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1. Introduction

In 1965, Zadeh [1] developed the "fuzzy notion" to contrast imprecise terms. Fuzzy sets (FSs)
presented in [1] and metric spaces presented in [2] are combined to establish the concept of fuzzy
metric spaces (FMSs), in which membership function is used. The notion of FMSs first introduced by
Kramosil and Michalak [3] in 1975 and then George and Veeramani [4, 5] updated in 1994. Garbiec
[6] established the fuzzy version of the Banach fixed point result. The notion of FSs only deals with
membership functions, so there is a gap that FSs did not deal with non-membership functions.
Atanassov [7] filled this gap to establish the concept of intuitionistic fuzzy sets (IFSs), in which, he
used both degrees, the degree of membership and the degree of non-membership. But, there is still a
gap that IFSs did not deals with naturalness. Smarandache [30] filled this gap to propose the concept
of neutrosophic sets (NSs), as a generalization of IFSs. By combining the concepts of NSs and metric
spaces, Kirisci and Simsek [32] presented the notion of neutrosophic metric spaces (NMSs).

Fuzzy rectangular metric spaces and fuzzy rectangular b-metric spaces (FRBMSs) were
introduced by Mehmood et al. [9], who also demonstrated the Banach contraction principle in the
context of FRBMSs. The concept of orthogonal FMSs was developed by Hezarjaribi [10], who also
demonstrated several fixed point theorems. The authors in [11-14, 33-38] established several
interesting fixed point results. Park and Jeong [15] established fixed point results for fuzzy mappings.
An intuitionistic fuzzy b-metric space was presented by Konwar [16]. The authors in [17-18,]
demonstrated a number of fixed point results for in the context of an IFMS. Nice work was done on
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fractional differential equations by the authors in [19-20]. Several fixed point results were proven by
Javed et al. [21] in the setting of fuzzy b-metric-like spaces. Uddin et al. [22] presented a number of
fixed point theorems for contraction mappings in the context of orthogonal controlled fuzzy metric
spaces. Numerous algebraic structures have been used by mathematicians to apply several novel
fuzzy set models [23-27, 32-35]. The idea of pentagonal controlled FMSs was recently given by Aftab
et al. [28], who also demonstrated various fixed point theorems. Kattan et al. [29] established some
fixed point results in a generalization of an IFMS.

Jeyaraman et al. [39] proved common fixed point theorems in intuitionistic generalized fuzzy
cone metric spaces. Ishtiaq et al. [40] derived several a fixed point results in the context of generalized
neutrosophic cone metric spaces. Gupta et al. [41] examined the uniqueness of solution by employing
CLR-property on V-fuzzy metric spaces. Chauhan et al. [42] examined the existence and uniqueness
of fixed points in modified intuitionistic fuzzy metric spaces. Gupta et al. [43] solved some fixed point
theorems for contraction mappings and investigate the xistence of fixed points for J-{-fuzzy
contractions in fuzzy metric spaces endowed with graph.

In this manuscript, we aim to introduce the concept of neutrosophic rectangular extended b-
metric spaces (NREBMSs) and to establish several fixed point results for contraction mappings. Also,
we provide some non-trivial examples and an application to non-linear fractional differential
equations to show the validity of results herein. An open problem is also raised after the conclusion
section.

2. Preliminaries

In this section, we provide some basic notions that are helpful for readers to understand the main
results.
Definition 2.1: [8] A binary operation *:[0,1] x [0,1] = [0,1] is a continuous t-norm (CTN) if it
satisfies the following conditions:

(1) * is associative and commutative;

(ii) * is continuous;

(iii) hx1=nh forall A e[0,1];

(iv) h*¥f <c+dwheneverh <c and ¥ <d, forall h,¢c,d € [0,1].

Example 2.1: [8] f * £ = hf and i * £ = min{h, £} are CTN.
Definition 2.2: [8] A binary operation © : [0, 1] x [0, 1] = [0, 1] is called a continuous t-conorm
(CTCN) if it meets the below assertions:

T1. o is associative and commutative;

T2. o is continuous;

T3. ho0 =0, forall A €[0,1];

T4. hof < codwheneverh<c and ¢ <d, forall h,¥,c,d € [0,1].
Example 2.2: [8] h 0 ¢ = max{h, £} is CTCN.
Definition 2.3: [4] Let € is nonempty set, K is a FS on & X & X (0, +), and * is a CTN. Then a
triplet (&, K,*) is known as FMS, if it verifies the following conditions, for all »,9,z € & and o,7 > 0:

F1. K(¢,9,0) > 0;

F2. K(,9,0) =1 ifand only if » = 9;

F3. K(Gt,9,0) = K@, x,0);

F4. K(x,9,0) *K@,z,1) < K(x,2,0 + 7);

F5. K(t,9,.):(0,+ 4+ o) = (0,1] is continuous.
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Definition 2.4: [9] Let & is nonempty set, K isaFSon & x & X [0,4+00), and * isa CTN. Then (T, K*
,¥) is known as FRBMS, if it verifies the following conditions, for all »,9,z € &€ and o,7,w = 0:

S1. K(x¢,9,0) = 0;

S2. K(x,9,0) =1 ifand only if » = 9;

S3. K(%,9,0) = K@, x,0);

S4. K(x,9,0) * KM, u,1) * K(u,z,w) < K(%, z,{(c+1+ w));

S5. K(x%,9,.):(0,+) > (0,1] isleft continuous and lim K(ix,9,0) = 1.
o—+ 00

Definition 2.5: [32] Let € be a non-empty set and K, II, 4 are NSs on & x & X [0, +0). Suppose 3: & X
&> [1,4o) be a function, * and © are CTN and CTCN respectively. Then, a six tuple
(& K I1,4,%0) is known as NMS, if the following conditions are satisfying, for all »,9,z € & and
o,1T,w>0,

(N1) K(x,9,0) + 1106, 9,0) + 40, 9,0) < 3;
(N2) K(x,9,0) = 0;

(N3) K(¢,9,0) =1 if and only if » = ¥;
(N4) K(¢,9,0) = K@, %, 0);

(NB) K(¢t,z,0 + 1) =2 K(%,9,0) * K, 2,7);

(N6) K(x,9,.):(0,+00) - [0,1] is continuous and lim K(x,9,0) = 1.

o—+00

(N7) T(%,9,0) = 1;

(N8) (2, 9,0) = 0 if and only if » = ¥;
(N9) TI(%,9,0) = 113, %, 0);

(N10) (3¢, z,0 + 1) < (%,9,0) 0 1Y, z,7);

(N11) I1(>,9,.): (0, +00) - [0,1] is continuous and lirP M(x,9,0) = 0.
o—+00

(N12) A(x,9,0) = 1;

(N13) A4(x,9,0) = 0 if and only if » = 9;
(N14) A(x,9,0) =AY, %, 0);

(N15) A(s,z,0 + 1) < A(%,9,0) 0 A, z,7);

(N16) A(x,9,.): (0,+) - [0,1] is continuous and lirP A(x,9,0) = 0.
o—+400
Then (g, K II, 4,%,0) is called an NMS.

3. Main Section

In this section, we introduce the concept of NREBMS and establish some fixed point results.
Definition 3.1: Let & be a non-empty set and K, II,4 are NSson & X & x [0, 400). Suppose ¢:E X & -
[1,400) be a function, * and © are CTN and CTCN respectively. Then, a six tuple (&, K,II,4,%,0) is
known as NREBMS, if the following conditions are satisfying, for all »,9,z € € and o,7,w > 0,

(NRE1) K(¢,9,0) + (x,9,0) + A(3¢,9,0) < 3;
(NRE2) K(x,9,0) = 0;

(NRE3) K(x,9,0) =1 if and only if » = 9;
(NRE4) K(x,9,0) = K(I,x,0);
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(NRES5) K(}{, z,2 Y, z)(c+ 1+ w)) > K@, 9,0) * K@, u, 1) * K(u, z,w),V distinct 9,u €
E\{x, z};

(NRE6) K(3,9,.): (0,+2) - [0,1] is continuous and lir+n K(x¢,9,0) = 1.
o—+00

(NRE?7) I1(3,9,0) = 1;

(NRE8) M(3,9,0) = 0 if and only if » = 9;

(NRE9) I1(3,9,0) = I(Y, %, 0);

(NRE10) H(}{, 2,0, z)(c + T+ W)) <IM(,9,0) cI(Y,u,7) ol(y,z,w),V distinct 9,u €
E\{x, z};

(NRE11) I1(3,9,.): (0, +%) - [0,1] is continuous and lim II(x,9,0) = 0.

g+

(NRE12) A(x%,9,0) = 1;

(NRE13) A(x,9,0) = 0 if and only if » = ¥;

(NRE14) A(x,9,0) = A(Y, %, 0);

(NRE15) A(}{, z,p(,z)(c + T+ W)) < A(x,9,0) 0 A, u,7) 0 A(n,z,w),V distinct 9,u €
E\{x, z};

(NRE16) A(x,9,.): (0,+) - [0,1] is continuous and lirP A(x,9,0) = 0.
o—+00

Example 3.1: Let (E,d) be a rectangular metric space, define : & x & = [1,+) by ¥(x,9) =1+
x4+ 9 and define K,II,4:& X € x [0, +0) — [0,1] by

o
K(H;ﬁva) - o +d(}1’,l9)’
d(x,9) d(x,9)
(%,9,0) =————— and 4(»,9,0) = forallx,9 € Eand o > 0,
o+ d(x,9) o

with CTN #f * £ = min{A, £} and CTCN # o £ = max{h, £}. Then (&, K,II, 4,%,0) is an NREBMS.
Proof: Properties (NRE1)-(NRE4), (NRE6)-(NRE9), (NRE11)-(NRE14) and (NRE16) are easy obvious.
Here, we prove (NRE5), (NRE10) and (NRE15).
(NRE5) K(%, 2,0, z) (0 + T+ W)) > K0, 9,0) * K@,u, 1) * K(u, z,w) for all distinct 9,u € E\{x, z}.
Suppose that

K(,9,0) < K®,u,1)
and

K(,9,0) < K(u,z,w),
which implies that

o - T
o+d(,9) " t+d®,u)

and
o < w
c+d(,9) " w+d@,z)
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So, we obtain
od(@,u) < td(%,9) and od (1, z) < wd(,9).
This implies
(T+w)d(,9) = ald®,u) + d(u,z)] ¢Y)
Now, observe that
K(, 2,90, 2)(0 + T+ w)) = K(¢,9,0)

Yo, z)(e+T+w) - o
Y0,z)(c+T+w)+d(,2) — o+dx9)
- Y, z)(e+T+w) - o
Yo, z2) (o +T1+w) + Y0, 2)[d0G9) +d@,0) +dw, 2)] — o +d(,9)
o+T+w g

>
C ettt w+dnd) +d@w) +dwz) — o +dGe )

S (T4+w)d(e,9) = o[d®,u) + d(y,z)].
Hence,
K(x, 2,90, 2)(0 + T+ w)) = K(t,9,0) * K, 1u,7) * K(u, z, w).
(NRE10) (%, 2,90, 2)(0 + T+ w)) < (,9,0) 0 (¥, u,7) 0 M(1,z,w) for all distinct 9,u € &\

{», z}.
Recall that
d(»,9) d@®,u) d(u,z)
d(x,z) = d(%'z)max{d(%,ﬁ)'d(ﬁ,u)'d(u,z) .
Therefore,

d(¢,z) < [0+ 1+ w+d(x z)] max {d(}f,ﬁ) d@®,u) d(u, z)}.

d(,9) d(9,u) d(u,z)
Define :E X & = [1,400) by ¥(3,9) =1+ x + 9. Then

d(x,z) < [Y(,z)(o + T+ w) + d(x,2z)] max {d(%'ﬁ) d(®,u) dlu, Z)}.

d(x,9) d(9,u) d(u,z)

Also observe the fact that

d(e,z) < [Yoe,z)(o + 1+ w) +d(x, 2)] max{ d(,9) d@,u) d(w,z) }

oc+d0o,9)’ t+d@®,0)'w+d(u,z)

This implies
d(x%,z) < x{ d(x,9) , d(9,u) ' d(u,z) }
Y, z) (e +T+w)+d(x,2) c+d(,9)' 1+d®,n)’'w+d(y, z)
Then
M(x, 2,90, 2)(0 + T+ w)) < max{Il(%,9,0), 1(9,1,7), (1, z,W)}.
Hence,

H(}f, z,Y(n,z)(c + 1+ W)) <IM(,9,0) o I(Y,u,7) oy, z, w).
(NRE15) A(J{, z, (¢, z2)(c+ 1+ w)) < A(x,9,0) 0 4(9,u,7) © A(u,z,w) for all distinct 9,u € E\{x, z}.
Observe that,

d(t,z) <o+ 1+ w+d(, z)] max {d(}; ﬁ),d(i' u)'d(l‘:;z)}.
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Define :& X & = [1,400) by ¥(3,9) =1+ x + 9. Then

d(t,z) <Y, z) (o + T+ w) + d(, z)] max {d(}: 19),d(19,u),d(u,z)}.

T w
This implies
d(x,z) < d(,9) d@,u) d(u,z)
Yo, z) (o +T1+w)+dG,z) ~ T T Tw |
Then
A(}{, 2, Y0, 2) (0 + T+ W)) < max{4(»,9,0),49,1,7),4(1,z,w)}.
Hence

A(%,Z,l/)(%,z)(a +71+ W)) < A(x,9,0) 0 A9, u,7) 0 A(y, Zz, w).

Therefore, (&, K11, 4,%,0) is a NREBMS.

Remark 3.1: The above example is not a NMS. But, if we let ¢ = 1, then it is NMS.

Example 3.2: Let & = [0,1] and define :E X & - [1,+0) by (¢, 9) =1+ x?+ 9> and KII,4: & x
T x [0,+) = [0,1] by

1, if x=9

,otherwise

K(#,9,0) = {

o + max{x, 9}

0, if =17
M(x%,9,0) ={ max{x,9}P

W otherwi
p— max{x,ﬁ}P'Ot erwise
and
0, if =19
A(%,9,0) = {max{x, 9} ~ forall»,9 €Eand o > 0.
— Y otherwise

Then (T, K,II,4,%0) is an NREBMS with CTN A * £ = h-£, CTCN A © £ = max{h,f}and p = 1.
Example 3.3: Let & = [0,400) and define ¢:& X & = [1,400) by (¢, 9) =1 +§ and K, I1,4: & x & X

[0, +0) — [0,1] by

1, if »=9
K¢, 9,0) = {76 ,otherwise
o+ (x+9)P
0, if =9
MG, 9,0)={ (c+9)P :
m, otherwise
and
0, if =9
A(x,9,0) = [(M + 9)P ~ forall»,9 €Eando > 0.
———, otherwise

Then (T, K,II,4,%0) is an NREBMS with CTN A *¥€ = h-#, CTCN A 0 £ = max{h,¥}and p = 1.
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1, if =139

1+ » + 9, otherwise and

Example 3.4: Let & = [0, +0) and define ¢: & X & —» [1,4) by (¢, 9) = {
K,II,4: & X € x [0,400) = [0,1] by

o
K(x, 9, =
G0 9,0) = e —op
NG, 0,0) = 2"
O e =0
and
| — 9P
A(x,9,0) = — forall »#,9 € Eand o > 0.

Then (T,K,II,4,%0) is an NREBMS with CTN #A* € = h-#, CTCN A © £ = max{h,¥}and p = 1.
Remark 3.2: The above examples 3.3 and 3.4 are also NREBMSs if we take f * £ = min{h, €}, and A ©
£ = max{h, £}.
Definition 3.2: Suppose (E,K,II, 4,%,0) isa NREBMS and assume {3,} be a sequence in & Then
> {x,} is said to be a convergent sequence if there exists » € & such that
ngrpm K(¢t,, #,0) = 1,forallg > 0
nl_l)IPOO (3,,#,0) =0, forallg > 0.
and

lirP A(xy,n,0) =0, forallog > 0.
n—-+oo

» {x,} issaid to be a Cauchy sequence if

ngrpm K(%n, J{n+q,0') =1 forallo >0

nl_1>r+r100 H(}{n, un+q,a) =0 forallo > 0.

and
lim A(un, un+q,a) =0 forallo > 0.

n-+oo

> The NREBMS (&, K,I1,4,%,0) is called complete, if every Cauchy sequence is convergent in
c.

1, if =7~

Example 3.5: Let € = [0, +0) and define :& X & - [1,+) by (¢, 9) = {1 + 3 + 9. otherwise and

K I,4:& X & x [0,400) - [0,1] by

o
K(,9,0) = —————
(6.9, 0) o+ |x—9P
10t 9, 0) = [ —I|P
v o+ k=0’

and
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| — 9P
A(x,9,0) =——— forallx,9 € Eando > 0,
o+ |x—9P

then (T,K,II,4,%,0) is an NREBMS with CTN A *# = h-£, CTCN A © £ = max{h,f}and p = 1.

Let {sx,} = % forall n € {1,2,3,---} be a sequence in &, then {i,} converges to 0. Now

] ] o
nl—1>r-+1:100 K(%nl 0! O-) - nl—1>r-poo 1 P 1;
o+ (H
1)”
n _
nl_l)moo M(x,,0,0) = nl—l>IPoo 7= 0,
o+ (ﬁ
and
3)
lim A(x,,0,0) = lim A2 —o.
n—-+oo n—-+oo g

That is, the sequence {x,}is convergent.

Example 3.6: Consider the preceding example and a sequence »x, = % for all n € {1,2,3,---,}. Then

forall q € {1,2,3,--}, we get

lim_ K(3p, #p4q,0) = lim 5 ? 5 =1,
" - U+(nL+1) +“'+(n}-q)
1 \° 1 \°

lim. N0t %nsqr @) = lim. (n + 1) : + (n + z) o,
0+(n+1) +m+(n+q)

and

p p
(nL-I-l) toe (n}-q)

11m Alx,, n = lim = 0.
Nt ( n’ n+qr ) N—+00 o

That is, the sequence {»,} is Cauchy.

Lemma 3.1: Let {»,} be a Cauchy sequence in a NREBMS (E,K,II,4,%0) such that s, #x,,,

whenever n # m for all m,n € N. Then {»,} converges to at most one point in &.

Lemma 3.2: Let » and 9 be any two pointsina NREBMS (g, K, 1, 4,%,0). If for any 7 € (0,1), we have
K(¢,9,n0) = K(x,9,0),11(x,9,n0) < (%,9,0) and A(x,9,n0) < A(x,9,0),

then » = 9.

Theorem 3.1: Let (,K,I1, 4,%,0) be a complete NREBMS such that
lim K(¢,9,0) =1, 11m M(x,9,0) =0, and lim A(¢,9,0) =0, forall»,9 € & (2)

og—+00 o—+00

Let £:& —» & be a mapping satisfying
K(&x, &9,n0) = K(¢,9, 0), (¢x, &9,n0) < (3,9, 0),
and A(¢x,&9,n0) < A(%,9,0) €))
forall »,9 € & n € (0,1). Then ¢ has a unique fixed point u € &.
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Proof: Let »x, € & be an arbitrary point and let n € N then begin an iterative process such that

npy1 = &y Continuously, applying an inequality (3), we deduce that

o o
K(}{n'}{n+11 0) =K (%Oixlv n_n) ’ H(%nv An+1) O-) <n (HOJHI! n_n) and A(”n:”n+1: 0-)

g
S A(J‘fo,}fl,n_n). (4’)

Since, (&, K, II,4,%,0) is a complete NREBMS, then for the sequence {x,}, writing o = §+ % + % and

using the rectangular inequality given in (NRE5), (NRE10) and (NRE15) on
K(J{n, Hnips 0'), H(%n, Hnip cr) and A(%n, Hnip cr), we have the following cases.

Case 1: If p is odd, thenp = 2m + 1 where m € {1,2,3,...}. So, we have

o
Kt s ) = K (s 011, 37— )
nw *n+2m+1

o g
* K| x P4 —) * K (J{ b —)
( b Tz 3lp(”n' %n+2m+1) ey Snezm 31/)(”71' J'fn+2m+1)

o o
ZK(% , M —)*K(% H —)
o 3Y (Ot Hprame1) L Tnz 3Y (tn, Hns2m+1)

o
* K (H » Mn+3, )
n+2, An+3 (32 Gty #pr2mae IV Hnga, Hnz)
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Using (4) in the above inequalities, we deduce
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Using (4) in the above inequalities, we deduce
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nl_l)r}_loo K(}{n,){n+p,0') =1, nl_l)rll H(%n,%n+p,a) =0 and 11m A(Hn, J1’n+p,0') = 0.

That is, a sequence {x,} is Cauchy. Therefore, (&, K,II,4,%,0) is a complete NREBMS, so there exists

u € &, and we have
lir+n K(Gt,,u,0) =1, lirp M(3,,u,0) = 0 and lirP A(x,,u,0) =0,forallc > 0and g = 1.
n-+o n—-+oo n—-+oo

Now, we show the existence of a fixed point u.
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<A (u, Hn, Hp, U

srgm) A (g aes) 0 P s)

—»>00000=0asn— +om.
Uniqueness: Suppose v # u, be another fixed point, then

K(v,u,0) = K(év, &u,0) = K (v, u, %) = K(fv, éu, %)

a
=
2
n

o
2K<v,u )2 e > K(v,u,n—n) —lasn — +oo,

N(v,u,0) =N¢v,éu,0) < (v, u,%) =1l (fv, fu,%)

o g

< l'[(v,u,—z) <--< H(v,u,—n) —0asn - 4o,
n n

and

A(w,u,0) = A(év,&u,0) < 4 (v, u,%) =4 (fv, fu,%)
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o o
< A(v,u,—z) < <Z A(v,u,—) - 0asn - +oxo,
n n"
Hence, u = v.

Definition 3.3: Suppose (,K,II, 4,%,0) be a complete NREBMS. A mapping ¢:& - & is known as
neutrosophic rectangular contraction, if
1

K(&x,89,0)
and 4($x, 9,0) < ndA(x,9,0) 5)
forall »#,9 € &n € (0,1)and o > 0.

Theorem 3.2: Suppose (E,K,I1,4,%,0) be a complete NREBMS, such that
lim K(x,9,0) =1, lirP [I(»,9,0) =,and lirJP A(x,9,0) =0 forallx»,9 €Z. (6)
o—+0co g—>+o

g—+00

1
1<n [m - 1], (&, &9,0) < nll(x, 9, 0)

Let £:& — & be a Neutrosophic rectangular contraction. Then ¢ has a unique fixed point u € &.
Proof: Assume (T, K,II,4,+,0) be a complete NREBMS, let an arbitrary point », € &, and define a
sequence {x,} in & by

wy =Eny , my = &%y = &y, ity = My = Ex,_q forall n €N,
If », = »,_, for some n € N then 1, is a fixed point of {. We suppose that s, #x, ; forall n€
N. For ¢ > 0 and n € N, utilizing (5), we get

1 1 1

KQtp, #n41,0) -1= K(§rn_1,§3n, 0) —i=m [K(”n—p}fn: o) -

That is,

1 < ]
K(%n' Hn+1s 0) B K(%n—lr Hn 0)

+(1—-n),Vo>0,

2

n n
1-P—— "
7 K(Kn—Zl}{n—lt 0-)

B K(fkn—Zl E”n—l' O')
Continuing this way, we get

1 < n
K(tp, #p11,0) ~ Koo, 31, 0)

+( +n1-m+ A —-n).

n

+n" A=)+ A=)+ @ -+ (1 —n)

n

n n—1 n—2
- e 1)(1 —
= KGtg, 70, 0) +@ AT+ DA 1)
nn
——+ (1 -—7n").
= Koty T 71
We have,
————— < K0, %41,0),Y 0 > 0,n €N, )
KGroo o)t (171
H(}{n, ”n+1' O-) = H(f”n—l: f}{n: O-) S UH(”n—p Hn’ O-) = Un(f”n—z, f”n—l: O')
< UZH(%n—Z'%n—l: 0-) <o =< U"H(Ho' }{1,0‘) (8)
and

A(J’fn' Hn+1s o) = A(E”n—l: Sy, o) < n4 (%n—li A, o) = n4 (E}fn—z' $Hn_q, o)
< UZA(”n—z;”n—p O-) < < UnA(”o'”p O'). (9)
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Since (&, K, I, 4,%,0) is a complete NREBMS for the sequence {»,}, writing o = §+ % + % and using

the rectangular inequalities given in (N5), (N10) and (N15) on
K(J{n, Hnips 0'), H(%n, Hnip cr)and A(%n, Hnip cr), in the following cases.

Case 1: If p is odd, thenp = 2m + 1 where m € {1,2,3,...}. So, we have

o
K ) ) 2 K < ) ) PN )
(%n Hnt+2m+1 O-) Hpy Hnt1 31/)(Hn:%n+2m+1)
g
* K(

o
I 4 — | xK <J{ 4 —_—C )
i 31»[)(”71' %n+2m+1) ) ey Snezm 31»0(”11' %n+2m+1)

o o
ZK(% U ,—)*K(}{ K ,—)
won 3¢(%n: J'fn+2m+1) b Tz 3‘¢’(%n'%n+2m+1)

o
k K (}f ) x ’ )
BT (3) 20 (o, Mt amer 1)V (naz) Hnss)

g
* K (H M+, )
n+3, Xn+4 (32 Gty #pr2mae IV Hnga, Hnsz)

g
* K (J{ s ’ )
n+4 An+2m+1 (3)2¢(Mn,}fn+2m+1)lp(}{n+2; Hn+3)

o o
ZK(% ,H ,—>*K(;{ M ,—)
o 3¢(Hnr J"-’n+2m+1) L nt 3lp(}{n:}{n+2m+1)

g
k K (}f ) x ’ )
ntz Tnts (S)ZIP(%n: %n+2m+1)¢(”n+2t”n+3)

(2
* K (% , M ) )
n+3» tn+4 (3)2¢(%n' %n+2m+1)lp(%n+2' %n+3)

g
* K <% , Hpyc, )
s (3)31/)(}%' J‘fn+2m+1)l/)(}{n+21 Kn+3)1l}(%n+4» ”n+5)

g
* K (J—t JHre, )
e fnte (3)3110(}{711 J'fn+2m+1)1pb(}fn+2: J'{n+3)lzb(}{n+4-' J"n+5)

K oee %

g
K (% 4 )
A2 ENAZMAL? (33N oty 4 2m 4+ 1)DW 2 7430 Gl adtnds) P Ctnt zmMn s 2ma1)

o
A
Oty Hp12m+1,0) nEntl 3Y (0t Hpsame1)

o o
1 (spss0s2r 5 ) O 1 gz s 5 )
v n+2’31/)(”nr}fn+2m+1) e n+2m+1’3lp(}{nr}{n+2m+1)

o o
BT PP P A
won 3Y (Otn, Hny2m+1) e 3Y (tn, Hns2m+1)

o
oIl <}t yHne3s )
n+2»tn+3 (3)2¢(Hn,%n+2m+1)¢(%n+2'H”+3)

o
ol <}t 1 Hnta )
nd Tnta (3)2¢(Hn’%n+2m+1)¢(%n+2'Hn+3)

g
ol <}{ K , )
b Tnzm (3)2¢(Hn'%n+2m+1)¢(%n+2'Hn+3)
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o o
SH(” ;H -}-]_’—>OI—[<}'f +1I}{ +2’—)
e 3¢(Hn'%n+2m+1) " " 3¢(”n'}{n+2m+1)

o
ol <J{ yHnt3s )
a3 (32 Gty s 2mae DV a2, Hpis)

o
oIl <h’ y Antan )
n+3 s (3)2¢(”n: %n+2m+1)lp(}{n+2’”n+3)

o
oIl (% JMpic, )
e Tnts (3)3lp(%n' %n+2m+1)lp(”n+2! J'fn+3)1p(}'{n+4: Hn+5)

o
oIl (% JHre, )
ns Tnte (3)3lp(%n' %n+2m+1)lp(”n+2! J'fn+3)1p(}'{n+4: Hn+5)

0...0

o
Il (}f +2m Hn+2m+1 )
remy A (3)mlp(%n'%n+2m+1)¢(”n+2'”n+3)lp(%n+4'%n+5) 1/)(J‘fn+2m'J'ln+2m+1) '

and
AC y<4 7
My Mpiomi1, 0) < (H v +1,—>
onem e 3Y (o, Hpvam1)

o o
9 PR S, DT PR— —
i n+2,3w(”n:}‘ln+2m+1) e n+2m+1,3¢(}{n1%n+2m+1)

o o
ST (R S, PP (U —
won 3¢(”n:”n+2m+1) e Tnt 3lp(}{n:}{n+2m+1)

g
oA (J{ » Hnt3 )
ntz Tnts (3)21p(”n: %n+2m+1)¢(%n+2t”n+3)

o
oA <J{ » Hnta )
nd Tnta (3)21/)(”71, Kn+2m+1)1/}(%n+2»”n+3)

g
oA <J{ WM , )
T am (3)2¢(”nrkn+2m+1)¢(”n+2»”n+3)

o o
SA(J{,J{ ,—)oA(H S H gy ————— )
o 3 (o, Hns2me1) T 3Y (o, Hns2me1)

g
oA <J{ » Hnt3, )
n+2, tn+3 (3)21/)(%11’ Kn+2m+1)ltb(}{n+2' Hn+3)

o
oA <J{ » Hntan )
TSI (324 (ot Mg 2ms )V Gtnga Hnes)

g
oA (% , Hpyc, )
e TnEs (3)31/)(}%' %n+2m+1)¢(”n+2» J‘fn+3)1/)(}{n+4' Kn+5)

g
oA (% y Hve )
s Tnte (3)31/)(”71: ”n+2m+1)ll}(”n+2’ ”n+3)1/)(”n+4' ”n+5)

0...0

g
A (J{ omr HXnvo2mt )
e Tnamy (3)mlp(%n' Kn+2m+1)l/)(}fn+2' Kn+3)l/)(%n+4-: %n+5) lo[)(}{n+2m' J'fn+2m+1)

By using (7), (8) and (9) in the above inequalities, we have
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K(Kn, Hnrom+1r J)

> o *
5 +@ -1
P AP ——
o 3lp(%nv ”n+2m+1)
1

n+1
n

5 ) + (1 — nn+1)

K(}f MM 77—
o 3110(%11' ”n+2m+1)

nn+2

+ (=)

o
K (%0’ ¥ (3)2¢(”nv ”n+2m+1)w(%2' %n+3)>
1

nn+3

+ (=)

o
K (%0, Hq, (3)21,0(%‘“' ”n+2m+1)w(%"+2’ Hn+3))

1

nn+2m

o
K(}{ , Mq, )
0 (3)mlp(}fn'%n+2m+1)¢(%n+2'”n+3)lp(”n+4'%n+5)"'¢(”n+2m'%n+2m+1)

1 1
5 ) +(1 -1 " ) +(1 - (™)

K(J{,J{,— K{ng, 9 5577——
o 3Y 0ty Hns2ms1) o 3Y 0t Hpram+1)

*

+ (1 — nn+2m)

= 7

1

" (2
T L >+(1 ™)

Ho, Hq,
0 (3)2¢(%n'”n+2m+1)lp(%2t%n+3)
1

K( (77)277n+; ) + (1 — (n)2yn+)

Ho, Hq,
071 (3)29 (tn, s 2ma 1) )W Otnaz, Hnss)

1

q ()" jra- (o)

Ho, M
o (3)"11/)(;{7“ %n+2m+1)1/)(”n+2' J‘fn+3)1/)(7'fn+4r %n+5) o l/)(J‘fn+2mr Kn+2m+1)

Jor b o)
v 1'3¢(”n'”n+2m+1)

o

NGy, » +2 +1.U) <"l <%0.H1.—
e 31/)(}{71' J'fn+2m+1)

o
o n+21-[ <}‘f M, )
7 o (32 Gty ns2me 1 DV (g2, Hpis)

g
fo) n+31-[ <}f M, )
g o (3)211)(}[", J‘fn+2m+1)1/}(}{n+2»J‘fn+3)

g
10 n+4l-[ <J{ M, )
7 00 (33 (s Hnr2ma )W Gtnezs Hne )W Clnas Hnrs)

o
o n+51-[ (J{ M, >
7 00 (33 (s Hnr2ma DV Ptnezs Hne )W Clnas Hnrs)

0...0

nn+2ml-[ (%0’%1’ o )
(3)"11,0(%1“ J'fn+2m+1)l;b(7’fn+2' J'fn+3)1»l}(1'fn+4' J'fn+5) ¢(Hn+2m: %n+2m+1)
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) onmmI <”0‘ Hy, 2 )

<"l (% y M1,
n 0,1 (3)¢(}{n:%n+2m+1)

31»[)(”71' %n+2m+1)

Onz(n")H(% x = )
o 1’(3)21:0(”71: J'fn+2m+1)“»b(}'fn+2'}'fn+3)

o
o) 2( n+1)n (% M, )
T o (3)2¢(J’fnv”n+2m+1)¢(}{n+2:%n+3)

o
1) 3( Tl+1)l-[ <J‘f ,J{ , )
T 0V 33 (s 7 2ms )W Ptz Hre )W Gt Hnrs)

o
1) 3( Tl+2)l-[ <J‘f ,J{ , )
T 00 33 (s 2ms )W Ptz Hre )V Gl Hnrs)

0...0

o
7’m(nn+m)l-[ (% iy, )
. (S)mw(}fn' J’fn+2m+1)lp(}fn+2' %n+3)¢(”n+4t J‘fn+5) w(%n+2m' J‘fn+2m+1)

and

o o
B nsamsns) <778 (s Vo1 oy )
(Hn Hn+zmt 0-) 7 "o %1 3¢(Hnr J"-’n+2m+1) 7 o1 3¢(%nt%n+2m+1)

o
o TI.+2A <J1' M, )
7 o7t (3)2Y0tn, ps2m+ 1)WY Otniz, Hnis)

o
o TI.+3A <J1' M, )
7 o7t (3)2Y0tn, Hps2m+ 1)WY Otnrz, Hnas)

o
o n+4A (}f "y, )
7 01 Y3 Gt Hrr s DV Clnrzs o3I Gt Honrs)

o
o) n+5A <J{ M, )
7 OV (33 (s Hnr2ma )W Otnrzs Hns )W Glnear Hnns)

0...0

77n+2mA (HO' #y, o )
(3)mw(”n: Kn+2m+1)¢(}{n+2' J'fn+3)lp(”n+4: J'{n+5) lzb(”n+2m: J'{n+2m+1)

) o4 (00—

o

31/)(%11, Kn+2m+1)

<n"4 (HO,}{l,

o) 2 n A g
(") <K0’K1’(3)21/’(}%:”n+2m+1)¢(”n+2'”n+3))

g
o 2 n+1 A <% , M, )
L) oo ()Y Gtny Hng2ms 1DV Gtnsz, Hnys)

g
o n3(nntl A(J{ M, )
MO A o 0 gy G mvame )0 Gt s )0 G e

0}
o n3(nnt2 A(J{ M, )
MO A o 0 gy G e vame )0 Gt s )0 G e

0...0

g
m( n+m)A<K’%’ )
T o7t (3)mlp(}fn'%n+2m+1)w(”n+2'Hn+3)'~p(”n+4:%n+5) "'¢(Hn+2m'%n+2m+1)

Case 2: If p iseven, then p =2m;m € {1,2,3,---}. So, we have
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o
K(%n’ Hptoms U) > K <J'fn: Hp+1) W )
n tn+2m

o
) * K <”n+21 Hn+2m W )
w tn+2m

o

* K (Kn+1: Hn+2, W
n tn+2m

o o
> K( : —) K( ’ —)
%n %n+1 31,0(%11. J'fn+2m) i Mn+1 Hn+2 3lp(%n!}{n+2m)

o
* K (% »Mn+3s )
nr2 s (3)2¢(%n: %n+2m)lp(”n+2! J'fn+3)

- o
O vy ) M G € comravem T comrees )

o o
ZK(% M ,—) K(}f 4 ,—)
won Sw(%n' J’fn+2m) " b Tz 3lp(%n'%n+2m)

o
* K (}f " 4 )
n2rnt3 (S)ZIP(%n: %n+2m)¢(”n+2t”n+3)

o
* K (% IRt ) )
n+3» *n+4 (3)2¢(%n' }fn+2m)lp(%n+2' %n+3)

o
* K (H » Hnts, )
A TS (B3P (tn, M 2m) W Ctygs 3 W Otyis, M is)

g
* K (}f M ’ )
n+5 tn+6 (3)31,0(”11' h’n+2m)¢(}{n+2’ Hn+3)l,b(}fn+4-x J'fn+5)

(o2
K (}f -2 4 - ),
n+2m-2» An+2m (3)m 11/)(% M 2m)¢(”n+2'H"+3)¢(;fn+4'%” 5) ( am-2 )
) % ) , ,———————
n tn+2m - 1 3‘(/}(}{7),; Jtn+27n)

o o
ol‘[(u % ’—)OH<J{ B —)
n+1l 7 n+z 31/)(Hn, %n+2m) nz Sndzm 31/)(Knr%n+2m)

. g
sH( ) .—>OH< ' —)
¥ Mt 3¢(%n,}‘5n+2m) Mt Mz 3lp(”n:}{n+2m)

g
oIl <J{ » Hn+3s )
n+20 Mn+3 (3)2Y Gty Hpp2m )W (Prgns Hny3)

o
oIl <J{ , M , )
ns Tntd (3)2¢(”n: J'fn+2m)lzb(}{n+2'J"n+3)

o
SIee. )
n+4 Mn+2m ) 2Y Gty Hng 2 )W Gty Hnss)

o o
SH(%,% ,—)ol‘[(k [ — )
" nH SII}(J{TL' ”n+2m) nH e 31/)(}{11' ”n+2m)

g
oIl (z yHn+3s )
n+2, An+3 ) 2Y Gty Hpg 2 I Gty s Hns3)

o
ol <}{ yHntas )
ns Tntd (3)21;0(}%; J'fn+2m)lzb(7'{n+2'J'fn+3)
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o
oIl (}{ 4 , )
ke TS (33 Gty sy 2m) WY Otnzs #n43)W (s Hgs)

o
oIl (}{ 4 , )
S Tne6 (33 Gty 2 )WY Otnszs #n43)W (g Hgs)

0...0

g
I (J{ +2m-2rHn+2 )
freme S Ay (3)mlp(%n:%n+2m)lp(}fn+2v”n+3)¢(}{n+4:}{n+5) "'w(}{n+2m—2:%n+2m) ‘

and

o
Bt s @) = 8 (0 s 3 )
w tn+2m

o o
Sy PP 1Y P ——
n+l 2 3lp(%n.%n+2m) e fnezm 3¢(%n;”n+2m)

g g
SA(%,J{ ,—)oA(;{ ” —)
wom 311[}(J’f11'7'fn+2m) b Tz 3lp(%n'%n+2m)

o
oA <J1’ yHn+3) )
n+2) *n+3 (3)2Y(tp, #pg2m )W Gtngz, Hpys)

o
oA <J1’ y M+ )
n+3) ¥n+a (3)2Y(tp, #pg2m )W Gtngz, Hpys)

o
oA <J1’ I , )
o Tnam (3)2w(}fn: Hn+2m)lp(%n+21%n+3)

g g
SA(%,J{ ,—)oA(;{ " —)
wom 311[}(J’f11'7'fn+2m) b Tz 3lp(%n'%n+2m)

o
o] <J{ » Mn+3, )
n+2, Mn+3 B)2Y Gty #pg2m)W Ctngz, Hnys)

o
oA <J{ 'y Hnta )
3 Tnta (2P 0ty #ns2m) P (i 2, Hns3)

o
oA (H y Hn+s, )
e TS B> Y0tn, s am)P (s, #n43)Y (tnsa, Hnis)

o
oA (H yHnte )
SIS (339 Oty 2 )W (s s )Y Ot Hes)

0...0

o
A (J{ o ) )
nzm=2r Tnkam B)™MP Gtn, #nr2m)P Gtnaz, g 3) P nga Hnys) = W Otngam—2, Xnyam)

By using (7A), (8A) and (9A) in the above inequalities, we have
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1 1
K(%n' }{n+2m' 0) 2 n * n+1

n — +(1-7m n — + (1 —nn+1)

K ( ) ) —) < ) ) —)
020 3 Gt Hn ) K020 39 Gt )
1
*
nn+2 _
K (}{ y 5 ) + (1 n‘n+2)
o (3)2¢(%n' %n+2m)lp(}f2v J'fn+3)
1
*
nn+3 _
K (}{ y 5 ) + (1 nn+3)
o (3)2¢(%n' %n+2m)lp(}fn+2! J'fn+3)
k eee %k
1
77”“’”_2 + (1 — n+2m—2)
K(% n g ) !
or (3)m_1¢(}fn' Hn+2m)lp(%n+2' %n+3)¢(}fn+4' J’fn+5) w(%n+2m—2t J‘fn+2m)
1 1
2 n * n
- T+ -1 W+ - )
) F— K ) )—
(0 3w(xn.xn+2m)) o 3w(un,un+2m))
1
*
(m>n™ 2
K(% y - )+(1—(n)n")
0 (S)ZIP(%W J’fn+2m)1/)(1‘f2t J‘fn+3)
1
*
(m)2nntt 2 1
K(% y - )+(1—(n)n"+)
0 (S)ZIP(%W J’fn+2m)1/)(3‘fn+2'J'fn+3)
k eee k

(n)m—lnn+m—1

+(1-()m—1yntm-1)

K , ; g
(KO 1 (3)m_1¢(”n'ﬂn+2m+1)¢(”n+2ﬂn+3)w(%n+4'”n+5)"'1P(”n+2mﬂn+2m+1))

g g
H(H . ,O')S nH(J{,J{,—>O n+1H(H,H,—>
oz 7 oot 31/)(}{71' J'fn+2m) 7 o 31/}(”71' J’fn+2m)
g
o) n+21-[ <}‘f M, )
7 o (3)2¢(”n' J'fn+2m)1;b(}{n+2'J"n+3)
g
fo) n+3H <J{ M, )
7 o (3)2¢(”n' J'fn+2m)1;b(}fn+2'J"n+3)

o

o T]n+4l_[ <J{ M, )

o (3)31/)(”n17{n+2m)1/)(”n+2»”n+3)lp(7{n+4r%n+5)

o

o) nn+5n (J{ M, )

oo (B2 Gty s om) Y Otnszs #n43) Y (s Hnys)
0...0
o
7’l+2m—21-[(}f M, )
7 o (3)’”1,0(%1“ J'fn+2m)l;b(7'fn+2'J'fn+3)lpb(1'fn+4' J'fn+5)"'1pl}(7'fn+2m—2'”n+2m)
] (. S o ] O A—
=1 oo 3¢(%n' J'fn+2m) 7 o (3)lp(%n:%n+2m)
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o M (0 d )
o (3)2¢(Hn: J'fn+2m)1:b(}'fn+2' %n+3)

" o
° 772(77 1)H (%0’%1’ (3)2¢(%n: ”n+2m)¢(%n+2'%n+3) )

o
o) 3( n+1)n(%’%' )
T 0 BN Y Gty He )W a5 )W g Honrs)

1) nB(nn+2)H <J‘f » o )
oo (3)3lp(”n' %n+2m)lp(”n+2! J'fn+3)1p(}fn+4: Hn+5)

0.0

o
(n)m—lnn+m—1n <% M, — )
oo (3)m 1¢(Hn: J'fn+2m)1:b(%n+21 ”n+3)¢(”n+4' ”n+5) w(}{n+2m—2' ”n+2m)

and

g g
A ) ) S nA ( ) ) =17 N ) o n+1A ( ) ) =17 N )
(Kn Hntam J) 7 "o % Sw(%n' J’fn+2m) 7 o7 311[}(”71; J‘fn+2m)

o
o TI.+2A <J1' M, )
7 o7t (3)2¢(”n:}{n+2m)lp(”n+21%n+3)

o
o TI.+3A <J1' M, )
7 o7t (3)2¢(”n:}{n+2m)lp(”n+21%n+3)

o
o n+4A <J1' M, )
7 oo (3)3¢(Hn:}{n+2m)lp(%n+21%n+3)lp(}{n+4:}{n+5)

g
o) n+5A (}f M, )
7 0 3Y3 Y Gty Hrr 2 )W ez Hone3 )W Gy oy s)

0...0

7,’n+2m—2A (%0’%1’ g )
(S)ml/)(zn' J‘fn+2m)ll)(7'fn+2' J‘fn+3)1/)(3‘fn+4' Kn+5) ¢(”n+2m—2' ”n+2m)

) o @na (o1 )

g
<n*A (}{ M ——————————<
7 oot 31/)(}{71' J'fn+2m)

fo) 2 n A g
-0 <K0’K1’(3)21/’(}%:”n+2m)¢(”n+2'”n+3))

o) 2/ n+1 A g
) (KOJKD(3)21/’(}%:”n+2m)1/’(}fn+2'”n+3))

o
o) 3( n+1)A(%’%’ )
T O BN Y Gty Hore 2m) ¥ a5 )W gty Hoes)

o 773(77n+2)A <J{ e 9 )
oo (3)31/)(”711 ”n+2m)ll}(}‘fn+2’ ”n+3)1/)(”n+4' ”n+5)

0...0

g
( )m—l n+m—1A (% M, — )
7 g o (3)m 1¢(Hn' Kn+2m)¢(”n+2' J'fn+3)lob(1'fn+4: J'{n+5) o ¢(Hn+2m—2' J'fn+2m)

Therefore, from lirP K(x,9,0) =1, lirP I1(»,9,0) = 0 and lirP A(x,9,0) =0, and Cases (1), (2),
g—+00 g—+00 g—>+00

we get
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nllrfoo K(%n, }{n+p,o') =1, n1_1)r+n l'[(%n, xn+p,a) = 0 and 11m A(%n,xnﬂ,,a) =0.

Hence {x,} is a Cauchy sequence. Since, (&, K,II,4,%,0) is a complete NREBMS, so there exists u €

& such that
lir+n KGe,u,0) =1 lirp (x,,u,0) = 0 and lirP A(uy,u,0) =0, forallo > 0and g = 1.
n-+oo n—-+o n—-+oo

Now, we show the existence of a fixed point u. Utilizing (5), we have
1 [ 1 n

Koo = koo - Keguo "
1
77 < K(f}fnl fu; O'),
K(¢p,,u,0) +t1-1
and
1 < 1 1] = n
K(E”n—l: anr O-) B =1 K(”n—lr Hno U) B B K(Hn—li}{nx O-) -
1
n < K(f”n—l: f%n; U)-
KOtn 1 7m0) -1
Using the above inequalities, we deduce
K(ufua)>K<u}t L)*K(H n L)*K(H {u*)
T T 3w, ) M 3 (u, ) T 3 (u, §u)
o o
=K (“’ 3, 5u)) K (5””‘1' e ao) (5”"' e su))
> K (u b ? ) * ! * 1
RRETTR A — T iy
K (020 350 ) K (o035 7)

—->1x1x1=1asn— +oo

0 .0) = 11 (st 5 ) © 1 (ot ) 1 (o 055 25)
o o
<1 (u, %n,m) oll (fkn-pf%n, e fu)> (f%n, éu, e fu))

=0 (“’ ”"m) ol (”"'1' Yo 31/)(;;, Eu)) ol ( Yo 31/)(;;, Eu))

—»00000=0asn— 4+

and

A, éu,0) < A (u, xn,m) oA (zn,xnﬂ,m) oA (xnﬂ,fu, m)
o o
=4 (u, H"'W) o4 (EK"_I'SK"' 3y (y, Eu)) ( $%tn, $W, 3y (y, Eu))

<4 (“' ”n'glp(;fﬁ) °nd (”"‘1'”"' 31/)(3, Eu)) °nd ( Yoo 31/)(3, Eu))

Naeem Saleem, Umar lIshtiaq, Khaleel Ahmad, Salvatore Sessa, and Ferdinando Di Martino, Fixed Point Results in
Neutrosophic Rectangular Extended b-Metric Spaces



Neutrosophic Systems with Applications, Vol. 9, 2023 75

An International Journal on Informatics, Decision Science, Intelligent Systems Applications

—-00000=0asn— +oo.
Thatis, fu = u.
Uniqueness: Suppose v # u be another fixed point of ¢, such that K(u, v, t)< 1 for some ¢ > 0, and
utilizing (5), we have
1 1
KG,v,0) 1= K(éu, év,0) 1
<n [; - 1] < ; -1
K, v,0) K(u, v, o)
a contradiction,
M, v,0) = (¢, év,0) < nll(y,v,0)
and
A, v,0) = A&, év,0) < nd(u,v,0)
a contradiction. Therefore, we must have K(u,v,0) = 1,II(u,v,0) = 0and A(u,v,0) = 0 forall ¢ > 0,

and hence, u = v.
1, if n=

1+ »# + 9, otherwise and define

Example 3.8: Let € = [0,1]. Define 1:& X & - [1,+) by (¢, 9) = {
K, 0, 4: & X & x [0, +0) - [0,1] by

o
K(¢,9,0) = —————
(6.9, 0) o+ |x—9P
10t 9, 0) = | — 9P
T e o
and
| =97

A(x,9,0) = forall #,9 € Eand o > 0.

Defined by A* ¢ =h-¥4,ho ¢ =max{h ¢£}and p =1, then (& K II,4,%0) is a complete NREBMS.
Define ¢:€ —» &€ by &(x) = %K. Then

no
K(éx,&9,n0) = K(%K, %ﬁ,na) =
no + |fnx = o]
= T KG9
St e—op KeP0)

12—l
no + |3 = ol

H(E}L’, 57-91 T]O') = H(%J{, %19’ no‘) =

[=9[P
o+|n—9|P

=TII(x%,9,0), and

p — P9 P
A, §6,m0) = A(nx, b, o) = M

e =9

= A(x,9,0).

Also, contraction conditions of Theorem 3.2,

1 1
K@Engdo) l<n [K(H,ﬂ,o)

- 1] J(Ex,89,0) < nll(%,9,0) and A(éx, §9,0) < nd(x,9,0) are satisfied.
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Consequently, all of the assumptions of Theorems 3.1 and 3.2 are satisfied, and 0 is a unique fixed
point.

4. Application to Nonlinear Fractional Differential Equation
Theorem 3.1 is used in this section to determine a solution's existence and uniqueness in nonlinear
fractional differential equation (see [19]) given by

DEx(e) = Y(e,#(e)) (e € (0,1),a €(1,2]),
with boundary conditions
#(0) = 0,%'(0) = Ix(0) 0 € (0,1),

Where DZ means caputo fractional derivative of order «, defined by

D&Y(o) =

0
ﬁf@ —o)" Y (w)dw (n—-1<a<n n=la]+1),
0

and ¥:[0,1] X R = R* is a continuous function. We suppose that & = €([0,1], R), from [0,1] into R

with supremum [»#| = Sup [#(0)|.
o€[0,1]

The Riemann-Liouville fractional integral of order a (see [20]) is given by

e
1
a —__ _ a-1
1@ = 15 - D W@ @>0)
0
We first provide an acceptable form for a nonlinear fractional differential equation before
investigating the existence of a solution. Now, we suppose the following fractional differential
equation
Déx(e) =y(e.x(@)  (e€ (0D, ae (2], (10)

with the boundary conditions

#(0)=0,  #'(0)=1Ix(0) (ee(OD),
where
i.  ¥:[0,1] x R > R* isa continuous function,
ii.  x#(0):[0,1] = R is continuous,

and satisfying the following condition
lw(e,x) — (e, 9)] < JIL|x — 9|,
forall ¢ € [0,1] and L is a constant with LJI <1 where
1 20911 ()
J= + .
Fa+1) @2-99)r(a+1)

Then the equation (10) has a unique solution.
Proof: Suppose that

o
K(x,9, =
(6.9, 0) o+ |x—9P
06t 9,0) = =21 d
ov,9 T o+ k-0 »an

| — 9P
A(x,9,0) :T forall»,9 € £ando > 0,
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defined by A*£ =h-¢,and h 0 £ = max{h,€}. Let [x—9I|= Sup |x(0) —I(0)|, for all »9 €L,
0€[0,1]

Then (8, K, II,4,%,0) is a complete NREBMS. We define a mapping ¢&:& — € by

Q
$n(o) = J-(Q - ) WY(w, n(@))dw
0

1
(@

v /@

2

@ (f <w—m>“‘1w(mmcm>)dm)dw an
0 0

for all ¢ € [0,1]. Equation (10) has a solution » € € iff x(g) = &x(g) forall ¢ € [0,1]. Now

o
K(x(e), 9(0),0) = — l%(0) — 19(9)I”\|

|%(e) —9()IP }
o+ |x(e) —9()IP|

-9 p
46:(), 9(e), ) = QT

M(x(0),9(0),0) =

(12)

1 o
§2(0) ~ £0()| = | f (0 — @)% (@, #(@))dw
0

9

29 [ a—1
+mo (!(w—m) lp(m,}f(m))dm> dw|

1
I(a)

e
j (@ - @)% (@, (@) )dw
0

Y /@
ZQ a-1
+m0 (! (@ —-m) lp(m,ﬁ(m))dm> dwo

That is,

1 o
§2(0) ~ £0()| = | f (0 — @)% (@, #(@))dw
0

9

29 ( a-1
+ 2 =9I () (f (@ —-m) l/J(m,K(m))dm> dw

e
1 -1
- Oj (0 -~ @) (@, 9(@))dw

v /@
ZQ a-1
_mo (! (@—-m) lp(m,ﬁ(m))dm) dw
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0
< %!(g - @) (o, x(@)) — P(w,9(®@))|do

9 /@
TR S )
+ (2- 192)1—'((1) J bf(w m) |1,b(m, }f(m)) ¢(m,ﬁ(m))|dm dw
*~ a-1 H— _ a1
r(a) f(@ @) tdw @ J Of(w m)*ldm | dw
L|x — 9| 219“+1L|J{—19|1"(a)
_F(Ol+1)+ 2 =99 (a +2)
<Llx-9 ! 200 (@ \_
< Llx— |(['(a+1)+(2_192)1—-(a+2)>— |2 — 9.

Utilizing L/1 < 1 and (12), we have

no no
no + [Ex(e) —&9(@)IP ~ 770+LHIH(Q) d()I?

g
>
o+ |x(e) —9IP

1$2(0) — &E9(0) P - LN|x(e) — 9(0)IP
no + [Ex(e) —§9(0)IP ~ no + LA|x(e) —9(e)|P

K(¢x(0),$§9(0),no) =

= K(x(e),9(e), o)

M(¢x(e),§9(0),no) =

|2(@)-9()IP
<L —mmMmMm =
S @@ M(»(e),9(0),0) and

|€x(0) — E9(0)IP < L|x(0) —9(0)I?

A(¢x(0),&9(0),mo) = o < e

< () —9(e)I”
g

= 4(x(e),9(0), 0).

As a result, the conditions of Theorem 3.1 are all met. This shows that ¢ has unique solution.

5. Conclusion

In this manuscript, we introduced the notion of NREBMS and provided some non-trivial
examples of defined space. Several fixed point results for contraction mappings are established with
examples. Also, we provided an application to non-linear fractional differential equations to support
the validity of main result. This is extendable in several more generalized spaces including
neutrosophic rectangular controlled metric spaces, graphical neutrosophic metric spaces,
neutrosophic rectangular double controlled metric-like spaces and Hausdorff neutrosophic
rectangular metric spaces. Also, this work is extendable by increasing the number of self-mappings.

6. Open Problem
How to prove Theorem 3.1 and Theorem 3.2 (proved in this paper) in the context of graphical
neutrosophic extended b-metric spaces?
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