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Abstract: As a generalization of intuitionistic fuzzy sets, single-valued neutrosophic sets have certain
advantages in solving indeterminate and inconsistent information. In this paper, we study the fuzzy
inference full implication method based on single-valued neutrosophic t-representable t-norm.
Firstly, single-valued neutrosophic fuzzy inference triple I principles for fuzzy modus ponens and
fuzzy modus tollens are given. Then, single-valued neutrosophic R-type triple I solutions for FMP
and FMT are given. Finally, the robustness of the full implication triple I method based on the left-
continuous single-valued neutrosophic t-representable t-norm is investigated. As a special case of the
main results, the sensitivity of full implication triple I solutions based on three special single-valued
neutrosophic t-representable t-norms are given.
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1. Introduction

Fuzzy sets have been applied to deal with uncertain, vague, inaccurate information in the real
world. However, it is widely known that fuzzy reasoning plays an important role in fuzzy set theory.
Especially, the most basic forms of fuzzy reasoning are Fuzzy Modus Ponens (FMP for short) and
Fuzzy Modus Tollens (FMT for short), which can be shown as follows [1, 2]:

FMP (A,B,A"): given the fuzzy rule and premise A®, attempt to reason a suitable fuzzy
consequent B*.

FMT (A, B,B*): given the fuzzy rule and premise B*, attempt to reason a suitable fuzzy
consequent A”.

In the above models, andB, B* € F(Y), where and denote fuzzy subsets of the universes and
respectively.

The most famous method to solve the above models is the Compositional Rule of Inference (CRI
for short), which is presented by Zadeh [2, 3]. However, the CRI method lacks clear logic semantics
and reductivity. To overcome this shortcoming, Wang [1] proposed the fuzzy reasoning full
implication triple I method, which can bring fuzzy reasoning into the framework of logical semantic
[4]. In recent years, many scholars have studied the fuzzy reasoning full implication method. Wang
etal. [5] gave a unified form for fuzzy reasoning full implication method based on normal implication
and regular implication. Pei [6] gave a unified form fuzzy reasoning full implication method based
on residual implication induced by left continuous t-norms. Moreover, Pei [7] established the solid
logical foundation for the fuzzy reasoning full implication method based on left continuous t-norms.
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Liu et al. [8] gave the unified form of the solutions for fuzzy reasoning full implication method. Luo
and Yao [9] studied the fuzzy reasoning triple I method based on Schweizer-Sklar operators.

Although fuzzy set theory has been successfully applied in many fields, there are some defects
in dealing with fuzzy and incomplete information. Atanassov [10] introduced intuitionistic fuzzy sets
(IFSs), which are represented by a membership and a non-membership function. Intuitionistic fuzzy
sets can represent not only the positive and negative aspects of the given information but also the
hesitant information. Meanwhile, Gorzalczany [11] and Turksen [12] proposed interval-valued fuzzy
sets, which represent a subinterval in the membership function. Intuitionistic fuzzy sets and interval-
valued fuzzy sets are equivalent [13]. In recent years, some research results on intuitionistic fuzzy
reasoning and interval-valued fuzzy reasoning have been achieved. Zheng et al. [14] extended the
triple I method on intuitionistic fuzzy sets. Li et al. [15] extended the CRI method on interval-valued
fuzzy sets. Luo et al. [16-19] studied interval-value fuzzy reasoning full implication triple I method
and reverse triple I method based on the interval-valued associated t-norm. Moreover, Luo et al.[20]
studied fuzzy reasoning triple I method based on the interval-value t-representable t-norm.

Although an intuitionistic fuzzy set has some advantages in dealing with fuzzy and incomplete
information, it has defects in dealing with fuzzy, incomplete, and inconsistent information. To deal
with this case, Smarandache [21] proposed a neutrosophic set, which is represented by a truth-
membership function, an indeterminacy-membership function, and a falsity-membership function.
The neutrosophic set represents uncertain, incomplete, and inconsistent information in the real
world. However, truth-membership, indeterminacy-membership, and falsity-membership functions
are nonstandard fuzzy subsets, which are difficult to apply in practice. Smarandache [22] and Wang
et al [23] proposed a single-valued neutrosophic set, the truth-membership, indeterminacy-
membership, and falsity-membership degrees are a real number in the unit interval [0,1]. The single-
valued neutrosophic set can be considered as a generalization intuitionistic fuzzy set. In recent years,
Scholars have paid attention to the study of single-valued neutrosophic sets. Smarandache [21]
studied a unifying field in logic. Smarandache [24] proposed n-norm and n-conorm in neutrosophic
logic. Rivieccio [25] investigated neutrosophic logic. Alkhazaleh [26] gives some norms and conforms
based on the neutrosophic set. Zhang et al. [27] gave a new inclusion relation for neutrosophic sets.
Hu and Zhang [28] constructed the residuated lattices based on the neutrosophic t-norms and
neutrosophic residual implications. So far, there is little research on fuzzy reasoning methods based
on single-valued neutrosophic sets. In [29], Ghorai et al. studied the operations of the Cartesian
product, composition, and union of two image fuzzy digraphs. In [30], Ghorai et al. proposed a
bipolar fuzzy incidence graph and analyzed the properties of a bipolar fuzzy incidence graph. In [31],
Ghorai et al. analyzed the properties of the complexity function and its importance in the network
field and applied the complexity function to identify the period of COVID-19. Zhao et al. [32] study
reverse triple I algorithms based on single-valued neutrosophic fuzzy inference.

Therefore, we consider researching the fuzzy reasoning triple I method based on a class single
valued neutrosophic triangular norm. An important criterion for judging an algorithm is whether the
algorithm has a logical basis. Therefore, this paper proposes a logic-based fuzzy reasoning algorithm
based on a class single valued neutrosophic triangular norm. The algorithm proposed in this paper
is a new neutrosophic set fuzzy inference algorithm with a logical basis.

1.1 The organization of the work

The organization of this paper is as follows: some basic concepts for single-valued neutrosophic
sets are reviewed in section 2. In section 3, we give fuzzy inference triple I principles based on left-
continuous single-valued neutrosophic t-representable t-norms for fuzzy modus ponens and fuzzy
modus tollens, and the corresponding solutions of single-valued neutrosophic triple I methods. In
section 4, the robustness of the triple I method based on left-continuous single-valued neutrosophic
t-representable t-norm is investigated. Finally, the conclusions are given in Section 5.
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2. Preliminaries

In this section, we review some basic concepts for triangular norm, triangular conorm, and
single-valued neutrosophic set, which will be used in this article.

Definition 2.1. [33] A mapping T: [0,1]x[0,1] —[0,1] is called a triangular norm (t-norm), if it
satisfies associativity, commutativity, monotonicity, and boundary condition T(x,1)=x for any x €
[0,1] . A mapping S: is called a triangular conorm (t-conorm), if it satisfies associativity,
commutativity, monotonicity, and boundary condition S(x, 0)=x forany x € [0,1]. A t-norm is called
the dual t-norm of the t-conorm if T(x,y) =1 —S(1 —x,1 —y). Similarly, a t-conorm is called the
dual t-conorm of the t-norm, if S(x,y) =1-T(1 —x,1 —y).

Definition 2.2. [33] A t-norm T is called left-continuous (resp., right-continuous), if for any (x,,y,) €
[0,1]%, and for each & > 0 thereisa & > 0 such that T(x,y) > T(x,,Y,) — &, whenever (x,y) € (x, —
6,x9] X (W — 6,¥0] (resp., T(x,y) < T(xy,¥0) + €, whenever (x,y) € [xg, o + 6] X [V, Vo + 6]).
Proposition 2.1. [33] A t-norm T is a left-continuous t-norm if and only if there exists a binary
operation Ry such that (T,Rr) satisfies the residual principle, i.e.,, T(x,z) <y iff z < Rr(x,y) for
all x,y,z € [0,1], where R;(x,y) = sup{z|T(x,z) < y} is called a residual implication induced by t-
norm T.

Proposition 2.2. [33] A t-conorm S is a right-continuous t-conorm if and only if there exists a binary
operation Rs on L such that (S, Rs) forms a co-adjoint pair, i.e., x < S(y, z) iff Rs(x,y) <z for all
x,y,z € [0,1], where Rg(x,y) = inf{z|x < S(y,z)}is called a coresidual implication induced by t-
conorm S.

Example 1. Three important t-norms and their residual implication, t-conorms, and their coresidual
implication [32, 33] are in Table 1.

Table 1. t-norms and their residual implications, t-conorms and their coresidual implications.

Residual Coresidual
Name t-norms .. t-conorms ..
Implications Implications
T, (x, Rg, (x,
o . (x,y) RTL(X:)’) S,(%y) SL( y)
Lukasiewicz 1A (l—xt ot AL
=0vV(x+y—-1) A =x+y) =@+ =x-y)vo
_ y Sco(x,¥)= x + Xy
Gougen Tgo(x,b) = xy Rrg, (x,y) =1A z Go Yy Rsg, (x,y) = =y Vo
RTG(x'y) RSGo(x'y)
Godel Te(x,y) = xAy _{1, if x<y, Se(x,y)=xVy _{0, if x<y,
“ly, if x>y “lx, if x>y

Definition 2.3. [22] Let X be a universal set. A neutrosophic set A on X is characterized by three
functions, i.e.,, a truth-membership function t,(x), an indeterminacy-membership function i, (x)
and a falsity-membership function f;(x). Then, a neutrosophic set A can be defined as follows:

A= {({x,t4(x),1a(0), fa()) | x € X},
where t,(x):X -»]70,1%[, iy(x):X =]~ 0,17, fa(x):X -]~ 0,1%[, such that 07 < ¢t (x) + iy(x) +
fa(x) < 3%, t4(x),is(x), fa(x) € [0,1] and satisfy the condition 0 < t,4(x) + iy (x) + f4(x) < 3 foreach
x in X.

Minxia Luo, Ziyang Sun, Donghui Xu, and Lixian Wu, Fuzzy Inference Full Implication Method Based on Single Valued
Neutrosophic t-representable t-norm: Purposes, Strategies, and a Proof-of-Principle Study



Neutrosophic Systems with Applications, Vol. 14, 2024 4
An International Journal on Informatics, Decision Science, Intelligent Systems Applications

The family of all single valued neutrosophic sets is denoted by SVNS(X).
Definition 2.4. [22] Let A, B be two single valued neutrosophic sets on universal X, the following
relations are defined as follows:
(i). A< B ifandonly t,(x) < tp(x), in(x) = iz(x) and fy(x) = fp(x) forall x € X;
(ii). A=Bifandonly ASB and B € 4;
(iii). AN B = (min(t,(x), tz(x)), max(iy(x), ig(x)), max(fy(x), fz(x))) forall x € X forall x € X;
(iv). A UB = (max(ts(x), tg(x)), min(iy (x), ig(x)), min(fy(x), fz(x))) forall x € X;
(V). A= {fa()1 = ig(x), ta(0))|x € X}

Remark 2.1. For arbitrary single valued neutrosophic set A € SVNS(X), we can obtain:
(i). I ta(x)+is(x)+ fa(x) =1, then a single-valued neutrosophic set A reduces to an
intuitionistic fuzzy set.
(ii).  If t4(x) +is(x) + fa(x) = 1 and iy(x) = 0, then a single-valued neutrosophic set A reduces
to a fuzzy set.

The set of all single valued neutrosophic numbers denoted by SVNN, i.e. SVNN = {Zt,i, f7% |
t,i,f €[0,1]}. Let a = (ty, iq fa), B = (tg,ig, fzg) € SVNN, an ordering on SVNN as a < [ if and only
if ty <tpiy=ipfa=fp a=p iff a<p and B < a.Obviously, aAB = (ty At i, Vig foV f3),
aVp = (tq Vitg, iqg Nig, fou A fp) , Nier @i = (Niep tapVier tapVier fa;) , Viera; =
(Vier tapNier lapier fo70" =(0,1,1) and 1" =(1,0,0) are the smallest element and the greatest
element in SVNN, respectively. It is easy to verify that (SVNN, <) is a complete lattice [29].

After introducing single-valued neutrosophic numbers, we will then introduce the properties of
single-valued neutrosophic t-norm.

Definition 2.5. [28] A function T': SVNN x SVNN — SVNN is called a single-valued neutrosophic t-
norm if the following four axioms are satisfied, for all a,f,y € SVNN,
(i). T(a,pB) = T(B, a), (commutativity)
(ii). T((a,B),y) = T(a, (B,v)), (associativity)
(iii). T(a,y) < T(B,y) if a £, (monotonicity)
(iv).  T(a,1") = a. (boundary condition)

Example 2. [32] The function T : SVNN XSVNN —SVNN defined by T(ap)=
(T (te tg), S(ia, i), S(fas fp)) is a single-valued neutrosophic t-norm, which is called a single-valued
neutrosophic t-representable t-norm, where T is a t-norm and S is its dual t-conorm on [0, 1]. T is
called aleft-continuous single valued neutrosophic t-representable t-norm if T is left-continuous and
S is right-continuous.

Definition 2.6. [32] A single valued neutrosophic residual implication is defined by Rr(a,f) =
sup{y € SVNN | T(y,a) < B}, Va,f € SVNN , where T 1is a left-continuous single valued
neutrosophic t-representable t-norm.

Proposition 2.3. [32] Let T be a single-valued neutrosophic t-representable t-norm, the following
statements are equivalent:

(i). T is left-continuous;

(ii). 7 and Ry form an adjoint pair, i.e., they satisfy the following residual principle

Ty, a) <oy <Rs(a,p)apB,y €SVNN.
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Proposition 2.4. [32] Let a=(taisfa) , B =A(tgisfp)ESVNN , then Ry(a,p)=
(Rr(te tg), Rs(ig, iq), Rs(f3, fa)), which is the single-valued neutrosophic residual implication induced
by left-continuous single-valued neutrosophic t-representable t-norm, where R; is residual
implication induced by left-continuous t-norm T, Rs is coresidual implication induced by right-
continuous t-conorm S.

Proposition 2.5. Let Ry be single valued neutrosophic residual implication induced by left-
continuous single valued neutrosophic t-representable t-norm T, then
(). Rr(a,p)=1"1iff a<p;
(i) v <Rr(ap) iff a <Ry (v, B);
(). Rr1Na)=a;
(iv).  Ry(a,Ry(Ry(a,p),B) =17
V). RrVier Bi, @) = Niet Ry (B, @);
(vi).  Ry(B,Nier @) = Nier Ry (B, a;);
(vi). Ry is antitone in the first variable and isotone in the second variable.

After introducing the properties of single-valued neutrosophic t-representable t-norm, to better
understand its usage, we will use the following examples to introduce three important single-valued
neutrosophic t-representable t-norms and their residual implications.

Example 3. [32] The following are three important single-valued neutrosophic t-representable t-
norms and their residual implications.
(i).  The single valued neutrosophic Lukasiewicz t-norm and its residual implication:
T(a,B) = ((ta +tg —1) VO, (ig + i) AL (fu + fz) A1)
Ry, (a,B) = (1A (1 =ty +tg), (ig — i) VO,(fz — fu) V O).
(if).  The single valued neutrosophic Gougen t-norm and its residual implication:

Teo(a,B) = (tatﬁria + i[? - iaiﬁrfa +f/3 _fafB)~

(100)1 lf taStﬁ:lﬁ Sla:fﬁ Sfa'
fs — L . o
<10 f—fa>’ lf taStl;,ll;Sla,fa<fﬁ,
a
ig—1i
(1,1_i“,0>, if to<tgic<ipfs<fu
a
ig—la fg—fa, . o
Wi f taStpla<ipfe<fy
a a
R b)) = t . L
o0 (4, B) (—"’,0,0), if tp<teip<iofs<fu
a
o Je =1 . o
( f_f“) if tg<taipg<igfy<fz
a
tﬁ ig — , , ,
_ll_l 10>; lf tﬁ<ta'la<lﬁrfﬁsfa:
a
tg ig—iy fa—f
B B B . . .
- 1_1“ 1_f“) if tg<tyie <ipfo<fp
a a
(iii).  The single valued neutrosophlc t-norm and its residual implication:

Ts(a,B) = (ta A tﬁ:ia \4 iﬁ'fa Vfﬁ)-
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(1,0,0), if ty<tgip<igfp=<fo
(L0, fg), if toa<tpipg <igfa<fp
(Lig,0), if to<tgiq<ipfp=<fa
(Liﬂ'fﬁ)' if ty = tﬁ' g < iﬁlfa < fﬁ'
(t3,0,0), if tg<taisg<igfp=<fa
(ts, 0, fp), if tp <tgip <igfo<fp
(tg, 15, 0), if tg<taiq <ig fp < fa
(tp,ig, fp), If tg <taiq <ig fo<fp

RTG (a' .8) =

To further demonstrate the robustness of single-valued neutrosophic t-norm, we will now introduce
a distance metric d.

Definition 2.7. [34] A metric space is an ordered pair (X,d), where X isasetand d isametricon X,
i.e., afunction d: X X X — [0, +) such that for any x,y,z € X, the following holds:

(P d(x,y) = 0;

(D2) d(x,y) =0if and only if x = y;

(D3)d(x,y) <d(x,z) +d(y,z).

The function d is called a distance.

3. Single-Valued Neutrosophic Fuzzy Inference Triple I Method

In this section, we will study the single-valued neutrosophic fuzzy inference triple I method
based on left-continuous single-valued neutrosophic t-representable t-norm 7. Suppose R is a
single-valued neutrosophic residuated implication induced by left-continuous single-valued
neutrosophic t-representable t-norm 7. A single valued neutrosophic set A on universe X is called
normal if there exists x, € X such that A(x,) = 1*. A single valued neutrosophic set A on universe
X is called co-normal if there exists x, € X such that A(x,) = 0.

Definition 3.1. (Single valued neutrosophic fuzzy inference triple I principle for FMP) Suppose that
R is a single-valued neutrosophic residual implication induced by a left-continuous single-valued
neutrosophic t-representable t-norm 7, A,A" € SVNS(X) and B € SVNS(Y) . Let P(x,y)=
R(R(A(x), B(y)), R(A"(x),17)), andB(4, B, A") = {C € SVNS(Y) | R(R(A(x), B(y)), R(A"(x), C(y))) =
P(x,y),x€X,yeY}

If there exist the smallest element of the set B(4, B,A") (denoted by B*), then B* is called the
single-valued neutrosophic fuzzy inference triple I solution for FMP.

Definition 3.2. (Single valued neutrosophic fuzzy inference triple I principle for FMT) Suppose that
R is a single-valued neutrosophic residual implication induced by a left-continuous single-valued
neutrosophic t-representable t-norm T . A € SVNS(X) and B,B" € SVNS(Y) . Let Q(x,y)=
R(R(A(x), B(y)), R(0", B*(x))) , and A(A,B,B*) ={D € SVNS(X) |
RR(AX), B(y)), R(D(x),B*(x))) = Q(x,y), x €X,y €Y}.

If there exists the greatest element of the set A(4, B, B*) (denoted by A"), then A" is called the
single-valued neutrosophic fuzzy inference triple I solution for FMT.

After introducing the single-valued neutrosophic fuzzy inference triple I principle for FMP and
FMT, we can now derive the single-valued neutrosophic fuzzy inference triple I solution of FMP and
FMT.

Theorem 3.1. Let A,A" € SVNS(X), B € SVNS(Y), R be single valued neutrosophic residual
implication induced by a left-continuous single valued neutrosophic t-representable t-norm 7, then
the single-valued neutrosophic fuzzy inference triple I solution B* of FMP is as follows:
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B'(y) = supT (4"(x), R(A(x), BGN)(vy €Y) 1)

Proof:

Firstly, we prove B* € B(4, B, 4%). It follows from equation (1), we have T (4"(x), R(A(x),B(y))) <
B* (y). By the residuation property, we obtain R(A(x),B(y))) < R(A*(x),B*(¥))) . Therefore,
R(R(A(x), B(¥)), R(A*(x),B*(y))) = 1°,i.e, B* € B(4,B, A").

Secondly, we prove that B* is the smallest single valued neutrosophic fuzzy subset of B(4, B, A").
Suppose C is an arbitrary single-valued neutrosophic fuzzy subset in B(4,B,4") ,
ieR(R(A(), B()), R(A* (1), C»))) = 1°.

By the residuation property, then R(A(x),B(y)) <RA (x),C(y)) . we have
T(A*(x),R(A(x),B(y)) < C(y), hence B* < (, ie., B" is the smallest single valued neutrosophic
fuzzy subset of B(4,B,A"), and B" is the single-valued neutrosophic fuzzy inference triple I solution
for FMP.

After obtaining the solution for single valued neutrosophic fuzzy inference triple I solution of
FMP, we can now obtain the single-valued neutrosophic residual implication induced by a left-
continuous single valued neutrosophic t-representable t-norm T triple I solution for FMP.

Corollary 3.1. Let R be single valued neutrosophic residual implication induced by a left-continuous
single-valued neutrosophic t-representable t-norm 7', then the single-valued neutrosophic fuzzy
inference triple I solution B* = {(y, t+(¥), ig(¥), fz-(¥)) | ¥ € Y} for FMP can be shown as follows:

tpr(¥) = Vaex T (ta*(X), Rr (ta(x), tz () (Vy €Y),

ig*(¥) = Axex S (ia+ (%), Rs (5 (¥), ia(x))) (Vy EY),

for () = Axex S (fa (%), Rs(fp ), fa (D)) (Vy € V).

Corollary 3.2. Let R be the single-valued neutrosophic Lukasiewicz residual implication Ry, then
the single-valued neutrosophic fuzzy inference triple I solution B* = {(y, tg(¥),iz-(¥), fz=(W)) | y €
Y} of FMPas follows:

tg*(¥) = Vxex{ [ta(x) + (1 = t4(x) + tp(¥)) A1) — 1] VO}(Vy €T),

g (V) = Axex{[ta*(X) + ((((¥) = La(x)) VO)] A 1}(Vy EY),

for () = Axex{ [far () + ((fe (V) = fa(x)) V O)] A 1}(Vy € Y).

Corollary 3.3. Let R be the single-valued neutrosophic Gougen residual implication Ry, , then the
single-valued neutrosophic fuzzy inference triple I solution B* = {{y, tg=(y), ig-(¥), fp+(¥)) | y € Y} of
FMP as follows:

te (1) = Vaeexl ta (@) - CEL A D}(Vy € V),

ta®) P
ip () = Avexd ia (0) + [E2 A2V 0] — i () - 224V O} (W € 1),
f =f f =f
fir ) = Avex{ fir (0) + EEZTADV 0] — - (x) - PEEZAD v 0]y (vy € 7).

Corollary 3.4. Let R be the single-valued neutrosophic Gédel residual implications Ry, then the
single-valued neutrosophic fuzzy inference triple I solution B* = {{y, tg=(y), ig-(¥), fp+(¥)) | y € Y} of
FMP as follows:

tg*(¥) = Vxex{ (ta*(x) A Ry (Ea(x), tg(¥))}(VY EY),

ig*(¥) = Nxex{ (lar () V R, (ig(¥), ia (X)) }(Vy €Y),

for () = Axex{ (far(0) V R, (fe (), fa(x)))}(Vy €Y).
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Theorem 3.2. Let A€ SVNS(X) , B,B* € SVUNS(Y), R be single valued neutrosophic residual
implication induced by a left-continuous single-valued neutrosophic t-representable t-norm 7, then
the single-valued neutrosophic fuzzy inference triple I solution A* of FMT is as follows:

A'(x) = /\ge (R(A(x), B(¥)), B*(»)(Vx € X) )
YEY

Proof:
Firstly, we prove A" €A(4,B,B*) . It follows from equation (2), we obtain A"(x) <
R(R(A(x),B(¥)),B*(y)) . By the residuation property, we have T (A", R(A(x),B(y))) <B*, and
R(A(x),B(y)) < R(A"(x),B*(¥)) . Therefore, R(R(A(x),B(¥)),R(A"(x),B*(¥)))=1", ie, A"€
A(4,B,B").
Secondly, we show that A" is the greatest single valued neutrosophic fuzzy subset of A(4, B, B*).
Suppose D is an arbitrary single-valued neutrosophic fuzzy subset in A(4,B,B") ,
ie,R(R(A(x),B(y)),R(D(x),B*(¥))) = 1%, then R(A(x),B(¥)) < R(D(x),B*(y)) by the residuation
property. We have T(D(x),R(A(x),B(y)) <B*(y) and D(x)<RR(A(x),B(¥)),B*(y)) by
Proposition 2.3, hence D < 4%, i.e.,, A" is the greatest single valued neutrosophic fuzzy subset of
A(A,B,B*), and A" is the single-valued neutrosophic fuzzy inference triple I solution for FMT.

After obtaining the solution for single valued neutrosophic fuzzy inference triple I solution of
FMT, we can now obtain the single-valued neutrosophic residual implication induced by a left-
continuous single valued neutrosophic t-representable t-norm T triple I solution for FMT.

Corollary 3.5. Let R be a single-valued neutrosophic residual implication induced by a left-
continuous single-valued neutrosophic t-representable t-norm 7 , then the single-valued
neutrosophic fuzzy inference triple I solution A* = {{x, t4«(x), iz(x), fa+(x)) | x € X} for FMT can be
shown as follows:

tar(x) = Ayer Ry (Rr(ta (%), tg(¥)), tg=(¥))(Vx € X),

I4+(X) = Vyey Rs (ip=(¥), Rs (ig (¥), ia (%)) (Vx € X),

far () = Vyey Rs (f* ), Rs(fp (), fa(¥))) (Vx € X).

Corollary 3.6. Let R be the single-valued neutrosophic Lukasiewicz residual implication Ry, then
the single-valued neutrosophic fuzzy inference triple I solution A* = {(x, ty=(x), ig*(x), fa=(x)) | x € X}
for FMT as follows:

tar(X) = Ayer{ [1 = (1 = t4(x) + () A D) + tp= ()] A 1}(Vx € X),

Lo (%) = Vyer{[ip* ) — (((s(¥) — 1a(x)) V O)] V 0}(Vx € X),

far () = Vyerl [fer ) = ((fs (1) = fa(x)) v 0)] v 0}(Vx € X).

Corollary 3.7. Let R be the single-valued neutrosophic Gougen residual implication Ry, , then the
single-valued neutrosophic fuzzy inference triple I solution A® = {(x, t4+(x), is*(x), f+(x)) | x € X}
for FMT as follows:

tp*(¥)
ta(0) = Ayer{ 2y — A 1}(Vx € X),
(tA(X)M)
; ip()—ia(x)
_ g )-CEZ AT
Lar (x) = VYEY{ iB(}’)—iZl(x’; v 0}(Vx € X)/
Tw 0

f g (0)—(LBDLAG)

1-fa(x)
far () VJ’EY{ fB(y)—fAA(x’; Vv 0}(Vx € X).
=T h®
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Corollary 3.8. Let B be the single-valued neutrosophic Gddel residual implications Ry, then the
single-valued neutrosophic fuzzy inference triple I solution A" = {{x, ts+(x), ip*(x), fs+(x)) | x € X}
for FMT as follows:

tar () = Axex{ Rrg(Rrg (ta(x), ts (), te* (¥))}(Vx € X),

i (¥) = Vaex Rsg (5 (), Rs, (i (), s ()} (v € X),

far () = Vaxex{ Rsg (fa (1), Rs; (fp (), fa(x)))}(Vx € X).

To prove the single-valued neutrosophic fuzzy inference triple I method is recoverable, we

define reducibility.

Definition 3.3. [4] A method for FMP is called recoverable if A" = A implies B* = B. similarly, a
method for FMT is called recoverable if B* = B implies A* = A.}

Theorem 3.3. The single-valued neutrosophic fuzzy inference triple I method for FMP is reductive if
A is anormal single-valued neutrosophic set.

Proof:
Suppose A* = A and there exists an element x, € X such that A(x,) = A*(x,) = (1,0,0) = 1*. Then
we have
B*(y) = \/T(A*(x).R(A(X),B(}/)))
XEX
T (A% (x0), R(A(x0), B()))
T, R(A5B() = BY).

On the other hand, by Proposition 2.6 (5) for any y € Y,

v

R(B' ), B(y) = fR(\/T (R(A(x), B(y)), A"(x)), B(y)) = /\R (T RAMX), B(y)), A(x)), B(y)) =17,

YEY YEY

we have, B*(y) < B(y).
Therefore, B* = B. This shows that the single-valued neutrosophic fuzzy inference triple I method
for FMP is recoverable.

Theorem 3.4. The single-valued neutrosophic fuzzy inference triple I method for FMT is reductive
if single-valued neutrosophic residual implication R satisfies R(R(4,0"),0") = 4, and B is a co-
normal single-valued neutrosophic set.
Proof:
Suppose B* = B is a co-normal single-valued neutrosophic set, i.e. there exists an element y, € Y
such that B*(y,) = B(¥,) = (0,1,1) = 0%, then we have:

A'(x) = /\R (R(A(x), B(y)), B*(»))

YEY

R(R(A(x), B(¥0)), B*(¥0))
R(R(A(x),0%),0%) = A(x).

A

On the other hand, by Proposition 2.5(3) and (4) for any x € X,

R(A), A" (%)) = R(A(X)./\R(R(A(X).B(Y)).B*(Y))) = /\R(A(X),R(R(A(X),B(Y)),B(}’))) =1,
Yyey YEY

we have A(x) < A™(x).

Therefore, A* = A. This shows that the single-valued neutrosophic fuzzy inference triple I method

for FMT is recoverable.
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4. Robustness of Single-Valued Neutrosophic Fuzzy Inference Triple I Method

In this section, we introduce a new distance between single-valued neutrosophic sets. Through
this distance, we can prove the robustness of the single-valued neutrosophic fuzzy inference triple I
method. We study the robustness of the single-valued neutrosophic fuzzy inference triple I method
based on left-continuous single-valued neutrosophic t-representable t-norms with this new distance.

Theorem 4.1. Let X = {x1,%,,...,x,}, for all A,B € SVNS(X), then
a(a,B) = max(\ [ 1ta0e) = ts 001, \ /[ Ta ) = i5.Ce0l, \/ 1120 = fo 1}

Xi€EX Xi€EX Xi€EX

is a metricon SVNS(X) and (SVNS(X),d) is a metric space. d is called a distance on SVNS(X).

Proof: By Definition 2.7, (1) (2) are obvious for any A4, B € SVNS(X). Therefore, we only prove (3). For
any A,B,C € SVNS(X)

d(A, B)
= max(\/ 164G = ts Gl \/ 1000 = 15 Gl \/ 11230 = fo 1}
- max(\/ | ) — o)+ 050 — o)
x;€X

\/ 1) = e + i) = i Gl \ [ 1) = fe ) + foGr) = foGel)
< max( \/ G = tc Gl \/ | )~ el \/ 15260 - feoly

+max{\7 | o) = ts (), \/ i Gxe) = ia Gl \/ | felr) = fo G}

X €X x;€X xi€X

<d(4,C)+d(C,B)
Therefore, d is a metric on SVNS(X), and (SVNS(X),d) is a metric space.

Definition 4.1. Suppose that § is a n-tuple mapping form to SYNN™ to SVNN, Ve € (0,1). For any
(tl il f) = ((tll ill fl)l <t21 i2l f2>l LR (tnl inlfn)) € SVNNn,

A‘f\; ((t, i, f)l E) = V{d(%<tl i; f)l %(t” i,l f’)) |<t” i,) f’) E SVNNn) d((tl il f)l (t’) i,) f’)) S 8}
is called the sensitivity of the point (t,i,f), where d({t,i,f),(t",i",f")) = max{V;|t; — tj’|,V]- li; —

LV, = f -

Definition 4.2. The biggest ¢ sensitivity of § denoted by Ag (&) = ViitpesynnnAg ((t,1,1), ) is called
sensitivity of &.

Definition 4.3. Let § and &' be two n-tuple single-valued neutrosophic fuzzy connectives. We say
that ¥ atleastasrobustas &' atpoint (t,if), if Ve € (0,1), Ag ((ti,f), &) <Ay ((t1,1),€). We say that
& is more robust than ' at point (t, i, f), if there exists € > 0 such that Ag ((t,i,f), &) <Az ((t1,1), ).

Definition 4.4. Let § and &' be two n-tuple single-valued neutrosophic fuzzy connectives. We say
that ¥ at least as robust as &', if Ve € (0,1), Ag (¢) <Ay (¢). We say that § is more robust than &’
if there exists € > 0 such that Ag (¢) <Ag (€).

Proposition 4.1. For a binary single valued neutrosophic fuzzy connectives &: SVNN X SVNN —
SVNN, we can obtain:
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(1). Let & be a left-continuous single valued neutrosophic t-representable t-norm on SVNN,
T(a,B) =T (tatg), S ig), S(far fp)) forall @ = (to, in, fa), B = (tg, ip, fg) € SVNN, then
Arde)= ) A:l(a,B)e)
(0, 8) € SNVS?
= \/ {V{|T(tmtﬁ)7T(t;7t;§)|a |S(imiﬂ)75(i;vi/‘i)‘a |S(favfﬁ)7s(faafﬂ)| |d(T(aaﬁ)’T(avﬂ))§5}}
(a,3) € SNVS?
T (tayts) =T (ta Tt +€)],18 (tayis) = S(ia T €05+ )|, |S(far f5) = S (fut &, s +€)|,
| (tmt) T(t +€tﬁ7 ‘ |S(la7lﬁ) (7/ ‘\‘61/@ )| |S(fmfﬁ) S(fa+67f376)‘7
| (taatﬂ) (t +5t5)|7|s(zmlﬂ) ( +€lﬁ)| |S(fmfd) (fa+57fﬁ)|7
. T (tasts) = T (tasts +€)[,|S (dayis) = S (fayis +€)|,1S (far fo) = S (far fs €)1,
(a,8) € SNVS? |T(tmtﬂ) T(tmt@ )l"s(lmlﬁ) (lmlﬁ )l ‘S(fmfﬁ) (fmfﬂfg)h
| (tavtﬁ) T(ta 5t3+5)‘ |S(Zml) ( 5723+8)|7|S(fmf6)7s(ﬁ175vfﬁ+$)‘z
|T(tmtﬁ) T(ta gvtﬂ )HS(ZQJB) S(Zafgvi‘ﬁ*g”v|S(fmf6)75(fn757f»375)‘7
|T (tarts) = T (ta = &,t5) |15 (ia,35) = S (4o — €,36) [, [S (fa f5) = S (fa =&, f5)]

(ii). Let & be single valued neutrosophic residuated implication R; induced by Ileft-
continuous single valued neutrosophic t-representable tnorm T , Rr(a,f) =
(RT(ta'tﬁ))' Rs(iﬁ!ia) RS(f[?tfa)) fOI' all a = (ta' ia'fa)/ ,8 = (tﬁ, lﬁ,f[g) € SVNN, then

pe(e)= V Brl(@B)e)
(,8) € SNVS?
=V AVAR(tasts) = Re(t2t)], |Rs(inia) — R(iiia) |, [Rs(f3, £.) — Rs(f3. £) 1 (T(e 8), T(a', ) < e}
(a,8) € SNVS?
|Rr(ta,ts) — Rr(ta te,ts +€)|, |Rs(ig,t0) — Rs(ig+ €50 +€)|,|Rs(f5, fa) — Rs(fs T &, fu t€)l,
|Rr(ta,ts) = Rr(ta +€,85 — )|, [Rs(ds,00) — Rs(is + €00 — )|a|Rs(fﬁ+€,fa)*RS(ﬁe,fa*5)|7
‘RT(tuatd) Ry (t +5ts)| |R (lﬂ, ) R9(1ﬁ+5,lu)|,|Rs(fﬁ,fu) (f»3+€fa)|a
_ ‘RT(tmtﬁ) R (tmt6+5)|7|RS(ldalu) RS(lﬁviu+8)|7|RS(fﬁafa) RS(fﬁvfu+E)|>
(a,8) € SNVS? ‘RT(tmt ) R (tavt375)|7|RS(iﬂv7;a) Rs(imin )| |RS(fﬂ7fa) S(f.hfa )|
‘RT(tmtﬂ) T( 57tﬁ+5)|7|R5(iﬁ7i0) (ld € Z0+€)| |R5(fﬂ7fa) R (fu 57fa+5)|7
‘RT(tmtﬂ) RT( —€ t[f )| |R6(Z’J7. ) ( )|7|RS(f/37fn) RS(fdievfais)L
|Rs(is40) — Rs(is — € er)|a|Rs(fd7fa)*RS(f/f*5:fa)|

where Ry is residual implication induced by left-continuous t-norm T, R; is coresidual implication
induced by right-continuous t-conorm S.

Corollary 4.1. The ¢ sensitivity of the single-valued neutrosophic Lukasiewicz t-representable t-
normis Ag (&) =2eA1.

Corollary 4.2. The ¢ sensitivity of the single-valued neutrosophic Lukasiewicz residual implication
is Ag, = 2e N1

Definition 4.5. Let A and A’ be two single valued neutrosophic fuzzy sets on universal X. If || A —
A" 1=Vyex d (A(x),A'(x)) <€ for all x €X, then A’ is called e-perturbation of A denoted by A’ €
0(4,¢).

Theorem 4.2. Let A, A’, B, B', A" and A" be single-valued neutrosophic fuzzy sets. If | A — A" <
e, IB=B'l<¢g, |A*—A"lI<¢e, B* and B are the single-valued neutrosophic fuzzy inference
triple I solutions of FMP(A, B, A*) and FMP(A', B', A") given in Theorem 3.1 respectively, then the
£ sensitivity of the single-valued neutrosophic fuzzy inference triple I solution B* for FMP is

Ap+ (&) =l B" = B™ <Az (Ag (€))

Proof: Let A,A',A",A” € SNVS(X), B,B' € SNVS(Y). If |[A—-A"lI<e, IB-B'lI<¢, | A
then we have,

—A" < e,
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Ag= () =l B* =B ||
=\/e®om.Bon

YEY
= \/a\/7 @, Bon, 4@, \/ 7 @@ ), B oM 47 @)
YEY xX€EX XEX

<\/ V¢ o @U@, BN, 4 ). 7R@ @), ' 6)), 4" @)

YyEY x€X
<Ag (&g (€)

Corollary 4.3. Suppose R is residuated implication induced by single valued neutrosophic
Lukasiewicz t-representable t-norm T, then Ap+ (¢) = 3eA 1.

Proof: Let A™(x) =(ty,iy,f1), A(X) =(tz iz f2), BY) ={(ts i3 f3), A"(x) =(ty,i,f{), A'(x) =
(t3, 15, f2), B'(y) = (t3,i3, f3). Supposethat | A—A"I< e, I B—B'lI<¢, | A" =A™ |I< ¢, according to
Proposition 4.1, then we have:
d(T (A" (x), R(A(x), B(¥))), T (A™ (x), R(A'(x), B'(¥))))
=max{|(0V (&; + Rr(tz, t3) — 1)) — (OV (¢ + Rp(t3, t3) — D),
|(Cix + Rs (i3, i2)) A1) — ((i1 + Rs (i3, i3)) A1),
[((fi + Rs(f3, 2)) A1) = (Y + Rs(f5, 2)) A D)}
S max{|(0V (t; + Rr(tz, t3) —1)) = (0V ((t1 + &) + Rr(ta, t3) +Az (6) — 1),
[((iy + Rs(iz,i2)) A1) — ((iy + € + Rs(i3, 1) +Az () A1),
|((fi + Rs(f3, f2)) A1) = (i + € + Rs(f3, f2) +Az (€)) A D)}
< e+Ag(8)
For Lukasiewicz implication, for all A*(x) = (t;,i;, f;), wecantack A" (x) =(t; +¢&,i; + & f; + €),

Rtz 1y, o (ts, 03, f3)) = (1,0,0) , Rtz i3, f2).(t3, i3, f3)) = (1 —Ag (€),4% (€),8% (€)) satisty the
above equation, i.e. Ap+ (€) = € +Ag (€). Therefore, Ag+ (¢) = 3¢ A1 by Corollary 4.2.

Corollary 4.4. Suppose R is aresiduated implication induced by single valued neutrosophic Goguen
t-representable t-norm T, then Ap: () = e+ (1 —¢) A (€).

Proof: Let A™(x) =(ty,iy,f1), AX) =(tz, iz f2), BW) =(t5, i3 f3), A"(x) =(ty, i, f{), A'(x) =
(t3,i5, f2), B'(y) = (t3,i3, f3). Supposethat | A—A"I<e, I B—B'lI<¢, | A" — A |I< ¢, according to
Proposition 4.1, then we have:
d(T (A" (x), R(A(x), B(¥))), T (A” (x), R(A"(x), B'(¥))))
= |ty - Ry(ty t3) — t1 - Ry (3, £3))]
V[(y + Rs(is, in) — iy - Rs(is, 13)) — (i + Rs(is, i3) — iy - R (i3, i3))]
VI +Rs(f3 2) — fi- Rs(f3, f2)) — (] + Rs (S5, f2) — fi - Rs(f3, 2]
S [t - Ry(ta tz) — (8 — &) - (Rr(ta, t3) —Ag ()]

V(i + Rs(is, ip) — iy - Rs(is, 12)) — (((y + &) + (Rs(is, i2) —Ag (8)) — ((iy + &) - (Rs(is,12) —Ag (€)))]
V(i + Rs(f3. f2) = f1 - Rs(f3. f2)) = (i + &) + Rs(f3, f2) =2z (€)) = (i + &) - (Rs(f3, f2) —Az (€)))]
<e+(1—-¢)Aag(e)

For Goguen implication, we can take A"(x) =(ty, iy, fi) =(1,00), A" (x)=(1—-¢5¢¢),
R((t, iz, f2),{t3, 13, f3)) = {1,0,0), satisfy the above equation, i.e. Ap (¢) = e+ (1 —¢€) Ag (&).

Corollary 4.5. Suppose R is residuated implication induced by single valued neutrosophic Gadel t-
representable t-norm T, then Ap: (€) =Ag ().

Proof: According to Theorem 4.1, we have Ap () <Ay (Ag (g)), since T is single-valued
neutrosophic Gddel t-norm, then we have Ap-(€) <Az (). Let A"(x) =1", then B*(y)=
Vieex T (1", R(A(x),B(¥))) = Vyex R (A(x),B(¥)), i.e., Ag= (¢) =A% (€). Therefore, Ag () =A% (€).
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Theorem 4.3. Let A, A', B, B, B* and B"" be single-valued neutrosophic fuzzy sets. If | A —A" [I<
g, IB=B'l<e, IB*—B"ll<e, A" and A" are single-valued neutrosophic R -type triple I
solutions of FMT (4, B, B*) and FMT(A', B’, B"") given in Theorem 3.2 respectively, then the ¢
sensitivity of the single-valued neutrosophic R-type triple I solution A* for FMT is

By (8) =l A" = A" ISAg (Ag (£)).

Proof: Let A,A' € SNVS(X), B,B',B*,B* € SNVS(Y).If | A-A"lI<e, IB—B' lI<¢ IB*—B"l<¢,
then we have,
Ay () =l A" =A™ ||

=\/¢wm.a e
xeX
= \/ ¢\ @@, Bo». B o0, \ R R4 @,8'0)),8”0))
XEX YEY YEY
< \/ V¢ @R, o). B o), RR@ (), B'0)). B 0)))

XEX y€EY
<Az (Ag (£))

Corollary 4.6. Suppose R is residuated implication induced by single valued neutrosophic
Lukasiewicz t-representable t-norm 7, then Ay« (¢) = 3e A 1.

Proof: Let B*(y) =(ty,i1,f1), A(x) =(tz,if2), B(y) =(t3,13,f3), B"(y) =(tr,i, f{), A'(x) =
(t3, 15, f2), B'(y) = (t3,i3, f3). Supposethat | A—A"I<¢e, | B—B'lI<¢, | A" =A™ |I< ¢, according to
Proposition 4.1, then we have:
d(R(R(A(X), B(»)), B*(¥)), R(R(A'(x), B'(¥)), B" (¥)))
=max{|(1 A (1 — Rr(tz, t3) + 1)) — (LA (1 — Ry (t3, t3) + t)),
|((ix = Rs(i3,i2)) V 0) — ((i1 = Rs(i3, i2)) V 0)],
I((fy = Rs(f3, f2)) V O) = ((fi = Rs(f3,2)) V O}
S max{|(1A (1= Rr(tz, t3) + 1)) = (LA (1 = (Rr(ta, t3) —Ax () + (t + )],
|((iy = Rs(i3,12)) V 0) — (i — € = (Rs (i3, i2) +Ag (£))) V 0)],
I((fi = Rs(f3, 2)) VO) = (i — & = (Rs(f3, f2) +az (D)) V O)[}

< e+Aag(8)

For the single-valued neutrosophic Lukasiewicz implication, for all A*(x) = Ity i, f1Z, we can tack
A’*(x) = (tl + S, i1 - S’fl - S) 7 ‘R((tZJ i21 f2>1 <t3; i31 f3>) = <1IOJO) 7 R(<té; lé; f2’>1 (té; Lé: f3’)) = (1 -
Ag (€),Az (£),A7 (€)) satisfy the above equation, i.e. Ay (€) = € +Ag (€). Therefore, Ay (€) = 3e A
1 by Corollary 4.2.

Corollary 4.7. Suppose R is aresiduated implication induced by single valued neutrosophic Goguen
&

1-ag(e)’

t-representable t-norm T, then Ay (¢) =

Proof: Let B*(y) =(t1,i1,f1), A(X) =(tz0i2,f2), B(Y) =(ts,03,/3), B"(y) =(ty, i1, fi), A'(x) =
(tz,i3, f2), B'(¥) = (t3, i3, f3). Supposethat [ A—A"lI<e, I B—B' lI<¢ | A" — A" lI< ¢, according to
Proposition 4.1, then we have:
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d(R(R(A(x), B(y)), B® (y)) R(R(A'(x), B’ ), B"(¥)))

= {11 A G5 ~ (A )
(iy = Rs(i3,i2)) v O _ (i1 — Rs(i3,i3)) v O

1- Rs(isv iz) 1- Rs(ié: lé) '

| (fi —Rs(f5,f2)) v O _ ff —Rs(f3,2)) VO |

1- Rs(f3'f2) 1- Rs(fsl:le) '

< max{| (1 A (RT(t )~ (A (RT(tz,;s) sl

(iy = Rs(i3,i2)) v O _ ((iy — &) — (Rs(is, i) A% (£))) VO |
1 — Rs(is, i) 1= (Rs(iz, ip) +Ag (€) '
| (fi —Rs(fs,f2)) VO _ ((f1 —8) — (Rs(f3,f2) +ar (€))) VO

1-Rs(f3 12) 18_ (Rs(f3, f2) Az (&)

“1-2, (®

For the single-valued neutrosophic Goguen implication, we can tack B*(y) =(¢,1,1), B"(y) =
(0,1 —¢,1—¢), Rty iz f2), (tz, i3, f3)) = (1 —Ag (€),0,0), satisfy the above equation, i.e. Ay (€) =
&€

1-Ag(e)

Corollary 4.8. Suppose R is residuated implication induced by single valued neutrosophic Gédel t-
representable t-norm T, then Ay (¢) = 1.

Proof: Let B*(y) =(ty, iy, f1), A(x) =(tz 02, f2), BY) =(t3,i5,f3), B"(y)=(t1,i1,fi), A'(x) =
(t3,15, f2), B'(y) = (t3,i3, f3). Supposethat | A—A"I<e, I B—B'lI<¢, || A" — A" |I< g, according to
Proposition 4.1, then we have:
d(R(R(A(x), B(y)), B*(¥)), R(R(A'(x), B'(¥)), B" (¥)))
= max{|Ry(Rr(tz t3), t1) — Rr(Rr (83, t3), t1))1,
|Rs (i1, Rs(is, i2)) — Rs(iy, Rs(i3, i2))1,
|Rs(f1, Rs(f3, f2)) — Rs(fi, Rs(f3, f2) 1}

<1

For the single-valued neutrosophic Gédel implication, we can tack B*(y) = (¢, 1,1),A(x) = (2, 1-
1—¢), Bp)=(,1-5,1-2), B"() =(01—g1—¢), A(x) =(51-2¢1-2¢), B(y) =(,1
1—¢), then R(A(x),B(y)) = (Z,0,0), R(A'(x),B'(¥)) = (2,0,0), satisfy the above equation, i.e.,

Ay (8) = 1.

5. Conclusions

In this paper, we extend the fuzzy inference triple I method on single-valued neutrosophic sets.
Single valued neutrosophic fuzzy inference triple I Principle for and are proposed. Moreover, the
single-valued neutrosophic fuzzy inference triple I solutions for and are given respectively. The
reductivity and the robustness of the single-valued neutrosophic fuzzy inference triple I methods are
studied.

This article only conducts research on fuzzy reasoning algorithms at the theoretical level and has
not been applied in databases; when using t-representable t-norm, this article only considers the case
of R = Rg, without analyzing and demonstrating the case of R # Rs.

The logical basis of a fuzzy inference method is very important. In the future, we will consider
building the strict logic foundation for the triple I method based on left-continuous single-valued
neutrosophic t-representable t-norms, and bring the single-valued neutrosophic fuzzy inference
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method within the framework of logical semantic. Not only that, analyze and discuss the case of
Rr # R for the algorithm, and apply the algorithm to pattern recognition in the database.
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