBOSC.

An NS A inan NTS (X, 1) is said to be a neutrosophic b-Lindeldf (resp. neutrosophic countably b-
compact) set iff every NBOC (resp. countable NBOC) of A has a countable(resp. finite) NBOSC.

An NTS (X,1) is said to be a neutrosophic b-compact space iff every NBOC of X has a finite
NBOSC.
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An NTS (X, 1) is said to be a neutrosophic b-Lindeldf (neutrosophic countably b-compact) space iff
every NBOC (countable NBOC) of X has a countable(finite) NBOSC.

3.3. Proposition: Every neutrosophic b-compact space is a neutrosophic countably b-compact space.
Proof: Obvious.

3.4. Proposition: In an NTS, every neutrosophic b-compact set is a neutrosophic compact set.

Proof: Let A be a neutrosophic b-compact set of an NTS (X, 1). Let C = {G;:i € A} be an NOC of A.
Since every neutrosophic open set is an NBO set[by 2.9], so G; is an NBO set for each i € A. Therefore
C is an NBOC of A. Since A is b-compact, so there exists a finite subcollection {G},G?,..., GI"}, say,
of C such that A € G} UG? U...U G™. Thus the NOC C of A has a finite NOSC {G},GZ,...,G"}.
Hence A is a neutrosophic compact set.

3.5. Example : Converse of the prop. 3.4 is not true. We establish it by the following example.

Let X ={a,b}, B = {(a,0,1,1),(h,1,0,0)}, Gy, = {{a,0,1,1),(h,——,~,—)}n € N={123,} and 7 =
X, o, B}. Clearly (X,7) is an NTS and G, is an NBO set for each n € N. Obviously B is a
neutrosophic compact set. We observe that {G,:n € N} is an NBOC of B but it has no NBOSC.
Therefore B is not a neutrosophic b-compact set.

3.6. Proposition: Every neutrosophic b-compact space is a neutrosophic compact space.

Proof: Obvious from prop. 3.4.

3.7. Remark: Converse of prop. 3.6 is not true. We establish it by the following example.

Let us consider the NTS (N,7), where 7 = {5, N},N=1{1,2,3,-}. Clearly (N, 7) is a neutrosophic
compact space. We show that (N, ) is not a neutrosophic b-compact space. For n € N, we define
Gn = {{x, T, (%), I, (x),Fg, (x):x €N} , where Tg (x) =11 (x) =0,F; (x)=0 if x=n and
Tg,(x) = 0,15,(x) = 1,Fg (x) =1 if x # n. Clearly, for each n €N, G, is an NBO set in (N,1).
Obviously the collection € = {G,:n € N} is an NBOC of N but it has no finite NBOSC. Therefore
(N, 1) is not a neutrosophic b-compact space. Thus (N, ) is a neutrosophic compact space but not a
neutrosophic b-compact space.

3.8. Proposition: In an NTS, union of two neutrosophic b-compact sets is neutrosophic b-compact.
Proof: Let A and B be two neutrosophic b-compact sets of an NTS (X, t). Let C = {G;:i € A} be an
NBOC of AUB. Then AU B SU;, G;. Since AS AUB, so C is an NBOC of A. Again since A is
neutrosophic b-compact, so there exists a finite subcollection {Gil,Gl-z,...,G[n} of C such that A ©
G} UG} u...U G™. Similarly, since B is neutrosophic b-compact, so there exists a finite subcollection
{H},H?,...,H!'} of C such that B € H} UH? U...U H'. Therefore AUB C G} UG? U...UG" UH} U
HZ? U...U HP*. Thus there exists a finite subcollection {G},G?,...,G", H},H?,...,H'} of C such that U
BCS G} UG?U..UG"UH UH? U...UH® . Therefore AUB is neutrosophic b -compact. Hence
proved.

3.9. Proposition: In an NTS, finite union of neutrosophic b-compact sets is neutrosophic b-compact.
Proof: Immediate from the prop. 3.8.

3.10. Proposition: In an NTS, union of a neutrosophic b-compact set and a neutrosophic compact set
is a neutrosophic compact set.

Proof: Obvious.

3.11. Definition: Let (Y, 7 ly) be a neutrosophic subspace of the NTS (X, 7). Then the set of all NBO
sets G |y in Y for which G is an NBO set in X will be denoted by NBO(Y), i.e,, NBO(Y) = {G IyS
Y:G |y, isanNBOsetin Y and G € X is an NBO setin X}.

3.12. Proposition: Let (Y,7 |y) be a neutrosophic subspace of the NTS (X,7) and A €Y. Then 4 is
neutrosophic b-compactin X iff every cover of A by the sets in NBO(Y) has a finite subcover.
Proof: Necessary part: Let C = {G; |y:i € A} be a cover of A, where G; |y€ NBO(Y) for each i € A.
Then A SUjep G; ly= A SUjep G;. Clearly G; is an NBO set in X [by 3.11] for each G; Iy€ C and so,
C* ={G;:G; ly€ NBO(Y)} is an NBOC of 4 in X. Since A is b-compact in X, so there exists a finite
subcollection  {G;,:k =1,23,...,n} of C* such that ACUy_, G, >AC (Ui, Gik) ly=>Ac
Uk—q (Gik Iy). Thus the cover C of A has a finite subcover {G; :k =1,2,3,...,n}.
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Sufficient part: Let B = {G;:i € A} be an NBOC of A in X, where G; isan NBOsetin X foreach i €
A. Then A SU;ep G; = A S (Ujep G;) ly= A SUiep (G; ly). Since G; |y€ NBO(Y) for each G; € B[by
2.12], so B* = {G; ly:i € A} is a cover of A by the NBO sets in NBO(Y). Therefore, by hypothesis,
there exists a finite subcollection {G;, ly:k = 1,2,3,...,n} of B* such that A SUj_, (Gik ly)=>Ac
(Upz1 Gi) ly= A SUR_, G;, . Thus the NBOC B of A has a finite NBOSC {G;:k =1,23,...,n}.
Therefore, A is neutrosophic b-compactin X.

3.13. Proposition: Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and A €Y. Then 4 is
neutrosophic countably b-compactin X iff every countable cover of A by the setsin NBO(Y) has a
finite subcover.

Proof: Obvious from the prop. 3.12.

3.14. Proposition: Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and A €Y. Then 4 is
neutrosophic b-Lindeldf in X iff every cover of A by the setsin NBO(Y) has a countable subcover.
Proof: Obvious from the prop. 3.12.

3.15. Proposition: Let (Y,7ly) be a neutrosophic subspace of the NTS (X,7) and ACY. If 4 is
neutrosophic b-compactin X then A is neutrosophic compactin Y.

Proof: Let C = {G; ly:i € A} be an NOC of A in Y, where G; |y€ 7|y for each i € A. Then A S
Uiea (G; ly) = A SUjep G;. Obviously G; € T and so, G; isan NBO setin X for each i € A. Therefore,
C*={G;:G; lye C} is an NBOC of 4 in X. Since A is b-compact in X, so there exists a finite
subcollection  {G;,:k =1,23,...,n} of C* such that ACU;_, G, >AC (Upy G,-k) ly=>Ac
Ulk—1 (Gik IY). Thus the NOC C of A has a finite NOSC {G;,:k =1,23,...,n}. Therefore A is
neutrosophic compact in Y.

3.16. Proposition: Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and ACY.If 4 is b-
compactin ¥ then A is b-compactin X.

Proof: Obvious.

3.17. Proposition: If G is an NBC subset of a neutrosophic b-compact space (X,7) suchthat G N G¢ =
@ then G is a neutrosophic b-compact.

Proof: Let C = {H;:i € A} be an NBOC of G.Then A SU;cp H;. Since G¢ is an NBO set and since G N
GS=0,ie, GUG =X, so D={H;:i €A}U{G} is an NBOC of X. As X is neutrosophic b-
compact, so there exists a finite subcollection D' = {H, ,H;,,...,H; } U{G°} of D suchthat X € H; U
H;, U...UH; UG°. Therefore G € H; UH;,U...UH; UG®. But GNG° =9, so G S H; UH;,U...U
H;,. Thus the NBOC C of G has a finite NBOSC {H;, H;

iys---, Hi }. Hence G is a neutrosophic b-
compact set.

3.18. Proposition: If G is an NBC subset of a neutrosophic b-compact space (X,t) such that G N
G¢ =@ then G is neutrosophic compact.

Proof: Immediate from the prop. 3.17 as b-compactness implies compactness.

3.19. Proposition: If G is a neutrosophic closed subset of a neutrosophic b-compact space (X,t)
such that G N G° = @ then G is neutrosophic h-compact.

Proof: Immediate from the prop. 3.17 as every neutrosophic closed set is an NBC set.

3.20. Proposition: If G is a neutrosophic closed subset of a neutrosophic b-compact space (X, 1)
such that G N G° =@ then G is neutrosophic compact.

Proof: Immediate from the prop. 3.19.

3.21. Proposition: Let (X,7) be an NTS. An NS A = {(x, T4(x),[4(x),F4(x)):x € X} over X is
neutrosophic b-compact iff for every collection C = {G,;: 1 € A} of NBO sets of X satisfying T,(x) <

VaeaTg, (%), 1 —14(x) < Vjea (1 - IGA(x)) and 1—F,(x) < Vjea (1 - FGA(x)), there exists a finite
subcollection {6y, k = 123,...,m} such that T,(¥) < VieyTe, (9, 1= L) < Viey (1- 14, @)
and 1— Fy(x) < VI, (1 ~Fe,, (x)).

Proof: Necessary Part: Let C = {G;: 1 € A} be any collection of NBO sets of X satisfying T,(x) <
VieaTe, (), 1= 1400 < Vaea (1-16,(0)) and 1= F(@) < Vaea (1 Fg, () . Now 1-1L,(x) <
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Viea(1-16,(0) = 1= 1,() S 1-1g,(x) for some €A = L(x) 2 Ig,(x) = Li(x) = Aeals, () .
Similarly 1 —F,(x) < Vjen (1 - FGl(x)) = Fy(x) = AjeaFg, (x). Therefore A CUjcp Gy, ice., C is an
NBOC of A.Since A isneutrosophic b-compact, so € has a finite NBOSC {Gaki k=123,--,n}, say.
Therefore A CUR_, Gy, . Then T,(x) < V}é:lTle (), Li(x) = /\7(1=1IG,1k(x) and F,(x) = /\2=1FG/1,( (x).

Now I,(x) = /\’,Ezllclk(x) = ,(x) = Iclm(x) for some m,1<m<n =1-I[x)<1- IGam(x) for
some m,1<m<n =1-1I(x) <Vi, <1 - Ile (x)). Similarly F,(x) = /\LlFGak (x)=1—-F,x) <
v, (1 - F%(x)) L Thus Ty(0) < Vi Te, (1), 1- L) < Vie, (1 I, (x)) and 1-F,(x) <

s (1= Fo, @)
Sufficient Part: Let C = {G;:4 € A} be an NBOC of A. Then A SUjep Gy, ie., Ty(x) < VieaTg, (%),
La(x) = Ajealg, (x) and Fu(x) = ApeaFq, (x). Now 14(x) = Ajeals, (x) = 14(x) = 1g,(x) forsome € A
= 1-L0) <1-16,®) =2 1- L@ < Vi (1-16,() . Similarly  Fu(x) = AgeaFo, (x) = 1 -
Fa(x) < Vjen (1 — FGl(x)). Thus the collection C satisfies the condition T,(x) < VjeaTg, (%), 1—
I,(x) < Vien (1 — Icl(x)) and 1—F4(x) < Vjen (1 - FGA(x)). By the hypothesis, there exists a finite
subcollection {G;,:k =1,2,3,...,n} such that T,(x) < V7cl=1TG/1k (), 1-1L(x) <Vig (1 — Ile (x))

and 1—F,4(x) < Vi, (1 - FGAk(x)). Now 1 —1I,(x) < Vi, (1 — Iclk(x)> =>1-Lx)<1- Iclm(x)
for some ,1<m<n =I(x) = IGlm(x) = 1,(x) = /\z=116,1k (x). Similarly, we shall have F,(x) >
/\,’;lele (x) . Therefore A CUj., G, , ie, the NBOC C of A has a finite NBOSC {G, :k =

1,2,3,-++,n}. Therefore, A is neutrosophic b-compact set.
Hence proved.
3.22. Proposition: Let (X,7) be an NTS. Then X is neutrosophic b-compact iff for every collection

C ={G;: 4 € A} of NBO sets of X satisfying VjeaTs,(x) =1, Vjen (1 - IGA(x)) =1 and Vjep (1 -
FGl(x)) =1, there exists a finite subcollection {Gyik=123,...,n} such that Vﬁ=1TGAk(x) =1,

n_ (1 - I%(x)) =1 and VI_, (1 - FGAk(x)> -1
Proof: Immediate from the prop. 3.21.
3.23. Proposition: An NTS (X, 1) is neutrosophic b-compact iff every collection of NBC sets with FIP
has a non-empty intersection.
Proof: Necessary part: Let A = {N;:i € A} be an arbitrary collection of NBC sets with FIP. We show
that Nyep N; # @. On the contrary, suppose that N;ea N; = @. Then (N;ea Np)€ = (6)C SUjen Nf = X.
Therefore B = {N{:N; € A} is an NBOC of X and so, B has a finite NBOSC {Nfl,N,-CZ,...,NL-i}, say.
Then UK, NE = X =0k, N;, = @, which is a contradiction as A has FIP. Therefore N;cp N; # @.
Sufficient part: Suppose that X is not neutrosophic b-compact. Then there exists an NBOC C =
{Gi:i € A} of X which has no finite NBOSC. Then for every finite subcollection {G; ,G;,,..., Gy} of
C, we have UJ, G, # X =0/, Gf, # @. Therefore, {Gf: G; € C} is a collection of NBC sets having the
FIP. By the assumption, N;ep Gf # @ =U;cp G; # X. This shows that C is not an NBOC of X, which is
a contradiction. Therefore, the NBOC C of X must have a finite NBOSC. Therefore X is
neutrosophic b-compact.
Hence proved.
3.24. Proposition: Let f be a neutrosophic b-open function from an NTS (X,t) to the NTS (Y, 0)
and A € V(Y).If A is neutrosophic b-compactin Y then f~*(4) is neutrosophic compactin X.
Proof: Let B = {G;: 1 € A} be an NOC of f~1(4). Then f1(A) SUycp G4 2 A S f(Ujen G) > AC
Ujsea f(Gy). Since G, is t-open set, so f(G;) is 0-NBO set for each 1 € A as f isa b-open function.
Therefore, C = {f(G,): G, € B} is an NBOC of A. Since A is neutrosophic b-compact, so C has a
finite NBOSC  {f(Gy,),f(G1,), f(Ga,),---.f(Gy,)} , say. Therefore ACUL, f(Gy,)=>AC
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f(UL1Gy) = fH(A) SUL, Gy, . Thus the NOC B of f'(A) has a finite NOSC
{G,ll, Gy Gagreee G,ln}. Therefore f~1(4) is neutrosophic compact in X. Hence proved.

3.25. Proposition: Let f be a neutrosophic b-open function from an NTS (X, t) onto the NTS (Y, 0).
If (Y,0) is neutrosophic b-compact (resp. neutrosophic countably b-compact, neutrosophic b-
Lindeldf) then (X,t) is neutrosophic compact (resp. neutrosophic countably compact, neutrosophic
Lindelof).

Proof: Immediate from the prop. 3.24 as f is onto.

3.26. Proposition: Let f be a neutrosophic open function from an NTS (X, 1) onto the NTS (Y, 0). If
(Y,0) is neutrosophic b-compact (resp. neutrosophic countably b -compact, neutrosophic b -
Lindeléf) then (X,t) is neutrosophic compact (resp. neutrosophic countably compact, neutrosophic
Lindelof).

Proof: Obvious as every neutrosophic open set is an NBO set.

3.27. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) to the NTS
(Y,0).If A isneutrosophic b-compact setin X then f(A4) is neutrosophic compact setin Y.

Proof: Let B = {G;: 1 € A} be an NOC of f(A4). Then f(A) SUjcp G = fFH(f(A)) € fF 1 (Upen G) =
FHf(A)) SUzpen f71(GL) = A SUpea f1(Gy). Since G, is o-open NSin Y, so f71(Gy) is T-NBO set
in X as f is b-continuous. Therefore C = {f~1(G;):G; € B} is an NBOC of A. Since A is
neutrosophic b-compact, so C has a finite NBOSC {f~*(Gy,), f"*(Gy,), ., f 7*(G,,)}, say. Therefore
ACUL, fY(Gy,) = Ac fY (UL, Gy,) = f(A) SUL, Gy,. Thus the NOC B of f(A) has a finite
NOSC. Therefore f(A) is neutrosophic compact. Hence proved.

3.28. Proposition: Let f be a neutrosophic continuous function from an NTS (X,t) to the NTS
(Y,0).If f isneutrosophic b-compactin X then f(A4) is neutrosophic compactin Y.

Proof: Obvious from the prop. 3.27 as every neutrosophic open set is an NBO set.

3.29. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) onto the NTS
(Y,0).If (X,1) is neutrosophic b-compact then (Y, o) is neutrosophic compact.

Proof: Since f is onto, so f(X) =Y. Let B ={G;:A €A} be an NOC of Y. Then Uzep Gy =V =
Usea G = F(X) = f1(Usea G1) = X ®VUjen f71(Gy) = X. Since G, is o-open NS in Y, so f~1(G)) is
t-NBOsetin X as f is b-continuous. Therefore C = {f~1(G,): G, € B} is an NBOC of X. Since X is
b -compact, so C has a finite NBOSC {f~(Gy,),f *(Gy,) ..f*(Gy,)} , say. Therefore
UL, f7H(Gy,) =X = (UL, Gy) = X 22U, Gy, = f(X) UL, G, = V. Thus the NOC B of Y has
a finite NOSC. Therefore Y is neutrosophic compact. Hence proved.

3.30. Proposition: Let f be a neutrosophic continuous function from an NTS (X,t) onto the NTS
(Y,0).If (X,1) is neutrosophic b-compact then (Y, o) is neutrosophic compact.

Proof: Obvious from the prop. 3.29 as every neutrosophic open set is an NBO set.

3.31. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) onto the NTS
(Y,0).If X isneutrosophic countably b-compact then Y is neutrosophic countably compact.

Proof: Since f isonto, so f(X) =7¥.Let B ={G,:1 € A} be a countable NOC of Y. Then U;cs G; =
Y 2Usep G = f(X) = f1(Uzen G1) = X 2Ujpea £71(Gy) = X. Since G, is o-openNSin Y, so f71(G,)
is T-NBO set in X as f is b-continuous. Therefore C = {f (G,;): G, € B} is an NBOC of X.
Obviously C is countable as B is countable. Again since X is neutrosophic countably b-compact,
so C has a finitt NBOSC {f~'(G,,),f *(Ga,), ... f"*(Gy,)}, say. Therefore UL, f71(G;)=X=
fH (UL, Gy,) = X =2UL, Gy, = f(X) UL, Gy, =Y. Thus the countable NOC B of Y has a finite
NOSC. Hence Y is neutrosophic countably compact.

3.32. Proposition: Let f be a neutrosophic continuous function from an NTS (X, 1) onto the NTS
(Y,0).If X isneutrosophic countably b-compact then Y is neutrosophic countably compact.

Proof: Immediate from the prop. 3.31 as every neutrosophic open set is an NBO set.

3.33. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) onto the NTS
(Y,0).If X isneutrosophic b-Lindeldf then Y is neutrosophic Lindelof.

Proof: Since f is onto, so f(X)=7V. Let C ={G;:i € A} be an NOC of Y. Then U;ep G; =V =
Uiea Gi = F(X) = f(Uiea G) = X 2Uiep f71(G) = X = {f1(G)): G; € C} isan NBOC of X. Since X
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is neutrosophic b- Lindel6f so {f *(G):G; € C} has a countable NBOSC B = {f~*(G; ):k =
1,2,3,..}, say. Therefore, X = f~*(G,,) U f(G1,) U f™*(Gs,) U ... . This gives X = f7(G,, UG, U
G, U..)=f(X) =G, UGUG,U..>¥ =G, UG, UG, U..=>{G,:k=123,..} is an NOC
of Y.Since B is countable so, {G;,:k =1,2,3,...} isalso countable. Therefore, the NOC C of Y has
a countable NOSC {Gik: k=123,..} and so, Y is neutrosophic Lindeldf.

3.34. Proposition: Let f be a neutrosophic continuous function from an NTS (X, t) onto the NTS
(Y,0).If X isneutrosophic b-Lindeldf then Y is neutrosophic Lindeldf.

Proof: Immediate from the prop. 3.33 as every neutrosophic open set is an NBO set.

3.35. Definition: Let f be a neutrosophic function from an NTS (X,t) to the NTS (V,0). Then f
is called a neutrosophic b*-open function if f(G) is an NBO setin Y for every NBO set G in X.
3.36. Proposition: Let f be a neutrosophic b*-open function from an NTS (X, 1) to the NTS (¥,0)
and 4 € N(Y).If A is neutrosophic b-compactin Y then f~'(A) is neutrosophic b-compactin X.
Proof: Let B ={G;:i € A} be an NBOC of f~1(4). Then f~1(A) SUjep G; > AC f(Ujen G)) =
A C Ui f(G;). Since G; is a t-NBO set, so f(G;) is a 0-NBO set for each i €A as f is a
neutrosophic b* -open function. Therefore, C = {f(G;):G; € B} is an NBOC of A. Since A is
neutrosophic b -compact, so € has a finite NBOSC {f(Gll),f(Glz),f(G,13),...,f(G,ln)} , say.
Therefore, A CULL, f(G,) = A € (UL, G3,) = f*(A) SUL, G,,. Thus the NBOC B of f~*(A) has
a finite NBOSC {Gh'G/lz'GAg'-'-'Gln}- Therefore f~1(4) is neutrosophic b-compact in X. Hence
proved.

3.37. Proposition: Let f be a neutrosophic b*-open function from an NTS (X,t) onto the NTS
(Y,0).1f (Y,0) isneutrosophic b-compact in then (X, t) is also neutrosophic b-compact.

Proof: Immediate from the prop. 3.36 as f is onto.

3.38. Proposition: Let f be a neutrosophic b*-open function from an NTS (X,t) onto the NTS
(Y,0). If (Y,0) is neutrosophic countably b-compact (neutrosophic b-Lindeléf) then (X, T) is also
neutrosophic countably b-compact (neutrosophic b-Lindeldf).

Proof: Obvious.

3.39. Definition: Let f be a neutrosophic function from an NTS (X, t) to the NTS (¥, 0). Then f is
called a neutrosophic b*-continuous function if f7*(G) is an NBO set in X for every NBO set G in
Y.

3.40. Proposition: Let f be a neutrosophic b*-continuous function from an NTS (X, t) to the NTS
(Y,0).If A isneutrosophic b-compactin X then f(A) is also neutrosophic b-compactin Y.

Proof: Let B = {G,: A € A} be an NBOC of f(A). Then f(A) SUjen Gy = A S f1(Upea G1) 2 AC
Uzea f71(Gy). Since G, is 0-NBO set in Y, so f71(G,) is T-NBO set in X as f is neutrosophic b*-
continuous function. Therefore € = {f~(G;): G, € B} is an NBOC of A. Since A is neutrosophic b-
compact in X, so C has a finite NBOSC {f~*(Gy,),f*(Ga,), -, f"*(Gy,)}, say. Therefore A
UL, f7H(Gy,) =2 A S fH(UL, G,) = f(A) SUL, Gy,. Thus the NBOC B of f(A) has a finite NBOSC
{G1,,Ga,, Gay)- -+, Gy, }.. Therefore f(A) is neutrosophic b-compact.

3.41. Proposition: Let f be a neutrosophic b*-continuous function from an NTS (X,t) onto the NTS
(Y,0).If (X, 1) is neutrosophic b-compact then (Y, o) is also neutrosophic b-compact.

Proof: Since f is onto, so f(X) =Y. Let B ={G;:1 € A} be an NBOC of Y. Then Uycp G =V =
Usea Gi = F(X) = f1(Usea G) = X =Uen f71(Gy) = X. Since G, is 0-NBO set in Y, so f~1(Gy) is
T-NBOsetin X as f is neutrosophic b*-continuous function. Therefore, C = {f "*(G,): G, € B} isan
NBOC of X . Since X is neutrosophic b -compact, so C has a finite NBOSC
{f~(G1,), f*(Gay)s -, f7H(Gy,,)}, say. Therefore, X =UL, f71(Gy,) = X = f*(UL, Gy,) = f(X) =
Ui, Gy, = Y =ul, Gy,- Thus the NBOC B of Y has a finite NBOSC {G;,, Gy,, Gy, ---, Gz, }- Therefore
Y is neutrosophic b-compact.
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3.42. Proposition: Let f be a neutrosophic b*-continuous function from an NTS (X,t) onto the NTS
(Y,0). If (X,1) is neutrosophic countably b-compact (resp. neutrosophic b-Lindeldf) then (Y,0) is
also neutrosophic countably b-compact (resp. neutrosophic b-Lindeldf).

Proof: Obvious.

4. Neutrosophic local b-compactness

4.1. Definition: An NTS (X, 1) is said to be a neutrosophic locally b-compact space iff for every NP
Xqpy in X, there exists an NBO set Gin X such that x, 4, € G and G is neutrosophic b-compact in
X.

4.2. Proposition: Every neutrosophic b-compact space is a neutrosophic locally b-compact space.
Proof: Let (X,t) be a neutrosophic b-compact space and let x,z, be an NP in X. Since X is
neutrosophic b-compact and since X is an NBO set such that x, 4, € X, so, (X,T) is a neutrosophic
locally b-compact space.

4.3. Proposition: Let f be a neutrosophic b*-open and b*-continuous function from an NTS space
(X,t) to the NTS (Y, 1). If (Y, 1) neutrosophic locally b-compact then (X,t) is also a neutrosophic
locally b-compact space.

Proof: Let x, 43, be any NP in X. Also let y,,, be the NP in Y such that f(x,p,) = ¥4, Since
Yp.qr €Y and Y neutrosophic locally b-compact, so there exists a -NBO set G such that y, . € G
and G is neutrosophic b-compactin Y.Now y,,, € G = f(x4p5,) € G = x4z, € f*(G). Since f is
neutrosophic b*-open and G is neutrosophic b-compact in Y, so by the prop. 3.36, f~1(G) is
neutrosophic b-compactin X.Againsince f isaneutrosophic b*-continuous function, so f~*(G) is
a 7-NBO set. Thus for any any NP x, 4, in X, there exists a 7-NBO set f~'(G) such that x,4, €
f7X(G) and f'(G) is neutrosophic b-compact in X. Therefore (X,t) is neutrosophic locally b-
compact space.

4.4. Proposition: Let f be a neutrosophic b*-open and b*-continuous function from an NTS space
(X,t) onto the NTS (Y,t). If (X,T) neutrosophic locally b -compact then (Y,0) is also a
neutrosophic locally b-compact space.

Proof: Let y,,, be any NP in Y. Since f is onto, so there exists an NP x5, in X such that
f(Xapy) = Ypqr Since x,5, € X and X neutrosophiclocally b-compact, so there exists a T-NBO set
G suchthat x5, € G and G isneutrosophic b-compactin X.Now X4z, € G = f(x4p,) € f(G) =
Yp.qr € f(G). Since f is neutrosophic b*-continuous and G is neutrosophic b-compact in X, so by
3.40, f(G) is neutrosophic b-compact in Y. Again since f is a neutrosophic b*-open function, so
f(G) is a 0-NBO set. Thus for any any NP y, ., in Y, there exists a 6-NBO set f(G) such that
Ypqr € f(G) and f(G) is neutrosophic b-compact in Y. Therefore (Y, 0) is neutrosophic locally b-
compact space.

5. Covering properties via neutrosophic b-base

5.1. Definition : Let (X,T) be an NTS and NBO(X) be the collection of all NBO sets in X. A
subcollection B of NBO(X) is called a neutrosophic b-base (Nb-base, for short) for X iff for each
A € NBO(X), there exists a subcollection {A;:i € A} of B such that A =U {4;:i € A}, where A is an
index set.

A subcollection B, of NBO(X) is called a neutrosophic b-subbase (Nb-subbase, for short) for X iff
the finite intersection of members of B, forms a neutrosophic b-base for X.

5.2. Definition: An NTS (X, 1) is said to be a neutrosophic b-second countable or neutrosophic b —
C;; space iff X has a countable neutrosophic b-base.

5.3. Proposition: Let B be an Nb-base for an NTS (X, t). Then X isneutrosophic b-compact iff every
NBOC of X by the members of B has a finite NBOSC.

Proof: Necessary Part: Obvious.

Sufficient Part : Let B = {B,: a € A} be the Nb-base. Alsolet C = {G;: 1 € A} be an NBOC of X. Then
each member G, of C is the union of some members of B and the totality of such members of B is
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evidently an NBOC of X. By the hypothesis, this collection of members of B has a finite NBOSC D =
{Baj:j =1,2,3,---,n}, say. Clearly for each Baj in D, there is a Gaj in C such that Baj c G,1j.
Therefore the finite subcollection {G,lj:j =1,2,3,:-,n} of C isan NBOC of X, i.e., the NBOC C of X

has a finite NBOSC. Therefore X is neutrosophic b-compact.

5.4. Proposition: Let (X, 1) be a neutrosophic countably b-compact space. If X is neutrosophic b —
C;; then X neutrosophic b-compact.

Proof: Let D = {4;:i € A} be any NBOC of X. Since X is neutrosophic b — C;;, so there exists a
countable Nb-base B = {B,:n = 1,2,3,---} for X. Then each A; € D can be expressed as a countable
union of members of B, i.e., for each A; € D, we have A; = Uﬁc°=1Bnk, where B, € B and i, may be
infinity. Clearly B, = {B,,} is an NBOC of X. Also B, is countable as B, < B. Therefore, B, is a
countable NBOC of X. Since X is countably b-compact, so B, has a finite NBOSC B’, say. Since by
construction, each member of B’ is contained in one member A; of D, so these A;’s form a finite
NBOC of X. Thus the NBOC D of X has a finite NBOSC. Therefore X is neutrosophic b-compact.
Hence Proved.

5.5. Remark: From the propositions 3.3 and 5.4, it is clear that if an NTS (X,t) is neutrosophic b —
C;; then neutrosophic b-compactness and neutrosophic countably b-compactness are equivalent.
5.6. Proposition: If an NTS (X,t) is neutrosophic b — C;; then it is neutrosophic b-Lindeldf.
Proof: Let D = {4;:i € A} be any NBOC of X. Since X is neutrosophic b — C;;, so there exists a
countable Nb-base B = {B;:n=1,23,--} for X. Then each A; € D can be expressed as the
countable union of members of B, i.e., for each A; € D, we have A; = U?:ank/ where B, € B and
lp may be infinity. Let B, = {By,}. Then B, is an NBOC of X. Also B, is countable as B, < B.
Therefore, B, is a countable NBOC of X. By construction, each member of B, is contained in one
member A; of D. So, these A;’s of D form a countable NBOSC of X. Thus the NBOC D of X has a
countable NBOSC. Therefore X is neutrosophic b- Lindeldf.

5.7. Proposition: Let § be an Nb-subbase of an NTS (X, 1). Then X isneutrosophic b-compact iff for
every collection of NBC sets taken from (¢ having the FIP, there is a non-empty intersection.

Proof: Necessary part: Immediate from the prop. 3.23.

Sufficient Part: On the contrary, let us suppose that X isnot b-compact. Then by the prop. 3.23, there
exists a collection C = {G;:i € I} of NBC sets of X having FIP such that N, G; = @. The collection
F = {C} of all such collections C can be arranged in an order by using the classical inclusion(€) and
therefore, the collection F will have an upper bound. By Zorn’s lemma, there will be a maximal
collection of all these collections C. Let P = {K;:j € J} be the maximal collection. Clearly, this
collection P has the following properties:

(i) @egP (i) A€P,ASB=BEP (ili) ABEP=>ANBEP (iv) n (PN L) = @.
Clearly the property (iv) creates a contradiction to the hypothesis. Therefore X is neutrosophic
b-compact.

Hence proved.

6. Conclusions

In this article, we have defined neutrosophic b-open cover with the help of neutrosophic b-open
sets and then we have defined neutrosophic b -compact, neutrosophic countably b -compact,
neutrosophic b-Lindeldf spaces and investigated various covering properties. We have proved that
every neutrosophic b-compact space is a neutrosophic compact space but the converse is not true.
We have shown that if f is a neutrosophic continuous or a b -continuous function from a
neutrosophic b-compact (resp. countably b-compact, b-Lindeldf) space (X, 1) onto a neutrosophic
topological space (Y,0) then (Y,0) is a neutrosophic compact (resp. countably compact, Lindeldf)
space. In 3.41 (resp. 3.42), we have established that neutrosophic b-compactness (resp. countably b-
compactness, b-Lindeldfness) is preserved under a neutrosophic b*-continuous function. We have
then defined and studied a few properties of neutrosophic local b-compactness. At last, in section 5,
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we have defined neutrosophic b-base, b-subbase, neutrosophic b-C(;; and investigated some
properties. We have set up that if a neutrosophic topological space is neutrosophic b-C;; then
neutrosophic b-compactness and neutrosophic countably b-compactness are equivalent. In 5.7, we
have stated and proved “Alexander subbase lemma” in case of a neutrosophic b-compact space.
Hope that the findings in this article will assist the research fraternity to move forward for the
development of different aspects of neutrosophic topology.
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