
        Neutrosophic Systems with Applications, Vol. 13, 2024  

        https://doi.org/10.61356/j.nswa.2024.79 

 

Sudeep Dey, Priyanka Paul and Gautam Chandra Ray, On b-anti-Open Sets: A Formal Definition, Proofs, and Examples 

 
On b-anti-Open Sets: A Formal Definition, Proofs, and Examples 

 

Sudeep Dey 1 , Priyanka Paul 2 , and Gautam Chandra Ray 3,*  

1,2 Department of Mathematics, Science College, Kokrajhar, Assam, India. 

Emails: sudeep.dey.1976@gmail.com; priyankapaul302@gmail.com. 
3 Department of Mathematics, Central Institute of Technology, Kokrajhar, Assam, India; gautomofcit@gmail.com. 

 
* Correspondence: gautomofcit@gmail.com. 

 

Abstract: The concepts of open sets, closed sets, the interior of a set, and the exterior of a set are the 

most basic concepts in the study of topological spaces in any setting. When we turn our attention to 

the concept of anti-topological spaces, we encounter analogous fundamental concepts, such as the 

definition of anti-open sets, anti-closed sets, anti-interior, anti-exterior, etc. These concepts have 

already been introduced and studied by mathematicians worldwide. In this article, we introduce and 

study the concepts of b-anti-open set, b-anti-closed set, anti-b-interior, and anti-b-closure in the 

context of anti-topological spaces and investigate some of their basic properties. 

Keywords: b-anti-Open Set; b-anti-Closed Set; b-anti-Interior; b-anti-Closure. 
  

 

1. Introduction 

In the age of artificial intelligence (AI), decision-making assumes a pivotal role within this 

technological landscape. AI technologies like cognitive computing and machine learning have the 

capacity to enhance the decision-making process by scrutinizing extensive data sets, identifying 

patterns, and suggesting the most advantageous solutions. These capabilities prove invaluable for 

decision-makers grappling with intricate situations, be it in the realm of medical diagnosis or strategic 

planning. 

Many mathematicians from around the world are actively engaged in the development of 

decision-making theories utilizing the concept of neutrosophic logic. Haque et al. [13, 16] have 

adeptly employed neutrosophic logic in the formulation of decision-making theories. Furthermore, 

recent research by Banik et al. [14, 15, 17] has leveraged both fuzzy logic and neutrosophic logic in 

various modeling applications within the field of agriculture science. Neutrosophic logic also proves 

valuable in medical science, as exemplified by its application in [17] and several other studies. 

Since the introduction of neutrosophic logic in 1995 by Florentin Smarandache [18], along with 

the subsequent development of neutrosophic topological spaces, various applications of 

neutrosophic theories have emerged in the literature. Similarly, with the theoretical advancement of 

anti-topological spaces and anti-algebra, we anticipate similar applications in the near future. Thus, 

we are also motivated to delve into the study of anti-topological spaces and their associated concepts 

with the aim of yielding future benefits. 

In the year 2021, Şahin et al. [11] introduced the notion of anti-topological spaces. Subsequently, 

Witczak [12] conducted a comprehensive study on anti-topological spaces, providing valuable 

insights into the emerging field. In that work, the author introduced the concepts of anti-interior and 

anti-closure of a set, accompanied by a thorough examination of various properties associated with 

these notions. Furthermore, the author defined anti-dense sets and anti-nowhere-dense sets, 

shedding light on their essential properties. Additionally, the concept of anti-continuity was explored 

within this framework. 
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Over the years, researchers have introduced and investigated a multitude of open and closed 

sets [1, 2, 3, 4, 5, 7, 8, 9, 10] within various settings. Witczak [12] extended this line of research by 

introducing anti-semi-open sets, pseudo-anti-open sets, and anti-genuine sets. More recently, 

Khaklary and Ray [6] introduced and studied a diverse range of open sets, including anti-pre-open 

sets, anti-pre-closed sets, regular open sets, regular closed sets, α-open sets, α-closed sets, and more, 

in the context of anti-topological spaces. 

In this article, we further advance the field by introducing the novel concepts of b-anti-open sets 

and b-anti-closed sets within the realm of anti-topological spaces. We delve into a comprehensive 

study of their properties, offering fresh insights into this intriguing domain. Figure 1 presents the 

flowchart of the proposed work. 

 
Figure 1. Flowchart of the proposed work. 

 

2. Preliminaries 

Definition 2.1: [11] Let 𝑋 be a non-empty universe and 𝜏 be a collection of subsets of 𝑋. Then 𝜏 is 

called an anti-topology on X and (𝑋, 𝜏) is called an anti-topological space if the following three 

conditions are satisfied. 

(i) 𝜑, 𝑋 ∉ 𝜏 

(ii) For all 𝑞1,𝑞2, … 𝑞𝑛 ∈ 𝜏, then ⋂ 𝑞𝑖 ∉ 𝜏𝑛
𝑖=1  when any 𝑛 is finite.  

(iii) For all 𝑞1,𝑞2, … 𝑞𝑛 ∈ 𝜏, ⋃ 𝑞𝑖𝑖∈𝐼 ∉ 𝜏. 

Definition 2.2: [12] Let 𝑋 be a non-empty universe and 𝜏 be a collection of subsets of 𝑋. We say 

(𝑋, 𝜏) is an anti-topological space if the following conditions are satisfied. 

(i) 𝜑, 𝑋 ∉ 𝜏 

(ii) For any 𝑛 ∈ ℕ, if 𝐴1,𝐴2, … 𝐴𝑛 ∈ 𝜏 , then ⋂ 𝐴𝑖 ∉ 𝜏𝑛
𝑖=1  (with the assumption that the sets in 

question are not all identical, i.e. the intersection is non-trivial). 

(iii) For any collection {𝐴𝑖}𝑖∈𝐽≠𝜑 such that 𝐴𝑖 ∈  𝜏 for each 𝑖 ∈ 𝐽, ⋃ 𝐴𝑖𝑖∈𝐽 ∉ 𝜏(with the assumption 

that the sets in question are not all identical, i.e. the union is non-trivial). 

The elements of 𝜏 are called anti-open sets, while their complements are anti-closed sets. The 

set of all anti-closed sets will be denoted by 𝜏𝐶𝑙 . We say that every anti-topology is anti-closed under 

finite intersections and arbitrary unions (this refers respectively to condition (ii) and condition (iii) 

above). It is assumed that the property of being anti-closed refers only to non-trivial unions or 

intersections. The notion of non-trivial family is used to speak about those families of sets which 

contain at least two (different) sets. 
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Definition 2.3: [12] Let (𝑋, 𝜏)  be an anti-topological space and 𝐴 ⊆ 𝑋 . Then anti-interior of 𝐴 , 

denoted by 𝑎𝐼𝑛𝑡(𝐴), is defined as 𝑎𝐼𝑛𝑡(𝐴) = ⋃{𝑈: 𝑈 ⊆ 𝐴 𝑎𝑛𝑑 𝑈 ∈ 𝜏}. 

Definition 2.4: [12] Let (𝑋, 𝜏)  be an anti-topological space and 𝐴 ⊆ 𝑋 . Then anti-closure of 𝐴 , 

denoted by 𝑎𝐶𝑙(𝐴), is defined as 𝑎𝐶𝑙(𝐴) = ⋂{𝐹: 𝐴 ⊆ 𝐹 𝑎𝑛𝑑 𝐴 ∈ 𝜏𝐶𝑙}. 

Theorem 2.1: Let (𝑋, 𝜏) be an anti-topological space and 𝐴, 𝐵 ⊆ 𝑋. Then the following hold: 

(i) 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝐴 

(ii) If 𝐴 ∈ 𝜏 then 𝑎𝐼𝑛𝑡(𝐴) = 𝐴 

(iii) 𝐴 ⊆ 𝐵 then 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝑎𝐼𝑛𝑡(𝐵) 

(iv) 𝑎𝐼𝑛𝑡(𝑎𝐼𝑛𝑡(𝐴)) = 𝑎𝐼𝑛𝑡(𝐴) 

(v) 𝐴 ⊆ 𝑎𝐶𝑙(𝐴) 

(vi) If 𝐴 is an anti-closed set then 𝑎𝐶𝑙(𝐴) = 𝐴 

(vii) 𝐴 ⊆ 𝐵 then 𝑎𝐶𝑙(𝐴) ⊆ 𝑎𝐶𝑙(𝐵) 

(viii) 𝑎𝐶𝑙(𝑎𝐶𝑙(𝐴)) = 𝑎𝐶𝑙(𝐴) 

Definition 2.5: [6] Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋. Then 𝐴 will be called an anti-

pre-open set if 𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)). 

Definition 2.6: [12] Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋. Then 𝐴 will be called an anti-

semi-open set if 𝐴 ⊆ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)). 

3. b-anti-open sets 

Definition 3.1: Let (𝑋, 𝜏) be an anti-topological space. A subset 𝐴 of 𝑋 will be called a b-anti-open 

set iff 𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴))  ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)). 

Example 3.2:  

(i) Let 𝑋 = {1,3,5,7,9} , 𝜏 = {{3}, {1,5,7}, {7,9}}. Clearly (X, τ) is an anti-topological space and𝜏𝐶𝑙 =

{{1,5,7,9}, {3,9}, {1,3,5}}. Let us take 𝐴 = {1,5,7} ⊆ 𝑋 . Now, 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) =

𝑎𝐼𝑛𝑡({1,5,7,9}) ∪ 𝑎𝐶𝑙({1,5,7})  = {1,5,7,9} ∪ {1,5,7,9}  = {1,5,7,9}. Therefore, 𝐴 ⊆

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴))  ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)), i.e., 𝐴 is a 𝑏-anti-open set. 

(ii) Let 𝑋 = {1,3,5,7,9} , 𝜏 = {{3}, {1,5,7}, {7,9}} . Clearly, (X, τ) is an anti-topological space 

and 𝜏𝐶𝑙 = {{1,5,7,9}, {3,9}, {1,3,5}}.Let 𝐴 = {1,3,5}} ⊆ 𝑋. Then 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) =

 𝑎𝐼𝑛𝑡({1,3,5}) ∪ 𝑎𝐶𝑙({3}) = {3} ∪ {3} = {3}.Clearly, 𝐴 ⊈ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)).So,𝐴 is 

not a 𝑏-anti-open set. 

Proposition 3.1: In an anti-topological space, every anti-open set is a 𝑏-anti-open set. 

Proof: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋 such that 𝐴 is anti-open. Since 𝐴 is anti-

open, so we have, 𝐴 ∈ 𝜏 ⇒ 𝑎𝐼𝑛𝑡(𝐴) = 𝐴 . Now, we have 𝐴 ⊆ 𝑎𝐶𝑙(𝐴) ⇒ 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ⇒

𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ⇒ 𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪  𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ⇒ 𝐴 is a 𝑏 -anti-open set. Thus, every anti-

open set is a 𝑏-anti-open set. 

Remark 3.1: Converse of the prop. 3.1 is not true. We establish it by the following counterexample. 

Let 𝑋 = {1,2,3,4,5}, 𝜏 = {{1}, {4}, {2,3}, {3,5}}. Clearly (X, τ) is an anti-topological space and the anti-

closed sets of 𝑋 are {2,3,4,5}, {1,2,3,5}, {1,4,5}, {1,2,4}. Let us take 𝐴 = {2,3,4} ⊆ 𝑋. Clearly, 𝐴 is not 

an anti-open set. Now 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) =  𝑎𝐼𝑛𝑡({2,3,4,5}) ∪ 𝑎𝐶𝑙({2,3,4})  = {2,3,4,5} ∪

{2,3,4,5} = {2,3,4,5}. Clearly, 𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴))  ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) and so, 𝐴 is a 𝑏-anti-open set. Thus 𝐴 

is not a b-anti-open set but not an anti-open set. 

Proposition 3.2: In an anti-topological space, union of an arbitrary number of 𝑏-anti-open sets is a 𝑏-

anti-open set. 
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Proof: Let (𝑋, 𝜏) be an anti-topological space and {𝐴𝑖: 𝑖 ∈ ∆} be an arbitrary collection of 𝑏-anti-open 

sets in 𝑋 where ∆ is an index set. Let 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈∆ ⇒𝑥 ∈ 𝐴𝑘, for some 𝑘 ∈ ∆. Since 𝐴𝑘 is a b-anti-open 

set, so 𝐴𝑘 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴𝑘)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴𝑘)) and so, 𝑥 ∈ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴𝑘)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴𝑘)). Now 𝐴𝑘 ⊆

⋃ 𝐴𝑖𝑖∈∆ ⇒ 𝑎𝐶𝑙(𝐴𝑘) ⊆ 𝑎𝐶𝑙(⋃ 𝐴𝑖𝑖∈∆ ) ⇒ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴𝑘)) ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(⋃ 𝐴𝑖𝑖∈∆ )) . Similarly, 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴𝑘)) ⊆

𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(⋃ 𝐴𝑖𝑖∈∆ )) . Therefore, 𝐴𝑘 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴𝑘)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴𝑘)) ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(⋃ 𝐴𝑖𝑖∈∆ )) ∪

𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(⋃ 𝐴𝑖𝑖∈∆ )) ⇒ 𝑥 ∈ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(⋃ 𝐴𝑖𝑖∈∆ )) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(⋃ 𝐴𝑖𝑖∈∆ )) . This gives ⋃ 𝐴𝑖𝑖∈∆ ⊆

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(⋃ 𝐴𝑖𝑖∈∆ )) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(⋃ 𝐴𝑖𝑖∈∆ )), i.e., ⋃ 𝐴𝑖𝑖∈∆ is a 𝑏-anti-open set. Hence proved. 

Remark 3.2: In an anti-topological space, intersection of two 𝑏-anti-open sets may not be a 𝑏-anti-

open set.  

Let 𝑋 = {1, 2, 3, 4, 5}, 𝜏 = {{1}, {4}, {2, 3}, {3, 5}}. Clearly (X, τ) is an anti-topological space and the anti-

closed sets of 𝑋  are {2, 3, 4, 5}, {1, 2, 3, 5}, {1, 4, 5}, {1, 2, 4}. Let us consider the subsets 𝐴 = {2, 3, 4} 

and 𝐵 = {2, 4, 5} of 𝑋 . Obviously  𝐴 and 𝐵  are 𝑏 -anti-open sets. Now 𝐴 ∩ 𝐵 = {2,4}  and 

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴 ∩ 𝐵)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴 ∩ 𝐵)) =  𝑎𝐼𝑛𝑡({2,4}) ∪ 𝑎𝐶𝑙({4}) = {4} ∪ {4} = {4}. Therefore, 𝐴 ∩ 𝐵 ⊈

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴 ∩ 𝐵)) ∪ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴 ∩ 𝐵)), i.e., 𝐴 ∩ 𝐵is not a 𝑏-anti-open set. 

Proposition 3.3: In an anti-topological space, 

(i) Every anti-pre-open set is a 𝑏-anti-open set. 

(ii) Every anti-semi-open set is a 𝑏-anti-open set. 

Proof:  

(i) Let (𝑋, 𝜏) be an anti-topological space and let 𝐴 be an anti-pre-open subset of 𝑋. Then 𝐴 ⊆

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ⇒  𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪  𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ⇒ 𝐴 is a 𝑏-anti-openset. 

(ii) Let(𝑋, 𝜏) be an anti-topological space and let 𝐴 be an anti-semi-open subset of 𝑋. Then 𝐴 ⊆

𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ⇒  𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪  𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ⇒ 𝐴 is a 𝑏-anti-open set. 

 

Definition3.2: Let (𝑋, 𝜏) be an anti-topological space. A subset 𝐴 of 𝑋 will be called a b-anti-closed 

set if 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∩ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ⊆ 𝐴. 

Example 3.1:  

(i) Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}. Clearly, 𝜏 = {{𝑎}, {𝑏, 𝑐}, {𝑐, 𝑑, 𝑒}} is an anti-topology for 𝑋  and 𝜏𝐶𝑙 =

{{𝑏, 𝑐, 𝑑, 𝑒}, {𝑎, 𝑑, 𝑒}, {𝑎, 𝑏}} . Let us take 𝐴 = {𝑎, 𝑏} ⊆ 𝑋 . Then𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∩ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) =

{𝑎} ⊆ 𝐴. Therefore, 𝐴 is a 𝑏-anti-closed set. 

(ii) Let 𝑋 = {1,2,3,4,5}. Clearly, 𝜏 = {{1}, {4}, {2, 3}, {3, 5}} is an anti-topology for 𝑋  and 𝜏𝐶𝑙 =

{{1, 2, 3, 5}, {1, 4, 5}, {1, 2, 4}} . Let us take 𝐵 = {1, 3, 5} ⊆ 𝑋 . Then 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐵)) ∩

𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐵)) = {1, 2, 3, 5} ⊈ 𝐵. Therefore, 𝐵 is not a 𝑏-anti-closed set.  

Proposition 3.4: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋. Then 𝐴 is a 𝑏-anti-open set iff 

𝐴𝑐 is a 𝑏-anti-closed set.  

Proof: 𝐴 is a 𝑏-anti-open set 

⇔  𝐴 ⊆ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪  𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) 

⇔  𝐴𝑐  ⊇  [𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∪  𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴))]
𝑐
 

⇔  𝐴𝑐  ⊇  [𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴))]
𝑐
⋂[𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴))]

𝑐
 

⇔ 𝐴𝑐 ⊇ [𝑎𝐶𝑙(𝑎𝐶𝑙(𝐴))
𝑐
]⋂[𝑎𝐼𝑛𝑡(𝑎𝐼𝑛𝑡(𝐴))

𝑐
] 

⇔  𝐴𝑐  ⊇ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴𝑐))⋂𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴𝑐)) 

⇔ 𝐴𝑐 is a 𝑏-anti-closed set. Hence proved. 

Proposition 3.5: In an anti-topological space, every anti-closed set is a 𝑏-anti-closed set.  
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Proof: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋 such that 𝐴 is anti-closed. Then 𝐴𝑐 is anti-

open set and from the proposition 3.1, it follows that 𝐴𝑐  is a 𝑏-anti-open set. Therefore, by the 

proposition 3.4, 𝐴 is a 𝑏-anti-closed set. Hence proved. 

 

Remark 3.3: Converse of the prop. 3.5 is not true. We establish it by the following counterexample. 

Let 𝑋 = {1, 2, 3, 4, 5} . Clearly, 𝜏 = {{1}, {4}, {2, 3}, {3, 5}}  is an anti-topology for 𝑋  and 𝜏𝐶𝑙 =

{{1, 2, 3, 5}, {1, 4, 5}, {1, 2, 4}}. Let us take 𝐴 = {1,5} ⊆ 𝑋. Obviously 𝐴 is not an anti-closed set. Now 

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∩ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) = {1} ⊆ 𝐴. Therefore, 𝐴 is a b-anti-closed set. Thus 𝐴 is a 𝑏-anti-closed 

set but not an anti-closed set. 

 

Proposition 3.6: In an anti-topological space, 

(i) Every anti-pre-closed set is a 𝑏-anti-closed set. 

(ii) Every anti-semi-closed set is 𝑏-anti-closed set. 

Proof: 

(i) Let 𝐴  be an anti-pre-closed subset of 𝑋 . Then 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ⊆ 𝐴 ⇒ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴)) ∩

𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ⊆ 𝐴 ⇒ 𝐴 is a 𝑏-anti-closed set. 

(ii) Let 𝐴  be an anti-semi-closed subset of 𝑋 . Then 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ⊆ 𝐴 ⇒ 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ∩

 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴)) ⊆ 𝐴 ⇒ 𝐴 is a 𝑏-anti-closed set. 

Proposition 3.7: In an anti-topological space, intersection of arbitrary number of 𝑏-anti-closed sets is 

𝑏-anti-closed. 

Proof: Let (𝑋, 𝜏) be an anti-topological space and {𝐴𝑖: 𝑖 ∈ ∆} be an arbitrary collection of 𝑏-anti-

closed sets in 𝑋 where ∆ is an index set. Then 𝐴𝑖
𝑐 is a 𝑏-anti-open set for each 𝑖 ∈ ∆ ⇒⋃ 𝐴𝑖

𝑐
𝑖∈∆  is a 

𝑏-anti-open set [by prop.3.2] ⇒(⋂ 𝐴𝑖𝑖∈∆ )𝑐 is a 𝑏-anti-open set ⇒⋂ 𝐴𝑖𝑖∈∆  is an𝑏-anti-closed set. Hence 

proved. 

Remark 3.4: In an anti-topological space, union of two 𝑏-anti-closed sets may not be a 𝑏-anti-closed 

set. We establish it by the following counterexample: 

Let 𝑋 = {1,2,3,4,5} . Clearly, 𝜏 = {{1}, {4}, {2, 3}, {3, 5}}  is an anti-topology for 𝑋  and 𝜏𝐶𝑙 =

{{1, 2, 3, 5}, {1, 4, 5}, {1, 2, 4}}. Let us take 𝐴 = {1, 5}and 𝐵 = {1, 3} ⊆ 𝑋. Clearly, 𝐴 and 𝐵 are two b-

anti-closed sets in 𝑋. Now 𝐴 ∪ 𝐵 = {1, 3, 5} and 𝑎𝐼𝑛𝑡(𝑎𝐶𝑙(𝐴 ∪ 𝐵)) ∩ 𝑎𝐶𝑙(𝑎𝐼𝑛𝑡(𝐴 ∪ 𝐵)) = {1, 2, 3, 5} ⊈

𝐴 ∪ 𝐵. Therefore, 𝐴 ∪ 𝐵 is not a 𝑏-anti-closed set. Thus, the union of two 𝑏-anti-closed sets may not 

be a 𝑏-anti-closed set. 

Definition 3.3: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋 . Then the 𝑏-anti-interior of 𝐴 , 

denoted by 𝑏 − 𝑎𝐼𝑛𝑡(𝐴), is defined as 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) = ⋃{𝐺: 𝐺 is 𝑏 − anti − open set in 𝑋 and 𝐺 ⊆ 𝐴}. 

Proposition 3.8: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋. Then the following hold:  

(i) 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) is a 𝑏-anti-open set. 

(ii) 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝐴. 

(iii) 𝐴 is 𝑏-anti-open set iff 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) = 𝐴. 

(iv) 𝑏 − 𝑎𝐼𝑛𝑡(𝑏 − 𝑎𝐼𝑛𝑡(𝐴)) =  𝑏 − 𝑎𝐼𝑛𝑡(𝐴). 

Proof:  

(i) Since 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) = ⋃{𝐺: 𝐺 is 𝑏 − anti − open set in 𝑋 and 𝐺 ⊆ 𝐴}  and union of arbitrary 

number of 𝑏-anti-open sets is a 𝑏-open set, so 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) is a 𝑏-anti-open set. 

(ii) Since 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) is the union of all 𝑏-anti-open sets contained in 𝐴, so 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝐴. 

(iii) Let 𝐴 be a 𝑏-anti-open set. Since 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) is the union of all 𝑏-anti-open sets which are 

contained in 𝐴 and since, 𝐴 is a 𝑏-anti-open set contained in 𝐴, so 𝐴 ⊆  𝑏 − 𝑎𝐼𝑛𝑡(𝐴). Also 

from (ii), 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝐴. Therefore, 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) = 𝐴 . Conversely let 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) = 𝐴. 

Since 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) is a 𝑏-anti-open set, so 𝐴 is also a 𝑏-anti-open set. 
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(iv) Since 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) is a 𝑏-anti-open set, so by (iii), 𝑏 − 𝑎𝐼𝑛𝑡(𝑏 − 𝑎𝐼𝑛𝑡(𝐴)) =  𝑏 − 𝑎𝐼𝑛𝑡(𝐴). 

Proposition 3.9: Let (𝑋, 𝜏) be an anti-topological space and 𝐴, 𝐵 be subsets of 𝑋. Then the following 

hold: 

(i) 𝐴 ⊆ 𝐵⇒ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵). 

(ii) 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∪ 𝐵) ⊇ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ∪ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵). 

(iii) 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ∩ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵). 

Proof:  

(i) We have 𝑥 ∈ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ⇒ 𝑥 ∈ ⋃{𝐺: 𝐺 is 𝑏 − anti − open set in 𝑋 and 𝐺 ⊆ 𝐴} ⇒ 𝑥 ∈

⋃{𝐺: 𝐺 is 𝑏 − anti − open set in 𝑋 and 𝐺 ⊆ 𝐵} (∵ 𝐴 ⊆ 𝐵) ⇒ 𝑥 ∈ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵). 

(ii) 𝐴 ⊆ 𝐴 ∪ 𝐵 ⇒ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∪ 𝐵) . Similarly, 𝑏 − 𝑎𝐼𝑛𝑡(𝐵) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∪ 𝐵) . 

Therefore, 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∪ 𝐵) ⊇ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ∪ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵). 

(iii) 𝐴 ∩ 𝐵 ⊆ 𝐴 ⇒ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) . Similarly, 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵) . 

Therefore, 𝑏 − 𝑎𝐼𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴) ∩ 𝑏 − 𝑎𝐼𝑛𝑡(𝐵). 

Definition 3.4: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋 . Then the 𝑏-anti-closure of 𝐴 , 

denoted by 𝑏 − 𝑎𝐶𝑙(𝐴), is defined as 𝑏 − 𝑎𝐶𝑙(𝐴) = ⋂{𝐺: 𝐺 isa 𝑏 − anti − closed set in 𝑋 and 𝐴 ⊆ 𝐺}. 

Proposition 3.10: Let (𝑋, 𝜏) be an anti-topological space and 𝐴 ⊆ 𝑋. Then the following hold:  

(i) 𝑏 − 𝑎𝐶𝑙(𝐴)is a 𝑏 − anti − closed set. 

(ii) 𝐴 ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴). 

(iii) 𝐴 is 𝑏-anti-closed set iff 𝑏 − 𝑎𝐶𝑙(𝐴) = 𝐴. 

(iv) 𝑏 − 𝑎𝐶𝑙(𝑏 − 𝑎𝐶𝑙(𝐴))= 𝑏 − 𝑎𝐶𝑙(𝐴). 

Proof:  

(i) Since 𝑏 − 𝑎𝐶𝑙(𝐴) = ⋂{𝐺: 𝐺 is a 𝑏 − anti − closed set in 𝑋 and 𝐴 ⊆ 𝐺}  and intersection of 

arbitrary number of 𝑏 -anti-closed sets  is a 𝑏 -anti-closed, so 𝑏 − 𝑎𝐶𝑙(𝐴)  is a 𝑏 -anti-

closed set. 

(ii) Since 𝑏 − 𝑎𝐶𝑙(𝐴) is the intersection of all 𝑏-anti-closed sets containing𝐴, so 𝐴 ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴). 

(iii) Let 𝐴  be a 𝑏 -anti-closed set. Since 𝑏 − 𝑎𝐶𝑙(𝐴) = ⋂{𝐺: 𝐺 is a 𝑏 − anti −

closed set in 𝑋 and 𝐴 ⊆ 𝐺} and since 𝐴 is also a 𝑏-anti-closed set so, 𝐴 ∈ {𝐺: 𝐺 is a 𝑏 − anti −

closed set in 𝑋 and 𝐴 ⊆ 𝐺}  and therefore, 𝑏 − 𝑎𝐶𝑙(𝐴) ⊆ 𝐴.  Also from (ii), 𝐴 ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴) . 

Hence, 𝑏 − 𝑎𝐶𝑙(𝐴) = 𝐴. Conversely, suppose that 𝑏 − 𝑎𝐶𝑙(𝐴) = 𝐴. Since 𝑏 − 𝑎𝐶𝑙(𝐴) is a 𝑏-

anti-closed set, so 𝐴 is also a 𝑏-anti-closed set. 

(iv) Since 𝑏 − 𝑎𝐶𝑙(𝐴) is a 𝑏-anti-closed, so by (iii), 𝑏 − 𝑎𝐶𝑙(𝑏 − 𝑎𝐶𝑙(𝐴))= 𝑏 − 𝑎𝐶𝑙(𝐴). 

 

Proposition 3.11: Let (𝑋, 𝜏)  be an anti-topological space and 𝐴, 𝐵  be subsets of 𝑋 . Then the 

following hold. 

(i) 𝐴 ⊆ 𝐵⇒𝑏 − 𝑎𝐶𝑙(𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴). 

(ii) 𝑏 − 𝑎𝐶𝑙(𝐴 ∪ 𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴) ∪ 𝑏 − 𝑎𝐶𝑙(𝐵). 

(iii) 𝑏 − 𝑎𝐶𝑙(𝐴 ∩ 𝐵) ⊇ 𝑏 − 𝑎𝐶𝑙(𝐴) ∩ 𝑏 − 𝑎𝐶𝑙(𝐵) 

Proof:  

(i) We have 𝑥 ∈ 𝑏 − 𝑎𝐶𝑙(𝐵) ⇒ 𝑥 ∈ ⋂{𝐺: 𝐺 is 𝑏 − anti − closed set in 𝑋 and 𝐵 ⊆ 𝐺} ⇒ 𝑥 ∈

⋂{𝐺: 𝐺 is 𝑏 − anti − closed set in 𝑋 and 𝐴 ⊆ 𝐺} ( ∵ 𝐴 ⊆ 𝐵 ) ⇒ 𝑥 ∈ 𝑏 − 𝑎𝐶𝑙(𝐴) . Hence 𝑏 −

𝑎𝐶𝑙(𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴). 

(ii) 𝐴 ⊆ 𝐴 ∪ 𝐵⇒ 𝑏 − 𝑎𝐶𝑙(𝐴 ∪ 𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴). Similarly,𝑏 − 𝑎𝐶𝑙(𝐴 ∪ 𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐵). Therefore, 

 𝑏 − 𝑎𝐶𝑙(𝐴 ∪ 𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴) ∪ 𝑏 − 𝑎𝐶𝑙(𝐵). 

(iii) 𝐴 ∩ 𝐵 ⊆ 𝐴⇒𝑏 − 𝑎𝐶𝑙(𝐴) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴 ∩ 𝐵). Similarly, 𝑏 − 𝑎𝐶𝑙(𝐵) ⊆ 𝑏 − 𝑎𝐶𝑙(𝐴 ∩ 𝐵). Therefore, 

𝑏 − 𝑎𝐶𝑙(𝐴 ∩ 𝐵) ⊇ 𝑏 − 𝑎𝐶𝑙(𝐴) ∩ 𝑏 − 𝑎𝐶𝑙(𝐵). 
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Proposition 3.12: Let (𝑋, 𝜏) be an anti-topological space and 𝐴, 𝐵 be two subsets of 𝑋. Then the 

following hold: 

(i) (𝑏 − 𝑎𝐶𝑙(𝐴))
𝑐

= 𝑏 − 𝑎𝐼𝑛𝑡(𝐴𝑐). 

(ii)  𝑏 − 𝑎𝐶𝑙(𝐴𝑐) = (𝑏 − 𝑎𝐼𝑛𝑡(𝐴))
𝑐
 

Proof:  

(i) We have 𝑥 ∈ (𝑏 − 𝑎𝐶𝑙(𝐴))
𝑐
 

⇒𝑥 ∈ (⋂{𝐺: 𝐺 is a 𝑏 − anti − closed set in 𝑋 and 𝐴 ⊆ 𝐺})𝑐 

⇒𝑥 ∈ ⋃{𝐺𝑐 ∶ 𝐺𝑐  is a 𝑏 − anti − open set in 𝑋 and 𝐺𝑐 ⊆ 𝐴𝑐} 

⇒𝑥 ∈ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴𝑐).  

Hence, (𝑏 − 𝑎𝐶𝑙(𝐴))
𝑐

⊆ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴𝑐).  

Again, let 𝑥 ∈ 𝑏 − 𝑎𝐼𝑛𝑡(𝐴𝑐) 

⇒𝑥 ∈ ⋃{𝐺: 𝐺 is 𝑏 − anti − open set in 𝑋 and 𝐺 ⊆ 𝐴𝑐} 

⇒𝑥 ∈ (⋂{𝐺𝑐 ∶ 𝐺𝑐  is 𝑏 − anti − closed set in 𝑋 and 𝐴 ⊆ 𝐺𝑐})𝑐  

⇒𝑥 ∈ (𝑏 − 𝑎𝐶𝑙(𝐴))
𝑐
.  

Therefore, 𝑏 − 𝑎𝐼𝑛𝑡(𝐴𝑐) ⊆ (𝑏 − 𝑎𝐶𝑙(𝐴))
𝑐
. 

and so, 𝑏 − 𝑎𝐼𝑛𝑡(𝐴𝑐) = (𝑏 − 𝑎𝐶𝑙(𝐴))
𝑐
. 

(ii) Replacing 𝐴 by 𝐴𝑐 in (i), we get (𝑏 − 𝑎𝐶𝑙(𝐴𝑐))
𝑐
=𝑏 − 𝑎𝐼𝑛𝑡((𝐴𝑐)𝑐) 

⇒(𝑏 − 𝑎𝐶𝑙(𝐴𝑐))
𝑐
=𝑏 − 𝑎𝐼𝑛𝑡(𝐴)⇒𝑏 − 𝑎𝐶𝑙(𝐴𝑐) = (𝑏 − 𝑎𝐼𝑛𝑡(𝐴))

𝑐
. 

4. Discussion 

In this study, we explored the intricate relationships within anti-topological spaces, shedding 

light on the properties of b-anti-open sets and b-anti-closed sets. Notably, the observation that every 

anti-open (resp. anti-closed) set is a b-anti-open (resp. b-anti-closed) set suggests a broader 

characterization of b-anti-open sets (b-anti-closed sets). The exploration also uncovered nuanced 

aspects, such as the non-preservation of the b-anti-open property under the intersection of two b-anti-

open sets, challenging conventional notions. Counterexamples, particularly the non-closure of unions 

of b-anti-closed sets, highlighted the counterintuitive nature of these spaces, prompting careful 

consideration in their analysis. The study further revealed intriguing properties regarding closure 

and interior operations. The observed reversal of conventional inclusions in the closure operation 

introduces a noteworthy departure from typical topological expectations. Unlike the standard 

relationship where the closure of a subset is contained within the closure of its superset, our findings 

reveal a reversal: if A is a subset of B then the b-anti-closure of B is a subset of the b-anti-closure of A. 

This counterintuitive result challenges the conventional understanding of closure operations and 

prompts a reevaluation of the underlying principles governing these relationships. Similarly, the 

outcomes concerning the closure of unions and intersections add another layer of complexity. These 

findings deepen our understanding of anti-topological spaces, revealing their complexities and 

inviting further exploration into their properties and applications. 

5. Conclusion 

In this article, we have introduced the concepts of b-anti-open sets and b-anti-closed sets in 

connection with anti-topological spaces and then explored their fundamental properties. 

Furthermore, we have defined the b-anti-interior and b-anti-closure of a set, delving into an in-depth 

analysis of their associated properties. From the above discussion, we have found that classes of b-

anti-open sets and b-anti-closed sets in anti-topological spaces are finer than classes of anti-open sets 

and anti-closed sets, respectively. Also, the deviations from standard topological expectations signify 

the unique characteristics of the anti-topological space under consideration. 
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As we move forward, our future research endeavors will aim to investigate novel concepts and 

ideas related to anti-topological spaces. We anticipate that the insights presented in this article will 

contribute to the advancement of various facets within the field of anti-topological spaces, aiding 

researchers in their exploration and development of this intriguing domain. 
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