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Abstract: This review article consolidates and tabulates research on the product operations done in 

fuzzy, intuitionistic fuzzy, and neutrosophic graphs. This article encompasses the previous product 

discussions on fuzzy graphs and their extensions. This article aims to list the origin, structural 

properties, applications, etc. done by the researchers and academicians using the product behavior 

of two graphs on the fuzzified environment. This review provides a clear understanding of 

enhancements of product approach on graphs from fuzzy to neutrosophic kind. 
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1. Introduction 

Graph theory is an essential area through which many real-world scenarios are analyzed and 

structured independently. It is widely applied in engineering, decision-making, chemical, and 

medical diagnosis. Euler (1736) solved the famous Konigsberg bridge problem, the foundation base 

for the graph theoretical approach. The structural components of a graph – vertex and edge play an 

important applicable part in social networking and data interpretation. However, the classical graph 

types fail to employ precise information in some systems comprised of complex features. There is a 

need to improvise the graph structure to make it extensible from the application point of view. This 

paves the way for the evolution of fuzzy sets and its extension. Numerous graphical phenomena and 

characteristics have been analyzed and established with the fuzzy and its extensible structures. 

The crisp graph theory is a binary relationship that deals with specific values 0 and 1 to label the 

vertices and edges of the graph. The shortcomings of crisp graph theory give rise to the entry of fuzzy 

graphs and their models. A fuzzy graphical environment allows one to deal with uncertainty cases, 

which is valuable for real-life scenarios. Zadeh (1965) sowed the seed “fuzzy set”, which acts as a 

base for the evolution of a fuzzy graph that breaks the restriction and proceeds with ambiguous 

information. Kaufmann (1973) developed a fuzzy graph definition, leading to the evolution of 

Rosenfeld’s fuzzy graph model. Nagoorgani et al. empowered the fuzzy graph foundation through 

their innovative results and findings related to the structural representation of fuzzy graphs. Later, 

Atanassov (1986) coined a new set theory, “Intuitionistic Fuzzy Set (Int-FS)” which adds membership 

grade to the existing fuzzy set. Parvathi and Karunambigai (2009) renewed the existing graphical 

concept by inserting intuitionistic behavioral properties and membership grades. Akram (2016) and 

Nagoorgani (2010) studied the background of intuitionistic fuzzy works and conducted numerous 

explorations. Smarandache (1999) was the first to extend the total sum limit of memberships and 

launched one more membership grade to the existing intuitionistic graphical environment. 

Smarandache (2006, 2019) and Broumi (2016, 2018) inaugurated the neutrosophic set generalization 

and the graphical system with neutrosophic memberships. Furthermore, neutrosophic approaches to 
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graph theory have a refined structure that enhances productivity and applicability in the present 

world scenario. 

Various product operations are established in the fuzzy graphical environment and its extension. 

This product idea combines and consolidates the structure and features of two graphs and gives an 

enhanced output as a single graph obtained through various product operations. This kind of 

approach is most suitable for socioeconomic issues, brain network analysis, decision-making, etc. 

This article encloses the overall work on various product key operations of numerous kinds of fuzzy 

graphs to neutrosophic graphs. The paper is structured as follows: Section 1 covers the introductory 

part of the evolution of the graph theory from fuzzy to neutrosophic background. Sections 2, 3 & 4 

enlist the various enrichments of product perspective in fuzzy, intuitionistic fuzzy, and neutrosophic 

graph theory respectively. The conclusion part is given in Section 5. 

2. Different Product Discussions on Fuzzy Graphs 

The enhancements related to the graph product methodology of the fuzzy environment are listed 

in Table 1. 

Table 1. Several types of products in a fuzzy graphical environment. 

Reference Year Graph Type Findings/Approaches 

[1] 1994 

 

Fuzzy Graphs 

(FGs) 

 

Operations like cartesian product, union, and join on fuzzy 

subgraphs are carried out with some theorems and examples. 

[2] 2008 The conjunction of FGs is defined with some properties. 

[3] 2014 
Introduction of Beta and Gamma products of FGs and work on 

regular FGs is done. 

[4] 2014 

A strong product of fuzzy, effective fuzzy, and complete FG has 

been done. In addition, truncations and the degree of a vertex of 

the strong product of FGs are investigated. 

 

[5] 

 

2015 

The maximal product of fuzzy, effective fuzzy, and connected FG 

is done. Also, the degree of a vertex and regularity is checked in 

the case of the maximal product of FGs. 

 

[6] 

 

2015 

Listed out various types of products of FG, but a detailed 

discussion is done with modular, homomorphic, box dot, star 

product and their vertex degree of FGs. 

 

[7] 

 

2015 

The residue product of two fuzzy graphs is structured. Some 

properties like effective, connected, and complete properties are 

studied on the residue product of two FGs. Also, the degree, total 

degree, and regularity of FG are illustrated. 

 

[8] 

 

2019 

Maximal product is considered and intense notions are explained 

with properties and examples. Also, an application to identify 

controversial issues among countries is portrayed. 

 

Mordeson [1] has a new idea for implementing some product operations in fuzzy graphs. The 

cartesian product was defined first, followed by theorems based on the cartesian product and fuzzy 

subgraphs. Likewise, composition, union, and join operations have been done and their operations 

and conditions on fuzzy subgraphs are widely discussed in the respective article with examples. 

Nagoor Gani & Radha [2] introduced the operation name “conjunction” between two FGs. They 

came up with a necessary and sufficient condition for this conjunction to be strong. Also, the degree 

of vertices for this operation is found, and some theorems are dealt with. The degree-based regular 

property and adjacency sequence of conjunction are discussed further. 
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Nagoor Gani & Fathima Kani [3] coined the beta and gamma product of FGs. The degree of 

vertices and regularity property is applied for these products for specific cases and a necessary and 

sufficient condition for these product graphs to be regular is derived. 

Radha & Arumugam [4] operated strong products in FGs for the first time. This product has 

been checked for effective, complete, and connected properties. In addition, the upper and lower 

truncations of this product are generated. The degree of a vertex of this product and its relation with 

the direct sum is acquired. 

Shovan Dogra [5] has taken different products such as modular, homomorphic, box dot, and star 

graph products, and implemented them in FGs. Also, these products are executed with strong FGs. 

Finally, the degree of the vertex for all these products is found. 

Radha & Arumugam [6] initiated the product “maximal product” and incurred in FGs to prove 

its effective and connected properties. The vertex degree of the maximal product and its regularity 

are discussed with some restrictions.  

Radha & Arumugam [7] established a new product called residue product and studied some 

properties regarding effectiveness, connection, and completeness. The vertex degree and total degree 

of residue product are obtained. The regularity condition for residue product is determined. Also, 

they have shown that the lexicographic max product is nothing but the direct sum of the maximal 

and residue product of FGs. 

Muzzamal Sitara et al. [8] examined the maximal product and its notions of FG structure. Also, 

they constituted the conditions to prove regularity with examples. The degree and total degree of 

maximal product are executed and the results are furnished. Finally, a figure and flowchart are 

presented for the FG structure to analyze an application about controversial issues among countries. 

3. Various Product Approaches on Intuitionistic Fuzzy Graphs 

The generalization of FG with the inclusion of another membership helps researchers extend 

their product operations to Intuitionistic fuzzy graphs, listed below in Table 2. 

Table 2. Several types of products in an intuitionistic fuzzy graphical environment. 

Reference Year Graph Type Findings/Approaches 

 

[9] 

 

2009 

 

 

 

 

 

 

 

 

Intuitionistic Fuzzy 

Graph (IFG) 

Operations on IFG such as union, join, Cartesian Product, 

and composition are formulated with some properties. 

 

[10] 

 

2015 

Direct product, semi-strong product, and strong product 

operations are done and a wide discussion on product IFG is 

implemented. 

 

[11] 

 

2015 

The level counterparts demonstrate a direct, lexicographic, 

and strong product on IFG and treat them with some 

categorical goodness. 

 

[12] 

 

2017 

Cartesian, composition, tensor, and normal product are 

designed on IFG and vertex degree is analyzed with all these 

product operations. 

[13] 
 

2017 

Introduction of a regular property on the cartesian product of 

IFG is given and some basic theorems are framed. 

[14] 2018 
A co-normal product of IFG is taken and proved to have 

complete and regular properties. 

[15] 2019 
The max product on IFG is furnished and checked for vertex 

degree property based on regularity. 

[16] 2019 Bipolar IFG 

Well-known products such as Cartesian, composition, tensor, 

and normal product on bipolar IFG are drawn and their 

vertex degree is determined. 
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[17] 

2020 IFG 

Lexicographic min and max products on IFG are newly 

executed and checked for effective and connected properties. 

In addition, the vertex degree and relationship between these 

products are analyzed. 

[18] 2021 
Intuitionistic Fuzzy 

Incidence Graph (IFIG) 

Cartesian, composition, tensor, and normal product in IFIG 

with the vertex degree calculation is included and an 

application in the textile industry with the Cartesian product 

and composition is figured out. 

[19] 2021 IFG 

Complementation on the max product of IFG is found and 

dealt with regularly. Also, an application is provided to select 

a suitable school for students. 

[20] 2021 Complex IFG 
Direct, semi-strong, strong, and modular products on 

complex IFG are enquired and some approaches are done.  

[21] 2023 

 

Intuitionistic Anti-

Fuzzy Graph (IA-FG) 

A new conformal product on IA-FG is introduced, and 

properties like complete, regular, etc. are applied. An 

application to enhance product quality and decrease 

supermarket costs is discussed. 

 

Parvathi et al. [9] accomplished the IFG and learned some complementary properties & theorems 

of IFG. Also, implementing various products like union, join, cartesian product, and composition on 

IFG is defined, and its properties are learned in detail.  

Sankar Sahoo and Madhumangal Pal [10] developed direct, semi-strong, and strong products of 

two IFGs and obtained many results. In addition, the product IFG is observed, and its implementation 

with the product gives rise to new innovative output. 

Hossein Rashmanlou et al. [11] explored the rationality of some product operations, such as 

direct, lexicographic, and strong, on IFG. The rational demonstration of these product notions is done 

by characterizing the graph’s level counterpart. The category theory is used to extinguish some 

categorical properties. 

Sankar Sahoo & Madhumangal Pal [12] newly defined the normal and tensor product. 

Furthermore, the degree of some products was learned, and their properties are exemplified. 

Nagoor Gani and Sheik Mujibur Rahman [13] observed the regular condition of the cartesian 

product of IFG. Of the IFGs taken for the product, either both are considered regular or one is totally 

regular and another partially regular. They finalized the functions as constant by keeping the product 

graph and one of the graphs regular and the other partially regular. 

Kalaiarasi & Mahalakshmi [14] defined the co-normal product on IFG and proved that the 

product is again an IFG. Their analysis on a complete, regular, pseudo-regular, totally regular, and 

pseudo-regular property has been carried out briefly in some cases. 

Yahya Mohamed & Mohamed Ali [15] approached the max-product of IFG with the vertex 

degree and regularity conditions using constant functions. 

Sonia Mandal & Madhumangal Pal [16] chose bipolar IFG to apply some operations namely 

cartesian product, composition, tensor product, and normal product. The resultant graphs of these 

products are analyzed for their vertex degree. 

Syamala & Balasubramanian [17] considered the lexicographic min product & lexicographic max 

product and these operations are checked for connected and effective properties. The degree of a 

vertex is found for both operations. Also, the relationship between these products is proved by 

theoretical proof. 

Irfan Nazeer et al. [18] presented the cartesian, composition, tensor, and normal product on IFIG, 

and the vertex degree-based discussion is rendered for these product operations. A real-life 

application of cartesian product and composition is produced that concerns departments of various 
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branches of the textile industry. A comparative analysis shows the difference between the proposed 

and previous models. 

Yahya Mohamed & Mohamed Ali [19] initiated the definition of max product on IFG and their 

complementation. Also, the vertex degree for this complementation of the max product on IFG is 

given. This idea is also applied to regular IFG. An application to determine the school based on 

entrance marks is provided and is processed using the Normalized Hamming Distance method. 

Abida Anwar & Faryal Chaudhry [20] applied key operations like direct, semi-strong, strong, 

and modular products on complex IFG. Some theoretical results are obtained while applying 

properties like strong, complete, etc.  

Kalaiarasi et al. [21] execute the conormal product on IA-FGs. Also, this product has been 

implemented to complete, regular, and strong IA-FGs. An application that relates the product quality 

and cost of the supermarket goods is explained in brief. 

4. Several Product Discussions on Neutrosophic Graphs 

The enrichment related to the concern of graph product in a neutrosophic environment is listed 

in Table 3. 

Table 3. Types of products in the neutrosophic graphical environment. 

Reference Year Graph Type Findings/Approaches 

 

[22] 

 

2017 

 

Single Valued 

Neutrosophic Graph 

(SVNG) 

Fundamental products like Cartesian, composition, union, join, 

cross, lexicographic, and strong products are considered in 

SVNG and proved with some basic outputs. Application 

concerns to people's thinking influence on others is 

exemplified. 

[23] 2018 
Neutrosophic Cubic 

Graph (NCG) 

The Cartesian, composition, union, and join of neutrosophic 

cubic graphs have been found. Decision-making application 

for industry performance is included. 

[24] 2020 
 

m-polar SVNG 

The graph model on the m−polar SVNG is developed and 

union, join, composition, ring sum, etc. are checked for two 

m−polar SVNGs. It is applied to evaluate college teacher 

performance. 

[25] 2020 
 

Bipolar SVNG 

The residue product, rejection, maximal product, and 

symmetric difference operations on Bipolar SVNG are 

specified with some examples. Also, the vertex and vertex total 

degrees of Bipolar SVNG are found. This study is finalized with 

an application and algorithm to get seated in an educational 

designation. 

[26] 2020 Derivable SVNG 

KM-single valued neutrosophic metric graphs are taken and 

operations such as tensor product, Cartesian product, semi-

strong product, strong product, union, semi-ring sum, 

suspension, and complement are applied. 

 [27] 
 

2020 

 

Neutrosophic Vague 

Graph (NVG) 

NVG is constructed and a clear investigation of products such 

as Cartesian, lexicographic, cross, strong, and composition on 

NVG are investigated with examples. 

[28] 2020 Strong SVNG 
Products like a cross, semi-strong, strong, Cartesian, and 

composition are done on strong SVNG. 

[29] 2021 
Neutrosophic Graph 

(NG) 

The maximal product, rejection, symmetric difference, and 

residue product operations are carried out with some 

examples. Also, the degree and the total degree of these 
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products are analyzed. A decision-making problem to select 

the best hotel is provided as an application. 

[30] 
 

2021 
SVNG 

The following products are taken in a SVNG: Rejection, 

maximal product, symmetric difference, and residue product. 

An algorithm was used to illustrate an application related to 

the company selection by the Food and Agricultural 

Organization (FAO). 

[31] 2022 NG 

Operations using Cartesian product, composition, join, direct, 

lexicographic, and strong product are widely discovered on 

NG. 

[32] 
 

2022 

Neutrosophic Vague 

Soft Graph (NVSG) 

Products like Cartesian, cross, lexicographic, composition, and 

strong product on NVSG are taught with an application to 

select optimal object selection. 

[33] 2022 
Quadripartitioned 

Bipolar SVNG 

The quadripartitioned bipolar SVNG is newly accomplished 

and some operations like cartesian, cross, lexicographic, strong 

product, and composition are done with suitable examples. 

[34] 2023 SVNG 
The max product of 3 SVNG is flourished with some theorem 

results and social network application is provided. 

[35] 2023 SVNG 
The domination concept on some operations of SVNG is 

proven with a symmetric difference application. 

[36] 2023 SVNG 

SVNG performs the rejection, symmetric difference, maximal 

product, and residue product operations. In a neutrosophic 

environment, a modified Boruvka algorithm solves the 

minimum spanning tree problem. 

[37] 2024 Complex NG 

Some processes of cartesian, union, join, and composition are 

achieved over complex NG, and a real-life application for 

hospital infrastructure design is emphasized. 

 

Muhammad Akram & Gulfam Shahzadi [22] clearly defined SVNG, and some operations like 

Cartesian, composition, union, join, cross, lexicographic, and strong product are defined and 

discussed in detail. Also, some essential properties of SVNG by level graphs are flourished. The social 

behavioral characteristics like domination and influence among people are studied and the most 

characteristic persons are identified using SVNG. 

Muhammad Gulistan et al. [23] developed the NCG concept from neutrosophic cubic sets and 

invigorated some binary product operations like cartesian, composition, union, and join, which are 

implemented for NCGs. In addition, the order and degree of NCG are illustrated with some 

examples. The authors enhanced the NCG concept with real-life situations and data by considering 

industrial applicability and criterion. 

Kartick Mohanta et al. [24] modeled the m-polar neutrosophic graph and worked out some 

operations like strong, semi-strong, complete, direct, etc. in this model. Ideas such as complement, 

and isomorphism properties are implemented in this model. The college teacher's performance is 

evaluated using this model. 

Aslam Malik et al. [25] picked up the bipolar SVNG and learned some executions of residue, 

rejection, maximal, and symmetric difference. A brief interaction on the vertex degree and total 

degree of bipolar SVNG is done. A real-world application to estimate the designation in educational 

education is portrayed. 

Mohammad Hamidi & Florentin Smarandache [26] innovated a concept named KM-single 

valued neutrosophic metric graphs and elaborated on its properties. Also, a finite metric is applied 

over KM-fuzzy metric space, and through the obtained results various product operations such as 
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tensor, semi-strong, semi-ring sum, union, and join, etc. are found concerning KM-single valued 

neutrosophic metric graphs. 

Satham Hussain et al. [27] worked with the NVG and implemented some product aspects such 

as cartesian, cross, lexicographic, strong, and composition on NVG. 

Shakthivel et al. [28] contemplated the strong SVNG and applied some products such as cross, 

semi-strong, strong, cartesian, and composition on strong SVNG. 

Kartick Mohanta et al. [29] investigated new operations like rejection, symmetric difference, 

maximal product, and residue product on SVNG. Also, they excavated the application to select the 

best hotel using decision-making. Also, the concepts of these products' vertex degrees and total 

degrees are listed. 

Shouzhen Zeng et al. [30] described the key features of rejection, maximal product, symmetric 

difference, and residue product of SVNG. An overview of the strong, complete, and connected 

properties of these SVNG products is explored. Also, the products' vertex degree and total degree are 

illustrated under specific conditions. The FAO of the United Nations selects the most suitable 

company using decision-making, which is provided as an application. 

Arindam Dey et al. [31] clearly defined neutrosophic graph properties like regular, complete, 

etc. The SVNG is treated with features like cartesian, composition, lexicographic, join, direct, and 

strong product. 

Satham Hussain et al. [32] observed key operations like cartesian, cross, lexicographic, strong 

product, and composition on NVSG. A decision-making application is viewed to select the most 

appropriate institution with good rankings. 

Satham Hussain et al. [33] established a new theory called “Quadripartitioned Bipolar SVNG” 

and applied some basic operations, such as cartesian, cross, lexicographic, strong, and, composition. 

Meenakshi & Mythreyi [34] extended the max product and its application in a neutrosophic 

environment to three SVNGs. Also, an application and example concerning a company's social 

networking scenario are provided along with a minimal spanning tree algorithm as additional 

information. 

Meenakshi et al. [35] represented the domination number and dominating set for some 

operations like lexicographic, symmetric difference, residue, and max product. Here, a useful to 

analyze the productive optimal network is given by considering a single-valued neutrosophic 

network and symmetric difference. An algorithm to find an optimal network is customized. 

Arindam Dey et al. [36] presented SVNG with some preliminary definitions, where some basic 

properties are discussed. Some SVNG operations such as rejection, symmetric difference, maximal, 

and residue product are reviewed. Some important theorems based on degree and total degree are 

investigated in these operations. Also, Boruvka’s algorithm of classical type is altered to meet the 

minimum spanning tree in a neutrosophic environment. 

Mohammed Alqahtani et al. [37] put forth an immense applied work with complex 

environmental neutrosophic graphs. Some key operations like cartesian, union, join, and composition 

are implemented with complex neutrosophic graphs. In addition, isomorphism and complement 

properties of this specialized graph are discussed. Finally, an application that deals with hospital 

infrastructure design in the suitable starting area prepared by healthcare planners is portrayed.  

5. Conclusion 

Adaptability and enforcement have been achieved in the neutrosophic type of graph product 

discussion since it claims improvised and refined results compared to the previous fuzzy-related 

works. The ambiguity is analyzed well in the neutrosophic structure, which improves the final output 

in terms of accuracy. This analysis navigates the complexities and gives a clear view of the updated 

works, which suit the current environment and scope. The challenges that occurred during practical 

implications are avoided due to the exploration of neutrosophic graph theory as it deals with 
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indeterminacy in a segregated manner. Future models can be devised using neutrosophic theory 

since it improves practical execution.  
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