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Abstract: The goal of the research involves elaborating on the topics of statistical convergence, 

including statistical Cauchy sequences within non-Archimedean Neutrosophic normed spaces, as 

well as achieving specific useful conclusions. The present research shows how, within a 

non-Archimedean field, certain sections of statistically convergent sequences that could not be true 

often become true. Likewise, we created statistically complete and statistically continuous spaces 

for such regions that demonstrated certain essential facts. κ indicates a complete field of 

non-Archimedean and non-trivially valued research. 
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1. Introduction 

Zadeh [16] became the initial one person who creates the fuzzy set using a membership 

function. Many later researchers were adapted this idea to classical set theory. Atanassov [1] 

introduced an Intuitionistic Fuzzy (IF) set theory. Saadati along with Park proposed the notion of IF 

normed space. The study of analysis through fields of Non-Archimedean (NA) is referred to as NA 

analysis. Suja and Srinivasan [15] newly created statistically convergent along with statistically 

Cauchy sequences within NA fields. Eghbali and Ganji [3] investigated NAL-fuzzy normed spaces 

for extended statistical convergence. The research shows that statistical convergence exists in 

Non-Archimedean Neutrosophic Normed Spaces (NA-NNS) and confirms that key properties of 

statistical convergence from real sequences are still valid in NA fields [2,4-5,8-14]. The research 

article concentrates primarily upon the analysis of sequences in the field of NA 𝜅. 

    In 1998, Smarandache [12] developed the ideas of neutrosophic logic in addition to the 

Neutrosophic Set [NS]. Kirisci and Simsek establish the Neutrosophic Metric Space [NMS] 

suggestion which is associated with membership, non-membership and neutralness. Jeyaraman, 

Ramachandran and Shakila [7] established approximate fixed point theorems in 2022 regarding 

weak contractions on Neutrosophic Normed Spaces (NNS). Statistical ∆𝑚 convergence in NNS was 

recently presented by Jeyaraman and Jenifer [6]. 
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       A sequence 𝔵̿= {𝓋𝓅} is said to have been statistically convergent towards a limit 𝔏when for 

any 𝜔̃>0, lim
𝓃→∞

1

𝓃
{𝓅 ≤ 𝓃 ∶ |𝓋𝓅 − 𝔏| ≥ 𝜔̃} = 0. 

In that case above, we put stat − lim
𝓅→∞

𝓋𝓅 = 𝔏. 

Example 1.1. Consider to define the 𝔵̿= {𝓋𝓅} sequence by 

𝓋𝓅 = {

𝓅 − 1

𝓅2
,      𝓅 is a perfect square.

0,               otherwise;                    

 

Selecting the NA valuation to be 2-adic, the sequence terms become (0,0,0,1,0,0,0,0,1/8,0,0,....).  

As a result, it converges to zero statistically. 

A sequence of Statistically Cauchy (SC) when for all 𝜔̃>0, then existing a range 𝓃 ∈ ℕ such that 

                                           lim
𝓃→∞

1

𝓃
{𝒾 ≤ 𝓃 ∶ 𝓃 ∈ ℕ ∶ |𝔵̿𝒾+1 − 𝔵̿𝒾| ≥ 𝜔̃} = 0 

Consider that 𝜅 to be NA fields. A valuation on 𝜅is referred with the NA if it meets these 

three given axioms: [1] 

(i) |𝔵̿| ≥ 0 and|𝔵̿| = 0 iff 𝔵̿= 0,  

 (ii)|𝔵̿𝔶̌|  =  |𝔵̿||𝔶̌|, 

(iii) |𝔵̿ + 𝔶̌| ≤ max[|𝔵̿|, |𝔶̌|] for every 𝔵̿, 𝔶̌ ∈ 𝜅 (Ultrametric Inequality). 

 

2. Preliminaries 

Here, we will go through the notations along with definitions which will be utilized throughout this 

article in order to ensure a general understanding of the terminology and symbols used. 

Definition 2.1.The 7-tuple (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)is said to be a NA-NNS, if ∗ acts as a continuous 

 𝓉-norm, ⋄ and ⋆acts as a 𝓉-co norms which are continuous, Ξ become a vector space over a field κ 

and then 𝜍̃, 𝜑̇, 𝜓 are fuzzy sets functions on Ξ × ℝ to [0, 1], for all 𝓋, 𝒽 ∈Ξ and 𝒻,́ 𝔨̀∈ κ. 

 

(cn1) 𝜍̃(𝓋, 𝒻́) + 𝜑̇(𝓋, 𝒻́) + 𝜓(𝓋, 𝒻́) ≤ 3 

(cn2) 0 ≤ 𝜍̃(𝓋, 𝒻́) ≤ 1; 0 ≤ 𝜑̇(𝓋, 𝒻́) ≤ 1 𝑎𝑛𝑑 0 ≤ 𝜓(𝓋, 𝒻́) ≤ 1; 

(cn3) 𝜍̃(𝓋, 𝒻́) > 0; 

(cn4) 𝜍̃(𝓋, 𝒻́) = 1 ⇔ 𝓋 = 0, 

(cn5) 𝜍̃(𝛾̈𝓋, 𝒻́) = 𝜍̃ (𝓋,
𝒻́

|𝛾̈|
), for all 𝛾̈ ∈ ℝ and 𝛾̈ ≠ 0; 

(cn6) 𝜍̃(𝓋 + 𝒽, max {𝒻́ + 𝔨̀}) ≥ 𝜍̃(𝓋, 𝒻́) ∗ 𝜍̃(𝒽, 𝔨̀), 

(cn7) 𝜍̃(𝓋, . ): (0, ∞) → [0,1] and it is continuous, 

(cn8) lim
𝒻́→∞

𝜍̃(𝓋, 𝒻́) = 1 and lim
𝒻́→∞

𝜍̃(𝓋, 𝒻́) = 0; 

(cn9)𝜑̇(𝓋, 𝒻́) < 1; 

(cn10) 𝜑̇(𝓋, 𝒻́) = 0 ⇔ 𝓋 = 0, 

(cn11) 𝜑̇(𝛾̈𝓋, 𝒻́) = 𝜑̇ (𝓋,
𝒻́

|𝛾̈|
), for all 𝛾̈ ∈ ℝ and 𝛾̈ ≠ 0; 
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(cn12)𝜑̇(𝓋 + 𝒽, max {𝒻́ + 𝔨̀}) ≤ 𝜑̇(𝓋, 𝒻́) ⋄ 𝜑̇(𝒽, 𝔨̀), 

(cn13) 𝜑̇(𝓋, . ): (0, ∞) → [0,1]and it is continuous;  

(cn14) lim
𝒻́→∞

𝜑̇(𝓋, 𝒻́) = 0 and lim
𝒻́→∞

𝜑̇(𝓋, 𝒻́) = 1; 

(cn15) 𝜓(𝓋, 𝒻́) < 1, 

(cn16) 𝜓(𝓋, 𝒻́) = 0 ⇔ 𝓋 = 0, 

(cn17) 𝜓(𝛾̈𝓋, 𝒻́) = 𝜓 (𝓋,
𝒻́

|𝛾̈|
), for all 𝛾̈ ∈ ℝ and 𝛾̈ ≠ 0, 

(cn18) 𝜓(𝓋 + 𝒽, max {𝒻́ + 𝔨̀}) ≤ 𝜓(𝓋, 𝒻́) ⋆ 𝜓(𝒽, 𝔨̀), 

(cn19) 𝜓(𝓋, . ): (0, ∞) → [0,1] is continuous and  

(cn20) lim
𝒻́→∞

𝜓(𝓋, 𝒻́) = 0 and lim
𝒻́→∞

𝜓(𝓋, 𝒻́) = 1. 

Here, (𝜍̃, 𝜑̇, 𝜓) is known as a NA-NNS.  

A sequence {𝓋𝓅} is referred to be convergent in NA-NNS (𝔙, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) or simply 

(𝜍̃, 𝜑̇, 𝜓)-convergent to 𝔵̿∈Ξif for all 𝒻́>0 and 𝜔̃>0, then there exist 𝓅0∈ℕ so that 𝓅 ≥ 𝓅0, 

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ 

In this case, we write (𝜍̃, 𝜑̇, 𝜓) − lim𝓋𝓅=𝔵̿. 

Example 2.2 “Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)be a NA normed space, 𝓋∗ 𝒽=𝓋𝒽, 𝓋 ⋄ 𝒽= min {𝓋 + 𝒽, 1} and𝓋 ⋆

𝒽= min {𝓋 + 𝒽, 1} for all 𝓋, 𝒽∈ [0,1]. For every 𝔵̿∈Ξ, every 𝜉>0 and 𝓅= 1, 2,….Consider the 

following form, 

𝜍̃𝓅(𝔵̿, 𝜉) = {

𝜉

𝜉 + 𝓅‖𝔵̿‖
,       𝑖𝑓               𝜉 > 0 

0,                                         𝜉 ≤ 0; 

 

𝜑̇𝓅(𝔵̿, 𝜉) = {

𝓅‖𝔵̿‖

𝜉 + 𝓅‖𝔵̿‖
,        𝑖𝑓              𝜉 > 0 

0,                                          𝜉 ≤ 0;

 

𝜓𝓅(𝔵̿, 𝜉) = {

𝓅‖𝔵̿‖

𝜉
,                𝑖𝑓              𝜉 > 0 

0,                                           𝜉 ≤ 0; 

 

Then (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) which is a NA-NNS.” 

Definition 2.3“A {𝓋𝓅} sequence in a NA-NNS(Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)is said to be a statistically convergent 

towards a limit 𝔵̿∈Ξ relate with the NA fuzzy norm (𝜍̃, 𝜑̇, 𝜓) when for each 𝜔 ̃>0 and 𝒻́ >0, 

lim
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́)  ≤  1 − 𝜔̃  or  𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́)  ≥  𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| = 0. 

In this case, we write 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − 𝑙𝑖𝑚
𝓅

𝓋𝓅 = 𝔵̿ where 𝔵̿is the 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓− limit.”  

Example 2.4 “Let (𝒬𝑃,|. |) indicate the p-adic numbers space in the standard norm, and consider 

𝓋 ∗𝒽=𝓋𝒽 , 𝓋 ⋄ 𝒽= min {𝓋 + 𝒽, 1} and 𝓋 ⋆ 𝒽= min {𝓋 + 𝒽, 1} for every 𝓋, 𝒽∈ [0, 1]. For every 

𝔵̿ ∈ 𝒬𝑃 and all 𝜉 >0, let 𝜍0̃(𝔵̿, 𝜉) =
𝜉̂

𝜉̂+|𝔵̿| 
, 𝜑̇0(𝔵̿, 𝜉) =

|𝔵̿| 

𝜉̂+|𝔵̿| 
 𝑎𝑛𝑑𝜓0(𝔵̅, 𝜉) =

|𝔵̿| 

𝜉̂
. In this case observe that 

(𝒬𝑃,𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) is a NA-NNS. 
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Define a sequence 𝔵̿= {𝓋𝓅} the terms of which are provided by 

𝓋𝓅 = {
1,        𝑖𝑓 𝓅 = 𝓂2(𝓂 ∈ ℕ) 
0,        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒;                 

 

Then for every 0 <𝜔̃<1 and for any 𝜉>0, let  𝔎𝑛(𝜔̃, 𝜉) = 𝓅 ≤ 𝓃 ∶ 𝜍0̃(𝓋𝓅 , 𝜉) ≤ 1 − 𝜔̃ or 𝜑0̇(𝓋𝓅 , 𝜉) ≥

𝜔̃ 𝑎𝑛𝑑 𝜓0(𝓋𝓅 , 𝜉) ≥ 𝜔̃. 

Since 

𝓅𝑛(𝜔̃, 𝜉) = {𝓅 ≤ 𝓃 ∶
𝜉

𝜉 + |𝓋𝓅|
≤ 1 − 𝜔̃ or 

|𝓋𝓅|

𝜉 + |𝓋𝓅|
≥ 𝜔̃ 𝑎𝑛𝑑 

|𝓋𝓅|

𝜉
≥ 𝜔̃} 

= {𝓅 ≤ 𝓃 ∶ |𝓋𝓅| ≥
𝜔̃𝜉̂

1−𝜔̃
> 0}  =  {𝓅 ≤  𝓃 ∶  |𝓋𝓅| = 1}  =  {𝓅 ≤  𝓃 ∶  𝓅 = 𝓂2 𝑎𝑛𝑑 𝓂 ∈  ℕ}. 

We have, 

1

𝓃
|𝓅𝑛(𝜔̃, 𝜉)| =

1

𝓃
{𝓅 ≤  𝓃 ∶  𝓅 = 𝓂2 𝑎𝑛𝑑 𝓂 ∈  ℕ}  ≤  

√𝓃

𝓃
. 

This yields that”  

lim
𝓃

1

𝓃
|𝓅𝑛(𝜔̃, 𝜉)| = 0. 

Hence by the above definition, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − 𝑙𝑖𝑚 𝓋𝓅 = 0. 

 

3. Statistical Convergence on Neutrosophic Normed Spaces  

Here, that portion having the goal is to determine theorems concerning convergence and statistical 

convergence within the context of NNS over NA fields 𝜅. 

Lemma 3.1 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA-NNS. After that the given statements is equivalent for all 

𝜔̃ > 0 and 𝒻́ > 0 

(𝑖) 𝑆𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃

𝓋𝓅 = 𝔵̿. 

(𝑖𝑖) 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃}| = 𝑙𝑖𝑚

𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶ 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| 

                                                                                        = 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶ 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| = 0. 

(𝑖𝑖𝑖) 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃}| = 1. 

(𝑖𝑣) 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃}|  = 𝑙𝑖𝑚

𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶ 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃}| 

                                                         = 𝑙𝑖𝑚
𝑛

1

𝑛
|{𝓅 ≤ 𝑛 ∶ 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃}| = 1. 

(𝑣) 𝑠𝑡𝑎𝑡 − 𝑙𝑖𝑚 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) = 1, 𝑠𝑡𝑎𝑡 − 𝑙𝑖𝑚 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) = 0 𝑎𝑛𝑑  𝑠𝑡𝑎𝑡 − 𝑙𝑖𝑚 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) = 0           

Theorem 3.2 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA-NNS. If a {𝓋𝓅} sequence is statistically convergent with 

respect to the NN(𝜍̃, 𝜑̇, 𝜓), then 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 −limit is unique. 

Proof: Assume that  𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿1  and  𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿2 . Consider a given 𝜔̃ > 0, 

select 𝜉 > 0 so that we have(1 − 𝜉) ∗ (1 − 𝜉) > 1 − 𝜔̃, 𝜉 ⋄ 𝜉 < 𝜔̃and 𝜉 ⋆ 𝜉 < 𝜔̃.  After that for any 

 𝒻́> 0, define the sets given below: 
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𝓅𝜍̃,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝓋𝓅 − 𝔵̿1, 𝒻́) ≤ 1 − 𝜉}, 𝓅𝜍̃,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝓋𝓅 − 𝔵̿2, 𝒻́) ≤ 1 − 𝜉}, 

  𝓅𝜑̇,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝓋𝓅 − 𝔵̿1, 𝒻́) ≥ 𝜉},   𝓅𝜑̇,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝓋𝓅 − 𝔵̿2, 𝒻́) ≥ 𝜉} and 

  𝓅𝜓,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝓋𝓅 − 𝔵̿1, 𝒻́) ≥ 𝜉},  𝓅𝜓,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝓋𝓅 − 𝔵̿2, 𝒻́) ≥ 𝜉}. 

Since 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿1,  we have  

lim
𝓃

1

𝓃
{𝓅𝜍̃,1 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝓇,1(𝜔̃, 𝒻́)} = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝒻́ > 0. 

Furthermore, using 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿2,  we get  

lim
𝓃

1

𝓃
{𝓅𝜍̃,2 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝓇,2(𝜔̃, 𝒻́)} = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝒻́ > 0. 

Now let,  

𝓅𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́) ∶= {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓,2(𝜔̃, 𝒻́)}. 

 If 𝓅𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́) = 𝓅𝜍̃,𝜑̇,𝜓, {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)} = 𝓅𝜍̃, {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)}and  

{𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓2(𝜔̃, 𝒻́)} = 𝓅𝜓, 𝑡ℎ𝑒𝑛𝓅𝜍̃,𝜑̇,𝜓 = 𝓅𝜍̃ ∩ 𝓅𝜑̇ ∩ 𝓅𝜓. 

   Then observe that, lim
𝓃

1

𝓃
{𝓅𝜍̃,𝜑̇,𝜓} = 0. which implies, lim

𝓃

1

𝓃
{𝓅𝜍̃,𝜑̇,𝜓

𝐶 } = 1. 

If 𝓅 ∈ 𝓅𝜍̃,𝜑̇,𝜓̇
𝐶 , then there are three possibilities to consider:  

Then we have to select the initial part which is 𝓅 ∈ {𝓅𝜍̃
𝐶}, the second part which is 𝓅 ∈ {𝓅𝜑̇

𝐶 } and the 

later is 𝓅 ∈ {𝓅𝜓̇
𝐶 }.  

We first consider that 𝓅 ∈ {𝓅𝜍̃
𝐶}, then we have, 

𝜍̃(𝔵̿1 − 𝔵̿2, 𝒻́) = 𝜍̃(𝔵̿1 − 𝓋𝓅 + 𝓋𝓅 − 𝔵̿2, 𝒻́) ≥ 𝜍̃(𝔵̿1 − 𝓋𝓅 , 𝒻́) ∗ 𝜍̃(𝓋𝓅 − 𝔵̿2, 𝒻́) 

                      = 𝜍̃(𝓋𝓅 − 𝔵̿1, 𝒻́) ∗ 𝜍̃(𝓋𝓅 − 𝔵̿2, 𝒻́) 

> (1 − 𝜉) ∗ (1 − 𝜉). 

Since (1 − 𝜉) ∗ (1 − 𝜉) > 1 − 𝜔̃, it follows that  

𝜍̃(𝔵̿1 − 𝔵̿2, 𝒻́) > 1 − 𝜔̃. 

Since 𝜔̃ > 0 was arbitrary, 𝜍̃(𝔵̿1 − 𝔵̿2, 𝒻́) > 1 for all 𝒻́> 0, which given 𝔵̿1 = 𝔵̿2. 

On the second hand, if  𝓅 ∈ {𝓅𝜑̇
𝐶 }, then we may write that,  

𝜑̇(𝔵̿1 − 𝔵̿2, 𝒻́) ≤ 𝜑̇(𝓋𝓅 − 𝔵̿1, 𝒻́) ⋄ 𝜑̇(𝓋𝓅 − 𝔵̿2, 𝒻́) < 𝜉 ⋄ 𝜉. 

Now using the fact𝜉 ⋄ 𝜉 < 𝜔̃,  we see that𝜑̇(𝔵̿1 − 𝔵̿2, 𝒻́) < 𝜔̃. 

Again, since 𝜔̃ > 0 was arbitrary, we have 𝜑̇(𝔵̿1 − 𝔵̿2, 𝒻́) = 0 for all 𝒻́> 0.  

This implies 𝔵̿1 = 𝔵̿2. 

And on the other side, if 𝓅 ∈ {𝓅𝜓
𝐶 }, then we put 

𝜓(𝔵̿1 − 𝔵̿2, 𝒻́) ≤ 𝜓(𝓋𝓅 − 𝔵̿1, 𝒻́) ⋆ 𝜓(𝓋𝓅 − 𝔵̿2, 𝒻́) < 𝜉 ⋆ 𝜉. 

By using𝜉 ⋆ 𝜉 < 𝜔̃, we get 𝜓(𝔵̿1 − 𝔵̿2, 𝒻́) < 𝜔̃. 

Hence 𝜔̃ > 0 is arbitrary, 𝜓(𝔵̿1 − 𝔵̿2, 𝒻́) = 0 for every 𝒻́> 0, which implies 𝔵̿1 = 𝔵̿2. 

Therefore, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − limit is unique. 

Theorem 3.3   If a sequence {𝓋𝓅} in a NA-NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) is (𝜍̃, 𝜑̇, 𝜓) −convergent to 𝔵̿ ∈ Ξ, 

then this is 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 −convergent towards 𝔵̿ ∈ Ξ. 
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Proof:  Since {𝓋𝓅} is (𝜍̃, 𝜑̇, 𝜓) −convergent towards𝔵̿ ∈ Ξ, for all 𝜔̃> 0 and 𝒻́> 0, then there exist 𝓃0 ∈

ℕ such that for all 𝓃 ≥ 𝓃0, 

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃. 

This given the set {𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃} has at the 

most a finite number of terms.  

i.e.,lim
𝓃

1

𝓃
|{

𝓅 ≤  𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃
}| = 0. 

i.e.,𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − 𝑙𝑖𝑚𝓋𝓅 = 𝔵̿. 

Note: It is interesting to note that the converse of this, which is not true classically, is true in a 

NA-NNS as shown below. 

Let {𝓋𝓅} be 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − convergent towards𝔵̿ ∈ Ξ. Then for all𝜔̃> 0 and 𝒻́> 0,  

lim
𝓃

1

𝓃
|{𝓅 ≤  𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| = 0. 

Now to prove that {𝓋𝓅} is (𝜍̃, 𝜑̇, 𝜓) − convergent to 𝓋 ∈ Ξ.  i.e., to prove that for all 𝜔̃ > 0 and  𝒻 ́ > 0 

therefore 𝓃0 ∈ ℕ exists in that way and for every 𝓃 ≥ 𝓃0,  

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃ 𝑎𝑛𝑑 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃. 

Let us assume the contrary that,  

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃. 

This implies that the set  

{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃} 

has infinitely many terms.  

ie, lim
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| ≠ 0  which is a 

contradiction. Therefore, {𝓋𝓅} is (𝜍̃, 𝜑,̇ 𝜓) −convergent to 𝓋 ∈ Ξ. 

Theorem 3.4 Let {𝓋𝓅 } and {𝒽𝓅 } be sequences in a NA-NNS(Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) so that 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 −

lim
𝓃→∞

𝓋𝓅 = 𝓋  and 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

𝒽𝓅 = 𝒽, where 𝓋, 𝒽 ∈ Ξ.  Then we have 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

(𝓋𝓅 +

𝒽𝓅) = 𝓋 + 𝒽. 

Proof:  Let 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

𝓋𝓅 = 𝓋  and 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

𝒽𝓅 = 𝒽,   choose 𝜉> 0 such that (1 − 𝜉) ∗

(1 − 𝜉) > 1 − 𝜔̃, 𝜉 ⋄ 𝜉 < 𝜔̃and 𝜉 ⋆ 𝜉 < 𝜔̃for a given𝜔̃ > 0. Then, for 𝒻́> 0, define  

𝓅𝜍̃,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜉}, 

𝓅𝜍̃,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝒽𝓅 − 𝒽, 𝒻́) ≤ 1 − 𝜉}, 

  𝓅𝜑̇,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜉}, 

𝓅𝜑̇,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝒽𝓅 − 𝒽, 𝒻́) ≥ 𝜉} and 

 𝓅𝜓,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜉}, 

 𝓅𝜓,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝒽𝓅 − 𝒽, 𝒻́) ≥ 𝜉}. 

Since 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋and 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝒽𝓅 = 𝒽,  

lim
𝓃

1

𝓃
{𝓅𝜍̃,1 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜑̇,1(𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜓,1(𝜔̃, 𝒻́)} = 0, 
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lim
𝓃

1

𝓃
{𝓅𝜍̃,2 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜑̇,2(𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜓,2(𝜔̃, 𝒻́)}  = 0. 

Now let,   

𝓅𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́) ∶= {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓,2(𝜔̃, 𝒻́)} 

i.e., if 𝔎 = 𝔎𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́), 𝔎1 = {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)}, 𝔎2 =  {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)} 

𝔎3 =  {𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓,2(𝜔̃, 𝒻́)}. Then 𝔎 = 𝔎1 ∩ 𝔎2 ∩ 𝔎3. 

Since 𝔎𝐶is a non-empty set. Consider 𝓅 ∈ 𝔎𝐶 , then we have three possible cases. The former is 

𝓅 ∈ 𝔎1
𝐶 , the second is 𝓅 ∈ 𝔎2

𝐶and the later is 𝓅 ∈ 𝔎3
𝐶 .  First consider, 𝓅 ∈ 𝔎1

𝐶 ,  then we have,  

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) > 1 − 𝜉 𝑎𝑛𝑑 𝜍̃(𝒽𝓅 − 𝒽, 𝒻́) > 1 − 𝜉. 

Now, we have,                                                 

𝜍̃(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) > 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ∗ 𝜍̃(𝒽𝓅 − 𝒽, 𝒻́) 

> (1 − 𝜉) ∗ (1 − 𝜉). 

Since (1 − 𝜉) ∗ (1 − 𝜉) > 1 − 𝜔̃, it follows that 𝜍̃(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) > 1 − 𝜔̃. 

Since 𝜔̃  is arbitrary, 𝜍̃(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) = 1 for all 𝒻́ > 0,  

which yields,𝜍̃(𝓋𝓅 + 𝒽𝓅 − (𝓋 + 𝒽), 𝒻́) = 1.   

Similarly, if  𝓅 ∈ 𝔎2
𝐶  then,  

𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) < 𝜉 𝑎𝑛𝑑 𝜑̇(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉. 

⟹   𝜑̇(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) ≤ 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ⋄ 𝜑̇(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉 < 𝜉 ⋄ 𝜉< 𝜔̃ . 

Since 𝜔 ̃is arbitrary, 𝜑̇(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) = 0, for all 𝒻́ > 0 

⟹   𝜑̇(𝓋𝓅 + 𝒽𝓅 − (𝓋 + 𝒽), 𝒻́) = 0 

And if  𝓅 ∈ 𝔎3
𝐶  then, 

𝜓(𝓋𝓅 − 𝓋, 𝒻́) < 𝜉 𝑎𝑛𝑑 𝜓(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉 

⟹   𝜓(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) ≤ 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ⋆ 𝜓(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉 < 𝜉 ⋆ 𝜉<𝜔̃. 

Since  𝜔̃ is arbitrary, 𝜓(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) = 0, for all 𝒻́ > 0 

⟹   𝜓(𝓋𝓅 + 𝒽𝓅 − (𝓋 + 𝒽), 𝒻́) = 0. 

Thus, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

(𝓋𝓅 + 𝒽𝓅) = 𝓋 + 𝒽. 

Theorem 3.5 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be an NA- NNS over 𝜅. If lim
𝓅→∞

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) = 1, lim
𝓅→∞

𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) =

1 and lim
𝓅→∞

𝜓(𝓋𝓅 − 𝓋, 𝒻́) = 1 then 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋. 

Proof:  Let lim
𝓅→∞

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) = 1, lim
𝓅→∞

𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) = 1 and lim
𝓅→∞

𝜓(𝓋𝓅 − 𝓋, 𝒻́) = 1. Then for all 𝜉> 0 

and 𝜔̃ > 0,  that is a number 𝓅0 ∈ ℕ  in that way, 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃  and 

𝜓(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃ for every 𝓅 ≥ 𝓅0. Hence the set, {𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥

𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃} has a finite number of terms.  

So, lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃
}| = 0.  

Thus, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋. 

4. Statistically Cauchy Sequences on NNS 
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Definition 4.1 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)be a NA-NNS over 𝜅. Then, a {𝓋𝓅} sequence is referred to be SC 

when for each 𝜔̃ > 0 and 𝒻́> 0 therefore ℕ exists in which case for every 𝓅, 𝓂 ≥ ℕ,  

lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃
}| = 0. 

Definition 4.2 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NNS. A sequence {𝓋𝓅} is refer as a Cauchy sequence 

when for each𝜔̃ > 0 and 𝒻́> 0, that is a number𝓅0 ∈ ℕ exist that way, for every 𝓅,𝓂≥ 𝓅0,  

𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) < 𝜔̃. 

Theorem 4.3 Every Cauchy sequence with respect to (𝜍̃, 𝜑̇, 𝜓) in NA- NNS(Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  over 𝜅 is 

SC.  

Proof: If {𝓋𝓅} is a Cauchy sequence with relate to (𝜍̃, 𝜑̇, 𝜓), then there exists𝓅0 ∈ ℕ for all  𝜔̃ > 0 

and 𝒻 ́ > 0 and let 𝓉 be an arbitrary constant, we have  

𝜍̃(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) > 1 − 𝜔̃, 𝜑 ̇ (𝓋𝓅+𝓉 − 𝓋𝓅, 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) < 𝜔̃. 

The number of terms in the set {
𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃
} is limited. 

So  

lim
𝓃

1

𝓃
|{

𝓅 + 𝓉, 𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃
}| = 0. 

Theorem 4.4 If a statistically convergent sequence in a NA- NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) over 𝜅, then it is SC. 

Proof: If the sequence {𝓋𝓅} is statistically convergent to 𝔵 ̿then,  

lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃
}| = 0. 

Now, we get  

lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃
}| 

 = lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ∗ 𝜍̃(𝓋𝓂 − 𝔵̿, 𝒻́)  ≤ 1 − 𝜔̃

𝑜𝑟 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ⋄ 𝜑̇(𝓋𝑚 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ⋆ 𝜓(𝓋𝑚 − 𝔵̿, 𝒻́) ≥ 𝜔̃

}| = 0. 

 

5. Statistically complete and statistically continuous on NNS 

A NA- NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  is said to be complete if all(𝜍̃, 𝜑̇, 𝜓)-Cauchy is (𝜍̃, 𝜑̇, 𝜓)- convergent.  

Definition 5.1 A NA- NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  over 𝜅 is said to be statistically complete when all SC 

sequence with respect to (𝜍̃, 𝜑̇, 𝜓) is statistically convergent in relate with the (𝜍̃, 𝜑̇, 𝜓). 

Theorem 5.2 Every NA-NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  over 𝜅 is statistically complete with relate to (𝜍̃, 𝜑̇, 𝜓). 

Proof: Let {𝓋𝓅} be SC. If it is not statistically convergent to𝔵̿ ∈ Ξ , then we get,  

lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃
}| 

  = lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ∗ 𝜍̃(𝓋𝓂 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃

𝑜𝑟 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ⋄ 𝜑̇(𝓋𝓂 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ⋆ 𝜓(𝓋𝓂 − 𝔵̿, 𝒻́) ≥ 𝜔̃

}| = 0  

which is contradiction. 
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Definition 5.3 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NNS over  𝜅 . A map  𝒿 : Ξ → Ξ is called (𝜍̃, 𝜑̇, 𝜓) 

continuousat a point 𝓋 ∈ Ξ,  when the sequence with convergence in the NA-NNS implies that the 

sequence 𝒿(𝓋𝓅) to 𝒿(𝓋) convergence in the NA- NNS.  

Definition 5.4 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NNS over  𝜅 . A map  𝒿 : Ξ → Ξ is called statistically 

continuous at a point 𝓋 ∈, when 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋 implies that 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝒿(𝓋𝓅) = 𝒿(𝓋). 

Theorem 5.5 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NN space over 𝜅. If 𝒿: Ξ → Ξ is continuous in relate to 

the (𝜍̃, 𝜑̇, 𝜓), then this is statistically continuous. 

Proof: Let  {𝓋𝓅} ∈ Ξ and  𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋.  Then for every𝜔̃ > 0 and 𝒻́> 0, the inequality, 

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃  implies that 𝜍̃(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) >

1 − 𝜔̃, 𝜑̇(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) < 𝜔̃ . Since 𝒿  is continuous in relate to 

the (𝜍̃, 𝜑̇, 𝜓) at 𝓋 ∈ Ξ . Thus,  

{
𝓅 ∈ ℕ ∶ 𝜍̃(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃
} 

⊂ {
𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃ 𝑎𝑛𝑑 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃
} 

   Since, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋. 

We have  

lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃
}| = 0. 

This implies that,  

lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃
}| = 0. 

This means that, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝒿(𝓋𝓅) = 𝒿(𝓋). 

Hence, 𝒿 is statistically continuous.  

 

6.  Conclusions 

The NA fields were extended from Archimedean fields with the established outcomes. In this 

article, we prove certain including relations involving statistical convergence along with SC 

sequences on the NNS regarding NA fields. 
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