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Abstract: In this research, we created notions of a refined neutrosophic prime (completely prime, 

semiprime, and completely semiprime) ideal in a refined neutrosophic ring. If 𝑅(𝐼1, 𝐼2)  is a refined 

neutrosophic ring, then each ideal of 𝑅(𝐼1, 𝐼2) has the form 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 , where 𝐽 ⊆ 𝐿 ⊆ 𝐾   are 

ideals of the classical ring 𝑅 . The objective of this work is to find the necessary and sufficient 

condition on classical ideals 𝐽, 𝐿, 𝑎𝑛𝑑 𝐾  that makes 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  a prime (completely prime, 

semiprime, and completely semiprime) ideal in 𝑅(𝐼1, 𝐼2) . We studied some of the elementary 

properties of these concepts and the most important properties that link them.  

We reached several results, the most important of which are as follows:  

 If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), then 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) ⇔ 𝐽,𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝑆℘𝑅. 

 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), then 𝐽, 𝐾, 𝐿 ∈ ℘𝑅. 

 Assuming that 𝑅(𝐼1, 𝐼2) is a finite unity commutation, then 𝑅𝑁ℳ𝑅(𝐼1,𝐼2) = 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

 𝑅(𝐼1, 𝐼2)  is a refined neutrosophic field ⇔  {0}, 𝑅𝐼1 + 𝑅𝐼2, 𝑅𝐼1 , 𝑅(𝐼1, 𝐼2)  are only refined 

neutrosophic ideals in 𝑅(𝐼1, 𝐼2). 

 We call 𝑅(𝐼1 , 𝐼2)  a refined neutrosophic prime ring if 𝑅𝐼1 + 𝑅𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2)  and a fully 

prime ring if 𝑅𝑁𝔗𝑅(𝐼1,𝐼2)\{0} = 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Keywords: Refined Neutrosophic Ring; Refined Neutrosophic Ideal; Completely Semiprime; Fully 

Prime; Fully Semiprime. 
  

 

1. Introduction 

Neutrosophy is a broad view of intuitionistic fuzzy logic that represents a new development of 

fuzzy notions. This strategy has a fascinating impact on applied science [1, 2, 3, 4, 5]. Neutrosophy 

can be applied to algebraic structures as a new branch of philosophy, leading to a better 

understanding and evolution of these structures. Kandasamy and Smarandache presented the 

concept of neutrosophic groups, rings, and fields [6], which has been widely investigated [7, 8, 9, 10] 

and is still being studied. Numerous intriguing discoveries about neutrosophic rings have recently 

been discussed [11, 12, 13]. 

Adeleke et al. [14, 15] generalized neutrosophic sets by dividing the degree of indeterminacy I 

into two degrees of indeterminacyI1, and I2. This concept has been widely employed in algebra by 

analyzing refined neutrosophic rings [14, 15] and n-refined neutrosophic rings and modules [16, 17, 

18], and many intriguing findings have been established [19]. Abobala [20] characterized the maximal 

and minimal ideals in a refined neutrosophic ring. 

We present a characterization of refined neutrosophic prime (completely prime, semiprime, and 

completely semiprime) ideals by depending on the properties of classical ideals. This study aims to 

describe the structure and properties of prime, completely prime, semiprime, and completely 

semiprime ideals of refined neutrosophic rings. 
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Our motivation is to close an important research gap by determining all prime, completely 

prime, semiprime, and completely semiprime ideals and their properties in refined neutrosophic 

rings. This paper continues the work begun in "On Neutrosophic Prime, Completely Prime, 

Semiprime, and Completely Semiprime Ideals in Neutrosophic Ring." 

2. Definitions and notations 

Since most academics interested in the subject are already familiar with classical rings and their 

ideals, this section will focus on numerous definitions and major results relevant to refined 

neutrosophic rings and their ideals.  

Definition 2.1: [14, 15] Let 𝑅 be a ring, the collection 𝑅(𝐼1, 𝐼2) = {𝑎 + 𝑏𝐼 ; 𝑎, 𝑏, 𝑐 ∈ 𝑅 and 𝐼1
2 = 𝐼1, 𝐼2

2 =

𝐼2, 𝐼1𝐼2 = 𝐼2𝐼1 = 𝐼1}  is called a refined neutrosophic ring. 𝑅(𝐼1, 𝐼2)  is referred to as a refined 

neutrosophic field when R is a field. 

Properties 2.2: [14, 15] 

(i) R is a unity commutative ring iff 𝑅(𝐼1, 𝐼2) is a unity commutative refined neutrosophic ring.  

(ii) (𝐼1)
𝑛 = 𝐼1 𝑎𝑛𝑑 (𝐼2)

𝑛 = 𝐼2 for each 𝑛 ∈ ℤ+. 

(iii) 𝑎𝐼1 = 𝐼1𝑎  𝑎𝑛𝑑 𝑎𝐼2 = 𝐼2𝑎  ∀𝑎 ∈ 𝑅. 

(iv) 0𝐼1 = 0 = 0𝐼2 ,  𝐼1 + 𝐼1 +⋯+ 𝐼1⏟          
𝑛 𝑡𝑖𝑚𝑒

= 𝑛𝐼1  𝑎𝑛𝑑 𝐼2 + 𝐼2 +⋯+ 𝐼2⏟          
𝑛 𝑡𝑖𝑚𝑒

= 𝑛𝐼2

         

. 

Theorem 2.3: [20] If 𝑅(𝐼1, 𝐼2) is a refined neutrosophic ring, and 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⊆ 𝑅(𝐼1, 𝐼2), then 𝐽 +

𝐾𝐼1 + 𝐿𝐼2 is a neutrosophic ideal iff 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 are ideals of 𝑅, where 𝐽 ⊆ 𝐿 ⊆ 𝐾. 

Theorem 2.4: [20] If 𝑅(𝐼1, 𝐼2) is a refined neutrosophic ring, and 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 is an ideal of 𝑅(𝐼1, 𝐼2), 

then 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 is a neutrosophic maximal ideal iff 𝐽 is a maximal of 𝑅, where 𝐿 = 𝐾 = 𝑅 𝑜𝑟 𝐽 +

𝐾𝐼1 + 𝐿𝐼2 = 𝑅(𝐼1, 𝐼2). 

3. Results 

In a refined neutrosophic ring 𝑅(𝐼1, 𝐼2) , we indicate by 𝑅𝑁𝔗𝑅(𝐼1,𝐼2)  is the set of  refined 

neutrosophic ideals, 𝑅𝑁℘𝑅(𝐼1,𝐼2) the set of refined neutrosophic prime ideals, 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2) the set of 

refined neutrosophic completely prime ideals,  𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2)  the set of refined neutrosophic 

semiprime ideals,  𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2) the collection of refined neutrosophic completely semiprime ideals, 

and  𝑅𝑁ℳ𝑅(𝐼1,𝐼2)
 the collection of refined neutrosophic maximal ideals. In addition, in classical ring 

𝑅, we indicate by  𝔗𝑅 the collection of ideals, ℘𝑅 the collection of prime ideals, 𝐶℘𝑅 the collection 

of completely prime ideals, 𝑆℘𝑅  the collection of semiprime ideals, 𝑆𝐶℘𝑅  the collection of 

completely semiprime ideals, and ℳ𝑅 the collection of maximal ideals. 

Definition 3.1: If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2);  𝐽 ⊆ 𝐿 ⊆ 𝐾, then  

(i) 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 is a refined neutrosophic semiprime ideal if the following condition is satisfied: 
∀ 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2);  𝐽1 ⊆ 𝐿1 ⊆ 𝐾1;   ( 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)

2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⇒   𝐽1 +

𝐾1𝐼1 + 𝐿1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

(ii) 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 is a refined neutrosophic completely semiprime ideal if the following condition 

is satisfied: ∀𝑎 + 𝑏𝐼1 + 𝑐𝐼2 ∈ 𝑅(𝐼1, 𝐼2);  (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)
2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⇒ 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 ∈ 𝐽 +

𝐾𝐼1 + 𝐿𝐼2 . 

(iii) 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 is a refined neutrosophic prime ideal if the following condition is satisfied: 
∀𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2, 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2);  𝐽1 ⊆ 𝐿1 ⊆ 𝐾1 𝑎𝑛𝑑 𝐽2 ⊆ 𝐿2 ⊆ 𝐾2;  

(𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)(𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

⇒  𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  𝑜𝑟 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

(iv) 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 is a refined neutrosophic completely prime ideal if the following condition is 

satisfied:∀𝑎 + 𝑏𝐼1 + 𝑐𝐼2 𝑎𝑛𝑑  𝑒 + 𝑓𝐼1 + 𝑔𝐼2 ∈ 𝑅(𝐼1, 𝐼2);  (𝑎 + 𝑏𝐼1 + 𝑐𝐼2)(𝑒 + 𝑓𝐼1 + 𝑔𝐼2) ∈ 𝐽 + 𝐾𝐼  

⇒  𝑎 + 𝑏𝐼1 + 𝑐𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  ˅  𝑒 + 𝑓𝐼1 + 𝑔𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 
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Theorem 3.2: If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), then  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) ⇔ 𝐽,𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝑆℘𝑅.  

Proof.  

Firstly, ∀𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) . Now, suppose that  𝐽1, 𝐾1, 𝐿1 ∈ 𝔗𝑅  , where 𝐽12 ⊆ 𝐽, 𝐾12 ⊆
𝐾, 𝑎𝑛𝑑 𝐿1

2 ⊆ 𝐿. Subsequently,  𝐽1
2 ⊆ 𝐿 ⊆ 𝐾 𝑎𝑛𝑑 𝐿1

2 ⊆ 𝐾. 

We have 𝐽1 + 𝐽1𝐼1 + 𝐽1𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2), and we note 

(𝐽1 + 𝐽1𝐼1 + 𝐽1𝐼2)
2 = 𝐽1

2 + (𝐽1
2 + 𝐽1

2 + 𝐽1
2 + 𝐽1

2 + 𝐽1
2)𝐼1 + (𝐽1

2 + 𝐽1
2 + 𝐽1

2)𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 
Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2), so 𝐽1 + 𝐽1𝐼1 + 𝐽1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 and from which 𝐽1 ⊆ 𝐽. 

Therefore, 𝐽 ∈ 𝑆℘𝑅. 

On the other hand, {0} + 𝐿1 𝐼1 + 𝐿1 𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2), and we note ({0} + 𝐿1 𝐼1 + 𝐿1 𝐼2)
2 = {0}2 +

({0}. 𝐿1 + 𝐿1. {0} + 𝐿1
2 + 𝐿1

2 + 𝐿1
2)𝐼2 + ({0}. 𝐿1 + 𝐿1. {0} + 𝐿1

2)𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) , so {0} + 𝐿1 𝐼1 + 𝐿1 𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2   and from which 𝐿1 ⊆ 𝐿 . 

Therefore, 𝐿 ∈ 𝑆℘𝑅. 

And on the other hand, {0} + 𝐾1𝐼1 + {0}𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2), and we note  

({0} + 𝐾1𝐼1 + {0}𝐼2)
2 = {0}2 + ({0}. 𝐾1 + 𝐾1. {0} + 𝐾1

2 + 𝐾1. {0} + {0}. 𝐾1)𝐼2 + ({0}
2 + {0}2 + {0}2)𝐼2

⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) ,  {0} + 𝐾1𝐼1 + {0}𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2   and from which 𝐾1 ⊆ 𝐾 . 

Therefore, 𝐾 ∈ 𝑆℘𝑅. 

Conversely, suppose that  𝐽, 𝐾, 𝐿 ∈ 𝑆℘𝑅. 

Now, if 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2);  𝐽1 ⊆ 𝐿1 ⊆ 𝐾1, where  

(𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)
2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⇒ 𝐽1

2 + (𝐽1𝐾1 + 𝐾1𝐽1 + 𝐾1
2 + 𝐾1𝐿1 + 𝐿1𝐾1)𝐼1 + (𝐽1𝐿1 + 𝐿1𝐽1 + 𝐿1

2)𝐼2

⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  

Therefore, 𝐽1
2 ⊆ 𝐽 𝑎𝑛𝑑 𝐽1𝐾1 + 𝐾1𝐽1 + 𝐾1

2 + 𝐾1𝐿1 + 𝐿1𝐾1 ⊆ 𝐾 𝑎𝑛𝑑 𝐽1𝐿1 + 𝐿1𝐽1 + 𝐿1
2 ⊆ 𝐿 

Since 𝐽1
2 ⊆ 𝐽 ⊆ 𝐿 𝑎𝑛𝑑 𝐽1𝐿1 + 𝐿1𝐽1 + 𝐿1

2 ⊆ 𝐿 ⊆ 𝐾 , so 𝐽1
2 + 𝐽1𝐿1 + 𝐿1𝐽1 + 𝐿1

2 = (𝐽1 + 𝐿1)
2 ⊆ 𝐿 𝑎𝑛𝑑 𝐽1

2 +

𝐽1𝐾1 +𝐾1𝐽1 + 𝐾1
2 + 𝐾1𝐿1 + 𝐿1𝐾1 + 𝐽1𝐿1 + 𝐿1𝐽1 + 𝐿1

2 = (𝐽1 + 𝐾1 + 𝐿1)
2 ⊆ 𝐾. 

Since 𝐽, 𝐾 𝑎𝑛𝑑 𝐿 ∈ 𝑆℘𝑅, so 𝐽1 ⊆ 𝐽 𝑎𝑛𝑑  𝐽1 + 𝐿1 ⊆ 𝐿 ⊆ 𝐾 𝑎𝑛𝑑 𝐽1 + 𝐾1 + 𝐿1 ⊆ 𝐾. 

Since 𝐽1 ⊆ 𝐽 ⊆ 𝐿, so 𝐿1 ⊆ 𝐿 ⊆ 𝐾 𝑎𝑛𝑑 𝐾1 ⊆ 𝐾.  

Therefore, 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2). 

Theorem 3.3: If  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), then 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2) ⇔ 𝐽,𝐾, 𝐿 ∈ 𝐶𝑆℘𝑅. 

Proof.  

Firstly, ∀ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2).  

Now, if  𝑗, 𝑘, 𝑙 ∈ 𝑅, where 𝑗2 ∈ 𝐽 ⊆ 𝐿 𝑎𝑛𝑑  𝑙2 ∈ 𝐿 ⊆ 𝐾 𝑎𝑛𝑑 𝑘2 ∈ 𝐾 .  

We have  𝑗 + 𝑗𝐼1 + 𝑗𝐼2 ∈ 𝑅(𝐼1 , 𝐼2)  and we note 

(𝑗 + 𝑗𝐼1 + 𝑗𝐼2)
2 = 𝑗2 + (𝑗2 + 𝑗2 + 𝑗2 + 𝑗2 + 𝑗2)𝐼1 + (𝑗

2 + 𝑗2 + 𝑗2)𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2), so 𝑗 + 𝑗𝐼1 + 𝑗𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 and from which 𝑗 ∈ 𝐽. 

Therefore, 𝐽 ∈ 𝐶𝑆℘𝑅. 

On the other hand, we have 0 + 𝑙 𝐼1 + 𝑙 𝐼2 ∈ 𝑅(𝐼1, 𝐼2), and we note 

(0 + 𝑙 𝐼1 + 𝑙 𝐼2)
2 = 02 + (0. 𝑙 + 𝑙. 0 + 𝑙2 + 𝑙2 + 𝑙2)𝐼1 + (0. 𝑙 + 𝑙. 0 + 𝑙

2)𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 
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Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2) , so 0 + 𝑙 𝐼1 + 𝑙 𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2   and from which 𝑙 ∈ 𝐿 . 

Therefore, 𝐿 ∈ 𝐶𝑆℘𝑅.  

And on the other hand, we have 0 + 𝑘𝐼1 + 0𝐼2 ∈ 𝑅(𝐼1, 𝐼2), and we note 

(0 + 𝑘𝐼1 + 0𝐼2)
2 = 02 + (0. 𝑘 + 𝑘. 0 + 𝑘2 + 𝑘. 0 + 0. 𝑘)𝐼1 + (0

2 + 02 + 02)𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2) , so 0 + 𝑘𝐼1 + 0𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2   and from which 𝑘 ∈ 𝐾 . 

Therefore, 𝐾 ∈ 𝐶𝑆℘𝑅. 

Conversely, suppose that 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝐶𝑆℘𝑅. 

Now, if  𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2 ∈ 𝑅(𝐼1, 𝐼2), where (𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2)
2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⇒ 𝑗1

2 + (𝑗1𝑘1 + 𝑘1𝑗1 +

𝑘1
2 + 𝑘1𝑙1 + 𝑙1𝑘1)𝐼1 + (𝑗1𝑙1 + 𝑙1𝑗1 + 𝑙1

2)𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  

Therefore, 𝑗1
2 ∈ 𝐽 𝑎𝑛𝑑 𝑗1𝑘1 + 𝑘1𝑗1 + 𝑘1

2 + 𝑘1𝑙1 + 𝑙1𝑘1 ∈ 𝐾 𝑎𝑛𝑑 𝑗1𝑙1 + 𝑙1𝑗1 + 𝑙1
2 ∈ 𝐿 

Since 𝑗1
2 ∈ 𝐽 ⊆ 𝐿 𝑎𝑛𝑑 𝑗1𝑙1 + 𝑙1𝑗1 + 𝑙1

2 ∈ 𝐿 ⊆ 𝐾 , so 𝑗1
2 + 𝑗1𝑙1 + 𝑙1𝑗1 + 𝑙1

2 = (𝑗1 + 𝑙1)
2 ∈ 𝐿 𝑎𝑛𝑑 𝑗1

2 + 𝑗1𝑘1 +

𝑘1𝑗1 + 𝑘1
2 + 𝑘1𝑙1 + 𝑙1𝑘1 + 𝑗1𝑙1 + 𝑙1𝑗1 + 𝑙1

2 = (𝑗1 + 𝑘1 + 𝑙1)
2 ∈ 𝐾. 

Since 𝐽, 𝐿, 𝑎𝑛𝑑 𝐾 ∈ 𝐶𝑆℘𝑅, so 𝐽1 ∈ 𝐽 𝑎𝑛𝑑  𝐽1 + 𝐿1 ∈ 𝐿 ⊆ 𝐾 𝑎𝑛𝑑 𝑗1 + 𝑘1 + 𝑙1 ∈ 𝐾. 

Since 𝑗1 ∈ 𝐽 ⊆ 𝐿, so 𝑙1 ∈ 𝐿 ⊆ 𝐾 𝑎𝑛𝑑 𝑘1 ∈ 𝐾.  Subsequently, 𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 +

𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2). 

Theorem 3.4: If  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), then  𝐽, 𝐾, 𝐿 ∈ ℘𝑅. 

Proof.  

Suppose that 𝐽1, 𝐽2, 𝐾1, 𝐾2, 𝐿1, 𝐿2 ∈ 𝔗𝑅, where 𝐽1 𝐽2 ⊆ 𝐽, 𝐾1𝐾2 ⊆ 𝐾, 𝑎𝑛𝑑 𝐿1𝐿2 ⊆ 𝐿. 
Firstly, we have 𝐽1 + 𝐽1𝐼1 + 𝐽1𝐼2 𝑎𝑛𝑑 𝐽2 + 𝐽2𝐼1 + 𝐽2𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), and we note 

(𝐽1 + 𝐽1𝐼1 + 𝐽1𝐼2)(𝐽2 + 𝐽2𝐼1 + 𝐽2𝐼2) = 𝐽1𝐽2 + (𝐽1𝐽2 + 𝐽1𝐽2 + 𝐽1𝐽2 + 𝐽1𝐽2 + 𝐽1𝐽2)𝐼1 + (𝐽1𝐽2 + 𝐽1𝐽2 + 𝐽1𝐽2)𝐼2

⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), so 𝐽1 + 𝐽1𝐼1 + 𝐽1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 𝐽2 + 𝐽2𝐼1 + 𝐽2𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

Subsequently,  𝐽1 ⊆ 𝐽 𝑜𝑟  𝐽2 ⊆ 𝐽. Thus 𝐽 ∈ ℘𝑅. 

On the other hand, we have {0} + 𝐿1𝐼1 + 𝐿1𝐼2𝑎𝑛𝑑 {0} + 𝐿2𝐼1 + 𝐿2𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2), and we note 

({0} + 𝐿1𝐼1 + 𝐿1𝐼2)({0} + 𝐿2𝐼1 + 𝐿2𝐼2) = {0}
2 + ({0}. 𝐿2 + 𝐿1. {0} + 𝐿1𝐿2 + 𝐿1𝐿2 + 𝐿1𝐿2)𝐼1 + ({0}. 𝐿2 +

𝐿1. {0} + 𝐿1𝐿2)𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), so {0} + 𝐿1𝐼1 + 𝐿1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 {0} + 𝐿2𝐼1 + 𝐿2𝐼2 ⊆ 𝐽 +

𝐾𝐼1 + 𝐿𝐼2. Subsequently,  𝐿1 ⊆ 𝐿 𝑜𝑟  𝐿2 ⊆ 𝐿. Thus 𝐿 ∈ ℘𝑅. 

Also, we have  {0} + 𝐾1𝐼1 + {0}𝐼2 𝑎𝑛𝑑 {0} + 𝐾2𝐼1 + {0}𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2), and we note 

({0} + 𝐾1𝐼1 + {0}𝐼2)({0} + 𝐾2𝐼1 + {0}𝐼2)

= {0}2 + ({0}. 𝐾2 + 𝐾1. {0} + 𝐾1𝐾2 + 𝐾1. {0} + {0}. 𝐾2)𝐼1 + ({0}
2 + {0}2 + {0}2)𝐼2

⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), so {0} + 𝐾1𝐼1 + {0}𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟  {0} + 𝐾2𝐼1 + {0}𝐼2 ⊆  𝐽 +

𝐾𝐼1 + 𝐿𝐼2  and from which 𝐾1 ⊆ 𝐾 𝑜𝑟 𝐾2 ⊆ 𝐾. Thus 𝐾 ∈ ℘𝑅. 

Corollary 3.5: If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), and 𝐽, 𝐾, 𝐿 ∈ ℘𝑅, then not necessarily   𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈

𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Because.  
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Suppose that 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ ℘𝑅. Now, if  𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2, 𝑎𝑛𝑑 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), where,  

(𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)( 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2) ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2

⇒ 𝐽1𝐽2 + (𝐽1𝐾2 + 𝐾1𝐽2 + 𝐾1𝐾2 + 𝐾1𝐿2 + 𝐿1𝐾2)𝐼1 + (𝐽1𝐿2 + 𝐿1𝐽2 + 𝐿1𝐿2)𝐼2

⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2, 𝑠𝑜 

𝐽1𝐽2 ⊆ 𝐽, 𝐽1𝐿2 + 𝐿1𝐽2 + 𝐿1𝐿2 ⊆ 𝐿, 𝑎𝑛𝑑  𝐽1𝐾2 + 𝐾1𝐽2 + 𝐾1𝐾2 + 𝐾1𝐿2 + 𝐿1𝐾2 ⊆ 𝐾 

Since 𝐽1𝐽2 ⊆ 𝐽 ⊆ 𝐿, so 𝐽1𝐽2 + 𝐽1𝐿2 + 𝐿1𝐽2 + 𝐿1𝐿2 = (𝐽1 + 𝐿1)(𝐽2 + 𝐿2) ⊆ 𝐿 ⊆ 𝐾  

𝑎𝑛𝑑 𝐽1𝐽2 + 𝐽1𝐾2 + 𝐾1𝐽2 + 𝐾1𝐾2 + 𝐾1𝐿2 + 𝐿1𝐾2 + 𝐽1𝐿2 + 𝐿1𝐽2 + 𝐿1𝐿2 = (𝐽1 + 𝐾1 + 𝐿1)(𝐽2 + 𝐾2 + 𝐿2) ⊆ 𝐾 

Since  𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ ℘𝑅, so  

 (𝐽1 ⊆ 𝐽 𝑜𝑟 𝐽2 ⊆ 𝐽), (𝐽1 + 𝐿1 ⊆ 𝐿 𝑜𝑟 𝐽2 + 𝐿2 ⊆ 𝐿), 𝑎𝑛𝑑 (𝐽1 + 𝐾1 + 𝐿1 ⊆ 𝐾 𝑜𝑟 𝐽2 + 𝐾2 + 𝐿2 ⊆ 𝐾 ). Thus     

not necessarily 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2  𝑜𝑟 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Subsequently, not necessarily  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Theorem 3.6: If  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2), then 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝐶℘𝑅. 

Proof. 

If 𝑗1, 𝑗2, 𝑘1, 𝑘2, 𝑙1, 𝑙2 ∈ 𝑅, where 𝑗1𝑗2 ∈ 𝐽, 𝑘1𝑘2 ∈ 𝐾, 𝑎𝑛𝑑 𝑙1𝑙2 ∈ 𝐿. 
Firstly, 𝑗1 + 𝑗1𝐼1 + 𝑗1𝐼2 𝑎𝑛𝑑 𝑗2 + 𝑗2𝐼1 + 𝑗2𝐼2 ∈ 𝑅(𝐼1, 𝐼2) and we note 

(𝑗1 + 𝑗1𝐼1 + 𝑗1𝐼2)(𝑗2 + 𝑗2𝐼1 + 𝑗2𝐼2) = 𝑗1𝑗2 + (𝑗1𝑗2 + 𝑗1𝑗2 + 𝑗1𝑗2 + 𝑗1𝑗2 + 𝑗1𝑗2)𝐼1 + (𝑗1𝑗2 + 𝑗1𝑗2 + 𝑗1𝑗2)𝐼2

∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2), so  

 𝑗1 + 𝑗1𝐼1 + 𝑗1𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 𝑗2 + 𝑗2𝐼1 + 𝑗2𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

Therefore, 𝑗1 ∈ 𝐽 𝑜𝑟  𝑗2 ∈ 𝐽. Thus 𝐽 ∈ 𝐶℘𝑅. 

On the other hand, 0 + 𝑙1𝐼1 + 𝑙1𝐼2𝑎𝑛𝑑 0 + 𝑙2𝐼1 + 𝑙2𝐼2 ∈ 𝑅(𝐼1 , 𝐼2), and we note 

(0 + 𝑙1𝐼1 + 𝑙1𝐼2)(0 + 𝑙2𝐼1 + 𝑙2𝐼2) = 0
2 + (0. 𝑙2 + 𝑙1. 0 + 𝑙1𝑙2 + 𝑙1𝑙2 + 𝑙1𝑙2)𝐼1 + (0. 𝑙2 + 𝑙1. 0 + 𝑙1𝑙2)𝐼2

∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2), so 0 + 𝑙1𝐼1 + 𝑙1𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 0 + 𝑙2𝐼1 + 𝑙2𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

Therefore, 𝑙1 ∈ 𝐿 𝑜𝑟  𝑙2 ∈ 𝐿. Thus 𝐿 ∈ 𝐶℘𝑅. 

Also, we have  0 + 𝑘1𝐼1 + 0𝐼2𝑎𝑛𝑑 0 + 𝑘2𝐼1 + 0𝐼2 ∈ 𝑅(𝐼1, 𝐼2), and we note 

(0 + 𝑘1𝐼1 + 0𝐼2)(0 + 𝑘2𝐼1 + 0𝐼2) = 0
2 + (0. 𝑘2 + 𝑘1. 0 + 𝑘1𝑘2 + 𝑘1. 0 + {0}. 𝑘2)𝐼1 + (0

2 + 02 + 02)𝐼2

∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑁𝐶℘𝑅(𝐼1,𝐼2), so 0 + 𝑘1𝐼1 + 0𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟  0 + 𝑘1𝐼1 + 0𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2  

and from which 𝑘1 ∈ 𝐾 𝑜𝑟 𝑘2 ∈ 𝐾. Thus 𝐾 ∈ 𝐶℘𝑅. 

Corollary 3.7: If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2)  and 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝐶℘𝑅 , then not necessarily  𝐽 + 𝐾𝐼1 +

𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2). 

Because.  

Suppose that  𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2, 𝑗2 + 𝑘2𝐼1 + 𝑙2𝐼2 ∈ 𝑅(𝐼1, 𝐼2), where,  

 (𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2)( 𝑗2 + 𝑘2𝐼1 + 𝑙2𝐼2) ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

⇒ 𝑗1𝑗2 + (𝑗1𝑘2 + 𝑘1𝑗2 + 𝑘1𝑘2 + 𝑘1𝑙2 + 𝑙1𝑘2)𝐼1 + (𝑗1𝑙2 + 𝑙1𝑗2 + 𝑙1𝑙2)𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2, 𝑠𝑜 

𝑗1𝑗2 ∈ 𝐽 𝑎𝑛𝑑 𝑗1𝑙2 + 𝑙1𝑗2 + 𝑙1𝑙2 ∈ 𝐿 𝑎𝑛𝑑 𝑗1𝑘2 + 𝑘1𝑗2 + 𝑘1𝑘2 + 𝑘1𝑙2 + 𝑙1𝑘2 ∈ 𝐾 

Since 𝑗1𝑗2 ∈ 𝐽 ⊆ 𝐿, so 𝑗1𝑗2 + 𝑗1𝑙2 + 𝑙1𝑗2 + 𝑙1𝑙2 = (𝑗1 + 𝑙1)(𝑗2 + 𝑙2) ∈ 𝐿 ⊆ 𝐾  
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𝑎𝑛𝑑 𝑗1𝑗2 + 𝑗1𝑘2 + 𝑘1𝑗2 + 𝑘1𝑘2 + 𝑘1𝑙2 + 𝑙1𝑘2 + 𝑗1𝑙2 + 𝑙1𝑗2 + 𝑙1𝑙2 = (𝑗1 + 𝑘1 + 𝑙1)(𝑗2 + 𝑘2 + 𝑙2) ∈ 𝐾 

Since  𝐽, 𝐾, 𝐿 ∈ 𝐶℘𝑅 , so (𝑗1 ∈ 𝐽 𝑜𝑟 𝑗2 ∈ 𝐽), (𝑗1 + 𝑙1 ∈ 𝐿 𝑜𝑟 𝑗2 + 𝑙2 ∈ 𝐿), 𝑎𝑛𝑑 (𝑗1 + 𝑘1 + 𝑙1 ∈ 𝐾 𝑜𝑟 𝑗2 +

𝑘2 + 𝑙2 ∈ 𝐾 ) . So not necessarily 

  𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2  𝑜𝑟 𝑗2 + 𝑘2𝐼1 + 𝑙2𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2.  Therefore, not necessarily 

  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2).  

Theorem 3.8: If  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(I), then 

(i) 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2)  ⇒ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2). 

(ii) 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2)  ⇒ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Proof.  

(i) Since  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2), so 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝐶𝑆℘𝑅 according to Theorem.3.3. 

Therefore,  𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝑆℘𝑅. Thus  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) according to Theorem.3.2. 

(ii) Suppose that   𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2). Now, if  𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 𝑎𝑛𝑑 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ∈

𝑅𝑁𝔗𝑅(𝐼1,𝐼2) in which (𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)(𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2) ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2.  

Firstly, suppose that 

 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⊈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑎𝑛𝑑 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ⊈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Therefore, 

 ∃𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2 ∈ 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 𝑎𝑛𝑑 𝑗2 + 𝑘2𝐼1 + 𝑙2𝐼2 ∈ 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2, 𝑤ℎ𝑒𝑟𝑒  

𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2 ∉  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑎𝑛𝑑 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ∉  𝐽 + 𝐾𝐼1 + 𝐿𝐼2.  

On the other hand, we have  (𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2)(𝑗2 + 𝑘2𝐼1 + 𝑙2𝐼2) ∈ (𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)(𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2) 

                                                                                     ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2), so  

 𝑗1 + 𝑘1𝐼1 + 𝑙1𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟𝑗2 + 𝑘2𝐼1 + 𝑙2𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2. This is a contradiction. Therefore, 

𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 𝐽2 + 𝐾2𝐼1 + 𝐿2𝐼2 ⊆  𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Remark 3.9: Figure 1 shows the resulting relationship between the prime (completely prime, 

semiprime, and completely semiprime) ideals in any refined neutrosophic and classical ring, as 

follows: 

 

Figure 1. The relationship between the ideals of the refined neutrosophic and classical ring. 
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Theorem 3.10: If  𝑅(𝐼1 , 𝐼2)  is a unity, and 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2) , then 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈

𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2) ⇔ ∀𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝑅(𝐼1, 𝐼2); (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2) ⊆ 𝐽 + 𝐾𝐼1 +

𝐿𝐼2 ⇒ 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  

Proof.  

Firstly, suppose that  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2), and we will prove that the condition is satisfied. 

∀𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝑅(𝐼1, 𝐼2); (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

⇒ (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2) ⊆ (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)𝑅(𝐼1, 𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

⇒ [(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)]
2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2), so  (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

On the other hand, we have 

𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 = (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2). 1 ∈ (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⇒ 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2

∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Conversely, suppose that the condition is true and we will prove that 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2). 

Suppose that 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), where, 

 [𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2]
2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

If we assume the argument 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⊈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Therefore, there is an element 𝑟1 + 𝑟2𝐼1 +

𝑟3𝐼2 ∈ 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 𝑎𝑛𝑑 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∉ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

On the other hand, we have 

𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⇒ (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2) ⊆ 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 

⇒ (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2) ⊆ (𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)

⊆ (𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2)(𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2) = [𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2]
2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Therefore, 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈  𝐽 + 𝐾𝐼1 + 𝐿𝐼2, which is a contradiction. 

So 𝐽1 + 𝐾1𝐼1 + 𝐿1𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2).  

Theorem.3.11 If 𝑅(𝐼1, 𝐼2) is a unity, and  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), then 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈

𝑅𝑁℘𝑅(𝐼1,𝐼2) iff the condition is satisfied: 
∀𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 𝑎𝑛𝑑 𝑟1

′ + 𝑟2
′𝐼1 + 𝑟3

′𝐼2 ∈ 𝑅(𝐼1, 𝐼2); 
(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)(𝑟1

′ + 𝑟2
′𝐼1 + 𝑟3

′𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

⇒ 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2  

Proof. In a similar way to proof of the theorem.3.10. 

Corollary 3.12: Let 𝑅(𝐼1, 𝐼2) be a unity commutation.  

(i) If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), 𝑡ℎ𝑒𝑛 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2). 

(ii) If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2), 𝑡ℎ𝑒𝑛 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2). 

Proof. 

1. Suppose that 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), and 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2, 𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2 ∈ 𝑅(𝐼1, 𝐼2), where, 

(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 )(𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2) ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

⇒ (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 )(𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2)𝑅(𝐼1, 𝐼2) ⊆ (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)𝑅(𝐼1, 𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 
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Since 𝑅(𝐼1, 𝐼2) is a commutative, so 

(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 )𝑅(𝐼1, 𝐼2)(𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

And since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑁℘𝑅(𝐼1,𝐼2), and according to theorem.3.11, so  

𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 𝑜𝑟 𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2 ∈ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝐶℘𝑅(𝐼1,𝐼2). 

2. In a similar way to proof.1. Or in another way, since 𝑅(𝐼1, 𝐼2) is a unity commutative, so 𝑅 is a 

unity commutative ring. 

We have 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2), therefore, 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝑆℘𝑅 according to Theorem.3.2.   

Since 𝑅 is a unity commutative ring, so 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ 𝐶𝑆℘𝑅. Using the Theorem.3.3, 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈

𝑅𝑁𝐶𝑆℘𝑅(𝐼1,𝐼2). 

Theorem 3.13: Assuming that 𝑅(𝐼1, 𝐼2) is a unity.  𝐼𝑓 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁ℳ𝑅(𝐼1,𝐼2)
, 𝑡ℎ𝑒𝑛 𝐽 + 𝐾𝐼1 +

𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Proof. 

Since 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁ℳ𝑅(𝐼1,𝐼2)
, so (𝐽 ∈ ℳ𝑅 𝑎𝑛𝑑 𝐾 = 𝐿 = 𝑅) 𝑜𝑟 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 = 𝑅(𝐼1, 𝐼2) according 

to theorem.2.4. If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 = 𝑅(𝐼1, 𝐼2), then the desired is achieved. Now, suppose that 𝐽 +

𝐾𝐼1 + 𝐿𝐼2 ≠ 𝑅(𝐼1, 𝐼2).  

We have 𝑅(𝐼1, 𝐼2) is a unity, therefore, we may apply the condition specified in the theorem.3.11. 

∀𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 𝑎𝑛𝑑 𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2 ∈ 𝑅(𝐼1, 𝐼2); 

(𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)𝑅(𝐼1, 𝐼2)(𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2) ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 

Now, we will prove that 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝐽 + 𝑅𝐼1 + 𝑅𝐼2 𝑜𝑟 𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2 ∈ 𝐽 + 𝑅𝐼1 + 𝑅𝐼2 . 

In fact, it suffices to demonstrate that  𝑟1 ∈ 𝐽  𝑜𝑟 𝑟1
′ ∈ 𝐽. 

Firstly,  (𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2)(𝑅 + 𝑅𝐼1 + 𝑅𝐼2)(𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2) ⊆ 𝐽 + 𝑅𝐼1 + 𝑅𝐼2 

⇒ 𝑟1𝑅𝑟1
′ + [𝑟1𝑅𝑟1

′ + 𝑟2𝑅𝑟1
′ + 𝑟2𝑅𝑟1

′ + 𝑟2𝑅𝑟1
′ + 𝑟3𝑅𝑟1

′ + 𝑟1𝑅𝑟2
′ + 𝑟1𝑅𝑟2

′ + 𝑟2𝑅𝑟2
′ + 𝑟2𝑅𝑟2

′ + 𝑟2𝑅𝑟2
′ + 𝑟3𝑅𝑟2

′

+ 𝑟1𝑅𝑟2
′ + 𝑟3𝑅𝑟2

′ + 𝑟3𝑅𝑟2
′ + 𝑟1𝑅𝑟3

′ + 𝑟2𝑅𝑟3
′ + 𝑟2𝑅𝑟3

′ + 𝑟2𝑅𝑟3
′ + 𝑟3𝑅𝑟3

′]𝐼1 + [𝑟1𝑅𝑟1
′ + 𝑟3𝑅𝑟1

′

+ 𝑟3𝑅𝑟1
′ + 𝑟1𝑅𝑟3

′ + 𝑟1𝑅𝑟3
′ + 𝑟3𝑅𝑟3

′ + 𝑟3𝑅𝑟3
′]𝐼2 ⊆ 𝐽 + 𝑅𝐼1 + 𝑅𝐼2 

Therefore, 𝑟1𝑅𝑟1
′ ⊆ 𝐽.   

Suppose that 𝑟1 ∉ 𝐽. Since 𝐽 ∈ ℳ𝑅, so 𝐽 +  𝑟1𝑅 = 𝑅 ⇒ 𝐽𝑟1
′ + 𝑟1𝑅𝑟1

′ = 𝑅𝑟1
′ 

On the other hand, we have 𝐽𝑟1
′ ⊆ 𝐽 𝑎𝑛𝑑 𝑟1𝑅𝑟1

′ ⊆ 𝐽. Therefore, 𝑟1
′ = 1. 𝑟1

′ ∈ 𝑅𝑟1
′ ⊆ 𝐽.  

Subsequently, 𝑟1
′ + 𝑟2

′𝐼1 + 𝑟3
′𝐼2 ∈  𝐽 + 𝑅𝐼1 + 𝑅𝐼2. Thus  𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑁℘𝑅(𝐼1,𝐼2). 

Remark 3.14: Figure 2 shows the resulting relationship between the prime (completely prime, 

semiprime, completely semiprime, and maximal) ideals in the unity refined neutrosophic and classical 

rings, as follows: 
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Figure 2. The relationship between the ideals of the unity refined neutrosophic and classical ring. 

 

Theorem 3.15: Assuming that 𝑅(𝐼1, 𝐼2) is a finite unity commutation, then 𝑅𝑁ℳ𝑅(𝐼1,𝐼2) = 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

Proof. 

Since  𝑅(𝐼1, 𝐼2) is a unity, so 𝑅𝑁ℳ𝑅(𝐼1,𝐼2) ⊆ 𝑅𝑁℘𝑅(𝐼1,𝐼2) according to theorem.3.13. 

Now, if 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2) , then 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 ∈ ℘𝑅  according to theorem.3.4. Since 𝐽 ∈ ℘𝑅 , 

and 𝑅  is a finite unity commutation, so 𝐽 ∈ ℳ𝑅 . Since  𝐽 ⊆ 𝐿 ⊆ 𝐾 , so 𝐾 = 𝐿 = 𝑅 . Thus 𝐽 + 𝐾𝐼1 +

𝐿𝐼2 ∈ 𝑅𝑁ℳ𝑅(𝐼1,𝐼2). 

Examples and Notes 3.16: 

(1)  In 𝑍(𝐼), we have 10𝑍 + 10𝑍𝐼1 + 10𝑍𝐼2 ∈ 𝑅𝑁𝑆℘𝑍(𝐼1,𝐼2), because ∀ 𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 𝑍(𝐼1, 𝐼2);  ( 𝑟1 +

𝑟2𝐼1 + 𝑟3𝐼2)
2 ∈ 10𝑍 + 10𝑍𝐼1 + 10𝑍𝐼2 , then 𝑟1

2 ∈ 10𝑍 𝑎𝑛𝑑 ( 𝑟1 + 𝑟3)
2 ∈ 10𝑍 𝑎𝑛𝑑 ( 𝑟1 + 𝑟2 + 𝑟3)

2 ∈ 10𝑍 . 

Since 10𝑍 ∈ 𝑆℘𝑍 , so 𝑟1 ∈ 10𝑍, 𝑟1 + 𝑟3 ∈ 10𝑍, 𝑎𝑛𝑑 𝑟1 + 𝑟2 + 𝑟3 ∈ 10𝑍 . Therefore 𝑟1, 𝑟2, 𝑟3 ∈ 10𝑍 . Thus 

𝑟1 + 𝑟2𝐼1 + 𝑟3𝐼2 ∈ 10𝑍 + 10𝑍𝐼1 + 10𝑍𝐼2 ∈ 𝑅𝑁𝑆℘𝑍. 

By the same way we find that < 0 > +< 0 > 𝐼1+< 0 > 𝐼2 = {0} ∈ 𝑅𝑁𝑆℘𝑍(𝐼1,𝐼2).       

(2) By the same way we find that < 2 > +< 2 > 𝐼1+< 2 > 𝐼2 ∈ 𝑅𝑁𝑆℘𝑍4(𝐼1,𝐼2).  

(3) In 𝑍4(𝐼1, 𝐼2) , we have < 2 >= {0,2} ∈ ℘𝑍4 , but  < 2 > +< 2 > 𝐼1+< 2 > 𝐼2 = {0,2𝐼2, 2𝐼1, 2𝐼1 +

2𝐼2, 2, 2 + 2𝐼2, 2 + 2𝐼1, 2 + 2𝐼1 + 2𝐼2} ∉ 𝑅𝑁℘𝑍4(𝐼1,𝐼2) , because we have (𝐼1 + 𝐼2)(2 + 𝐼1) = 2𝐼2 ∈< 2 >

+< 2 > 𝐼1+< 2 > 𝐼2, 

 but  𝐼1 + 𝐼2 𝑎𝑛𝑑 2 + 𝐼1 ∉< 2 > +< 2 > 𝐼1+< 2 > 𝐼2.  

(4) In 𝑍(𝐼1, 𝐼2) , we have < 0 >  𝑎𝑛𝑑 < 3 >∈ ℘𝑍 , but  < 0 > +< 3 > 𝐼1+ < 0 > 𝐼2 =< 3 > 𝐼1 ∉

𝑅𝑁℘𝑍(𝐼1,𝐼2), because we have (0 + 2𝐼1)(3 + 𝐼1) = 9𝐼1 ∈< 3 > 𝐼1, but  3 + 𝐼1 𝑎𝑛𝑑 2𝐼1 ∉< 3 > 𝐼1. By the 

same way, we find < 3 > 𝐼1+< 3 > 𝐼2 ∉ 𝑅𝑁℘𝑍(𝐼1,𝐼2). 

(5) In 𝑍6(𝐼1, 𝐼2), we have < 3 > + 𝑍6𝐼1+ < 3 > 𝐼2 ∉ 𝑅𝑁℘𝑍6(𝐼1,𝐼2), because we have (0 + 𝐼2)(2 + 𝐼2) =

3𝐼2 ∈< 3 > + 𝑍6𝐼1+ < 3 > 𝐼2, but 𝐼2 𝑎𝑛𝑑 2 + 𝐼2 ∉< 3 > + 𝑍6𝐼1+ < 3 > 𝐼2. 

(6) We note < 2 > + 𝑍6𝐼1 + 𝑍6𝐼2 = {0,2} + 𝑍6𝐼1 + 𝑍6𝐼2 ∈ 𝑁℘𝑍6(𝐼1,𝐼2), because < 2 > ∈ ℳ𝑍6 , so < 2 >

+ 𝑍6𝐼1 + 𝑍6𝐼2 ∈ 𝑅𝑁ℳ𝑍6(𝐼1,𝐼2)  according to theorem.2.7.  Therefore, < 2 > + 𝑍6𝐼1 + 𝑍6𝐼2 ∈

𝑅𝑁℘𝑍6(𝐼1,𝐼2) according to Theorem.3.13.   

(7) In 𝑍7(𝐼1, 𝐼2), we have < 0 > +< 0 > 𝐼1+ < 0 > 𝐼2 = {0} ∉ 𝑅𝑁℘𝑍7(𝐼1,𝐼2), because we have 

(6 + 𝐼2)(𝐼1 + 𝐼2) = 0 ∈ 𝑍7(𝐼1, 𝐼2), but 6 + 𝐼2 𝑎𝑛𝑑 𝐼1 + 𝐼2 ∉< 0 > +< 0 > 𝐼1+ < 0 > 𝐼2. 
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(8) In any refined neutrosophic field 𝑅(𝐼1, 𝐼2), 𝑅𝐼1 + 𝑅𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2), because 𝑅𝐼1 + 𝑅𝐼2 =< 0 >

+𝑅𝐼1 + 𝑅𝐼2, where < 0 >∈ 𝑁ℳ𝑅. Using theorem.3.13, we find 𝑅𝐼1 + 𝑅𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

It can be proven in another way: 

If 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 𝑎𝑛𝑑 𝑑 + 𝑒𝐼1 + 𝑓𝐼2 ∈ 𝑅(𝐼1, 𝐼2) where ( 𝑎 + 𝑏𝐼1 + 𝑐𝐼2)(𝑑 + 𝑒𝐼1 + 𝑓𝐼2) ∈ 𝑅𝐼1 + 𝑅𝐼2 ⇒ ∃𝑟,

𝑟′ ∈ 𝑅 𝑖𝑛𝑤ℎ𝑖𝑐ℎ  ( 𝑎 + 𝑏𝐼1 + 𝑐𝐼2)(𝑑 + 𝑒𝐼1 + 𝑓𝐼2) = 𝑟𝐼1 + 𝑟
′𝐼2    

So 𝑎𝑑 + [𝑎𝑒 + 𝑏𝑑 + 𝑏𝑒 + 𝑏𝑓 + 𝑐𝑒]𝐼1 + [𝑎𝑓 + 𝑐𝑑 + 𝑐𝑓]𝐼2 = 0 + 𝑟𝐼1 + 𝑟
′𝐼2  

Therefore, 𝑎𝑑 = 0. So 𝑎 = 0  𝑜𝑟 𝑑 = 0 

𝑖𝑓 𝑎 = 0 𝑡ℎ𝑒𝑛   𝑎 + 𝑏𝐼1 + 𝑐𝐼2 ∈ 𝑅𝐼1 + 𝑅𝐼2 

𝑖𝑓 𝑑 = 0 𝑡ℎ𝑒𝑛  𝑑 + 𝑒𝐼1 + 𝑓𝐼2 ∈ 𝑅𝐼1 + 𝑅𝐼2 

(9) Generally, in refined neutrosophic rings, 𝑅𝐼1 + 𝑅𝐼2 is not necessarily belongs to 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

(10) 𝑍9𝐼1 + 𝑍9𝐼2 ∉ 𝑅𝑁℘𝑍9(𝐼1,𝐼2), because we have (3 + 𝐼1 + 2𝐼2)
2 = 2𝐼1 + 4𝐼2 ∈ 𝑍9𝐼1 + 𝑍9𝐼2, but 3 +

𝐼1 + 2𝐼2 ∉ 𝑍9𝐼1 + 𝑍9𝐼2. 

(11) In 𝑍(𝐼1, 𝐼2), we have < 0 > +𝑍𝐼1 + 𝑍𝐼2 𝑎𝑛𝑑 < 𝑝 > +𝑍𝐼1 + 𝑍𝐼2 ∈ 𝑅𝑁℘𝑍(𝐼1,𝐼2), where 𝑝 is prime. 

Theorem 3.17: Assuming that 𝑅(𝐼1, 𝐼2) is a unity. Then 𝑅(𝐼1, 𝐼2) is a refined neutrosophic field ⇔ 

{0}, 𝑅𝐼1 + 𝑅𝐼2, 𝑅𝐼1 , 𝑅(𝐼1, 𝐼2) are only refined neutrosophic ideals in 𝑅(𝐼1, 𝐼2). 

Proof.  

Firstly, suppose that 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2). Since 𝑅(𝐼1, 𝐼2) is a refined neutrosophic field, so 𝑅 

is a field. Therefore, 𝑅 contains only two ideals {0} 𝑎𝑛𝑑 𝑅. Thus  

𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 = {0} 𝑜𝑟 𝑅  

We have 𝐽 ⊆ 𝐿 ⊆ 𝐾and we note  

𝑖𝑓 𝐽 = 𝐿 = 𝐾 = {0}, 𝑡ℎ𝑒𝑛  𝐽 + 𝐾𝐼1 + 𝐿𝐼2  = {0}  
𝑖𝑓 𝐽 = {0}  ⋀  𝐾 = 𝐿 = 𝑅, 𝑡ℎ𝑒𝑛 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 = 𝑅𝐼1 + 𝑅𝐼2 

𝑖𝑓 𝐽 = 𝐿 = {0}  ⋀  𝐾 = 𝑅, 𝑡ℎ𝑒𝑛 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 = 𝑅𝐼1 

𝑖𝑓 𝐽 = 𝐿 = 𝐾 = 𝑅, 𝑡ℎ𝑒𝑛 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 = 𝑅 + 𝑅𝐼1 + 𝑅𝐼2 

Subsequently, 𝑅𝑁𝔗𝑅(𝐼1,𝐼2) = {{0}, 𝑅𝐼1 + 𝑅𝐼2, 𝑅𝐼1 , 𝑅(𝐼1, 𝐼2)}.  

Conversely, suppose that 𝑅𝑁𝔗𝑅(𝐼1,𝐼2) = {{0}, 𝑅𝐼1 + 𝑅𝐼2, 𝑅𝐼1 , 𝑅(𝐼1, 𝐼2)}. 

Now, If 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2), then  

𝐽 + 𝐾𝐼1 + 𝐿𝐼2 = 𝑅 + 𝑅𝐼1 + 𝑅𝐼2 ⋁  {0} + 𝑅𝐼1 + {0}𝐼2 ⋁ {0} + 𝑅𝐼1 + 𝑅𝐼2 ⋁  {0} + {0}𝐼1 + {0}𝐼2   

In every case, we see that 𝐽, 𝐾, 𝑎𝑛𝑑 𝐿 = {0} ⋁ 𝑅 . Therefore, 𝑅 contains only two ideals {0} 𝑎𝑛𝑑 𝑅. 

Subsequently, 𝑅 is a field. Thus 𝑅(𝐼1, 𝐼2) is a refined neutrosophic field. 

 

Definition 3.18: Assuming that 𝑅(𝐼1, 𝐼2) is a refined neutrosophic ring. 

(i) We call 𝑅(𝐼1 , 𝐼2)  a refined neutrosophic semiprime ring if {0} ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2)  and a fully 

semiprime ring if 𝑅𝑁𝔗𝑅(𝐼1,𝐼2) = 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2). 

(ii) We call 𝑅(𝐼1 , 𝐼2)  a refined neutrosophic prime ring if 𝑅𝐼1 + 𝑅𝐼2 ∈ 𝑅𝑁℘𝑅(𝐼1,𝐼2)  and a fully 

prime ring if  𝑅𝑁𝔗𝑅(𝐼1,𝐼2)\{0} = 𝑅𝑁℘𝑅(𝐼1,𝐼2). 

(iii) We call 𝑅(𝐼1 , 𝐼2) a refined neutrosophic fully idempotent if all its neutrosophic ideals are 

idempotent. 

Examples 3.19: 

(1) 𝑍(𝐼1, 𝐼2)  is a refined neutrosophic semiprime ring. 
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(2) 𝑅(𝐼1, 𝐼2) is a refined neutrosophic semiprime (fully semiprime) ring, where 𝑅 is a field.  

(3) 𝑅(𝐼1, 𝐼2) is a refined neutrosophic prime (fully prime) ring, where 𝑅 is a field. 

Theorem 3.20: Assuming that 𝑅(𝐼1, 𝐼2) is a refined neutrosophic ring, 

𝑅(𝐼1, 𝐼2) is a refined neutrosophic fully semiprime ⇔  𝑅(𝐼1, 𝐼2) is a refined neutrosophic fully 

idempotent. 

Proof. 

Firstly, suppose that 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2). Now, we have  (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)
2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2). 

Therefore, it belongs to 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2).  

Also, we have (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)
2 ⊆ (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)

2 ⇒⏟
(𝐽+𝐾𝐼1+𝐿𝐼2)

2∈𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2).

 

𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ⊆ (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)
2 

On the other hand, (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)
2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. So (𝐽 + 𝐾𝐼1 + 𝐿𝐼2)

2 = 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 +

𝐾𝐼1 + 𝐿𝐼2 is a refined neutrosophic idempotent ideal. 

Conversely, suppose that 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝔗𝑅(𝐼1,𝐼2). 

Now, let's prove that 

∀𝑃 + 𝑄𝐼1 + 𝑆𝐼2 ∈ 𝑁𝔗𝑅(𝐼1,𝐼2), 𝑤ℎ𝑒𝑟𝑒,  (𝑃 + 𝑄𝐼1 + 𝑆𝐼2)
2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2, 

then 𝑃 + 𝑄𝐼1 + 𝑆𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. 

Since (𝑃 + 𝑄𝐼1 + 𝑆𝐼2)
2 = 𝑃 + 𝑄𝐼1 + 𝑆𝐼2 (because it is idempotent), then 

 𝑃 + 𝑄𝐼1 + 𝑆𝐼2 ⊆ 𝐽 + 𝐾𝐼1 + 𝐿𝐼2. Thus 𝐽 + 𝐾𝐼1 + 𝐿𝐼2 ∈ 𝑅𝑁𝑆℘𝑅(𝐼1,𝐼2).  

Example.3.21 According to the theorem 3.17, in ℤ3(𝐼1, 𝐼2) , we have  {0} , ℤ3𝐼1 + ℤ3𝐼2 , ℤ3𝐼1 , and 

ℤ3(𝐼1, 𝐼2) are the only neutrosophic ideals. Now we note {0}, ℤ3𝐼1 + ℤ3𝐼2 , ℤ3𝐼1 , and ℤ3(𝐼1, 𝐼2) are 

refined neutrosophic idempotent ideals. According to definition.3.18, ℤ3(𝐼1, 𝐼2)  is a refined 

neutrosophic semiprime ideals. Conversely, according to the theorem.3.20, ℤ3(𝐼1, 𝐼2)  is a refined 

neutrosophic fully semiprime.  

Finally, Table 1 depicts the key distinctions between the classical and refined neutrosophic rings. 

 

Table 1. Key distinctions between the classical and refined neutrosophic rings. 

  

4. Conclusion and future works 

In this study, the structure and properties of all prime, completely prime, semiprime, and 

completely semiprime ideals in refined neutrosophic rings were determined. Herein, we present the 

𝐑(𝐈𝟏, 𝐈𝟐) 𝐑 

𝐑(𝐈𝟏, 𝐈𝟐) is a refined neutrosophic field 

⇔ {𝟎}, 𝐑𝐈𝟏 + 𝐑𝐈𝟐, 𝐑𝐈𝟏 , 𝐑(𝐈𝟏, 𝐈𝟐) are only 

refined neutrosophic ideals. 

R is a field ⇔ {0}, R are only ideals in R. 

𝐑(𝐈𝟏, 𝐈𝟐) is a refined neutrosophic prime 

ring if 𝐑𝐈𝟏 + 𝐑𝐈𝟐 ∈ 𝐑𝐍℘𝐑(𝐈𝟏,𝐈𝟐) 

R is a prime ring if {0} ∈ ℘R 

𝐑(𝐈𝟏, 𝐈𝟐) is a fully prime ring if 

𝐑𝐍𝕿𝐑(𝐈𝟏,𝐈𝟐)\{𝟎} = 𝐑𝐍℘𝐑(𝐈𝟏,𝐈𝟐). 

R(I1, I2) is a fully prime ring if  𝔗R = ℘R. 
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concept of fully prime (fully prime) and fully semiprime (fully semiprime) refined neutrosophic 

rings. In addition, many examples were built to clarify the validity of this work. Certainly, these ideals 

will find applications in all places where they find their applications, with some indeterminacy. In 

the future, we plan to generalize the prime (completely prime, semiprime, and completely 

semiprime) ideals of the n-refined neutrosophic rings. 
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