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Abstract: Neutrosophic sets are a generalized form of fuzzy sets as well as intuitionistic fuzzy sets, 

as they address the uncertainty factor as an independent component along with truthfulness and 

falsity. However, traditional neutrosophic approaches often struggle with effectively managing and 

quantifying indeterminate elements in complex algebraic structures. To address this limitation, this 

paper employs an expanded version of the neutrosophic set, incorporating a subalgebra. The 

proposed research is multifaceted: firstly, the new concept of N-Subalgebra (NSU) is proposed. This 

is the modified setting in the family of subalgebras whose proposed name is the representation of the 

author's initial name. Secondly, the hybridization is called Quantified Neutrosophic N-Subalgebra. 

𝒬𝑡NNSU of NSU is established with the modified version of the neutrosophic set, which is Quantified 

quantified neutrosophic set 𝒬𝑡NS. This novel approach to hybridization is the combination of the 

properties related to NSU in the 𝒬𝑡NS's setting. Thirdly, the operations of P-Union, R-Union, P-

Intersection, and R-Intersection are developed for the 𝒬𝑡NNSU and presented as P𝒬𝑡  Union, R𝒬𝑡 

Union, P𝒬𝑡 -Intersection and, R𝒬𝑡 -Intersection. Furthermore, the concepts of upper bounds, lower 

bounds, including upper-level subalgebras, as well as lower-level subalgebras in the environment of 

𝒬𝑡 NNSU are developed. The proposed study is an advancement in the field of neutrosophic set 

theory-related algebraic structures. 

Keywords: Algebraic Structures; Indeterminacy Management; Uncertainty Quantification; Hybrid 

Set Theory; Neutrosophic Operations. 

 

1. Introduction 

To deal with uncertainty, fuzzy sets [1] allow components to have different levels of membership 

in a set. Interval-valued fuzzy sets (IVFS), which expand fuzzy sets' characteristics and offer intervals 

for the objects, were first described by [2]. By extending the fuzzy set structure, [3] created 

intuitionistic fuzzy sets (IFSs), which have two components: the degree of non-existence and the 

degree of existence, with the requirement that their total fall between 0 and 1. Decisions are hazy and 

unclear due in large part to vagueness, uncertainty, or ambiguity, as is the case in every circumstance 

experienced in daily life. In consideration of this, Smarandache [4] devised an arrangement of 

neutrosophic sets, which combines the degree of indeterminacy with earlier degrees all of which are 

independent with sums between 0 and 3. Furthermore, an expanded version of the neutrosophic set 

as an interval-valued neutrosophic set [5] provides a sophisticated solution for decision analysis 

issues in the real world. 

In the world of algebra and its extensions, the concept of BCK-algebra was first established in 1978 

by Iseki et al. with its modification known as BCI-algebra which was developed in 1980 and was the 

most improved enhancement in the field of algebra [6, 7]. The BCK-algebra is the major subclass of 

BCI-algebra. In 1983, their advanced characteristics and features were explored by Hu et al. who also 

presented the idea of BCH -algebra which is a generalized form of BCK and BCI algebras. In 2002, J. 

Neggers et al. introduced a novel idea labeled as B-algebra and produced several findings. A. 
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Walendziak introduced the term "BFalgebra," a generalization of B-algebra, in 2007. Senapati et al. [8] 

implement cubic set to ideals, closed ideals, and B-algebra subalgebras. On B-algebra, Khalid et al. 

[9] provided the MBJ-neutrosophic T-ideal. The BMBJ and MBJ-neutrosophic subalgebraic structures 

and their intended applications in the BCK/BCI-algebras have also been addressed in the literature 

[10, 11]. [12] addressed the connections of these algebras and others including Q, BCI, BCH, BF, and 

B -algebras as well as the novel idea of G -algebra, which is a generalization of QS-algebras.They 

studied the associated features of the G-part, 0-commutative, and medial of G-algebra concepts. 

Saeed et al. [13] present embedded algebraic structures for soft members and soft elements. Senapati 

et al. [14, 15] proposed the idea of L-fuzzy G-subalgebras by implementing the FSs to G-subalgebras 

and Interval-valued IF BG-subalgebras. The researchers have put a lot of effort into BG-algebras [16]. 

Saeed et al. [17] recently provided the concept of cubic soft ideals in the settings of B-algebra. 

Moreover, the integrated development of neutrosophic soft cubic T-ideal in the environment of PS-

algebra was developed by N.A.Khalid et al. in [18]. A collection of level subalgebras is known as the 

G-subalgebras. G-subalgebras are fuzzy intuitivistically along with other associated features, and the 

categorization of IF G-algebras is provided in [19-22]. In [23], Khalid et al. presented the idea of IF-

translation to IF-subalgebra and ideals in the environment of G-algebra. They also study a couple of 

associated properties with IF-extension and introduce the IF-multiplication of IF-subalgebra of G-

algebra. By using the concept of P-union, P-intersection, R-union, and R-intersection among other 

operations, Khalid et al. [24] examined the neutrosophic soft cubic G-subalgebra. Furthermore, in the 

context of basic logic algebras, new kinds of neutrosophic filters are developed [25]. Also, there is a 

new algebraic structure is available which is developed by [26] called pura vida neutrosophic algebra 

consisting of binary operations of addition and multiplication. 

1.1 Motivation 

The motivation of this proposed initiative is to establish a modified algebraic framework of a 

neutrosophic set named as 𝒬𝑡NS set. This modified structure has indeterminacy as a dependent 

component which provides a controlled environment for indeterminate situations while dealing with 

real-life problems in decision-making as well as in other fields, Further, the N-subalgebra, a new 

substructure for the G-algebra is introduced which gives more precise conditions for a 𝒬𝑡NS is set to 

be a 𝒬𝑡NSN-subalgebra. 

Five sections make up this study. The introduction is in the first part, followed by fundamental 

definitions in the second, and theoretical analysis of our suggested structure in the third and fourth. 

The final part summarizes the findings and makes recommendations for the future. 

1.2 Research Problem 

In the realm of decision-making and mathematical modeling, uncertainty plays a critical role in 

complex problem-solving, particularly in environments where data is incomplete or imprecise. 

Existing methods, such as classical fuzzy sets and intuitionistic fuzzy sets, have made significant 

strides in addressing uncertainty by incorporating degrees of truth, falsity, and indeterminacy. 

However, these methods often fail to effectively manage the degree of indeterminacy, leading to 

inaccurate or imprecise outcomes in various applications, particularly in multi-criteria decision-

making (MCDM) scenarios. 

1.3 Importance and Necessity 

The importance of handling uncertainty in decision-making cannot be overstated, especially in 

fields like engineering, economics, and operations research, where precise decisions are essential for 

optimizing systems and processes. In particular, industries such as healthcare, manufacturing, and 

logistics are increasingly relying on robust decision-support systems that can manage uncertainty 



Neutrosophic Systems with Applications, Vol. 25, 2025                                                 16 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Neha Andaleeb Khalid and Muhammad Saeed, An Approach for Hybridizing N-Subalgebra with Quantified Neutrosophic 

Set using G-Algebra 

effectively. The ability to quantify and reduce indeterminacy while maintaining flexibility in 

representing uncertainty is crucial for enhancing the reliability and accuracy of these systems. 

1.4 Review and Critique of the Current State 

Several advancements have been made in the field of neutrosophic sets, which offer a 

generalized framework to represent uncertainty. However, current methods primarily focus on 

combining truth, falsity, and indeterminacy linearly, without sufficient consideration of the algebraic 

structures that can enhance their application. While extensions such as neutrosophic soft sets and 

intuitionistic fuzzy soft sets have been proposed, they do not address the full potential of algebraic 

operations within the neutrosophic set framework. Furthermore, there is a lack of research on 

hybridizing these structures with subalgebras, leading to potential inefficiencies in decision-making 

processes where indeterminacy reduction is a priority. 

1.5 Identification of Research Gaps 

Lack of Comprehensive Algebraic Structures: While neutrosophic sets have been widely studied, 

there is limited research on integrating subalgebraic structures into neutrosophic sets to enhance their 

applicability. 

1.6 Indeterminacy Control 

Current methods do not offer robust solutions to control the degree of indeterminacy effectively, 

which is crucial for accurate decision-making in uncertain environments. 

1.7 Limited Hybridization 

Few studies explore the hybridization of neutrosophic sets with algebraic structures such as G-

algebra, which can provide a more structured approach to uncertainty management. 

1.8 Insufficient Development of Operations 

There is a gap in the development of operations such as union and intersection within the context 

of Quantified Neutrosophic N-Subalgebra (QtNSSU), which could further improve the model’s 

flexibility and robustness. 

1.9 Study's Innovation and Contribution 

This study proposes a novel hybridization of the Neutrosophic N-Subalgebra (NSU) with 

Quantified Neutrosophic Sets (QtNS), creating the Quantified Neutrosophic N-Subalgebra 

(QtNNSU). This hybrid structure allows for the precise control of indeterminacy within decision-

making models, offering a new approach to managing uncertainty. Additionally, the study 

introduces new operations (P-Union, R-Union, P-Intersection, R-Intersection) within the QtNNSU 

framework, which significantly enhances its applicability and reliability in MCDM scenarios. The 

introduction of upper and lower bounds, as well as subalgebras, further strengthens the framework, 

offering a more nuanced approach to multi-criteria decision-making. The innovation lies in the 

algebraic structure and operations that support effective uncertainty management, contributing to 

the development of more efficient decision support systems in uncertain environments. 

2. Preliminaries 

Here, certain fundamental definitions are provided that are useful for the rest of the paper's 

presentation. 
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Definition 2.1. [6, 7] The conditions listed below must be satisfied for a (2,0) type algebra to be a 

BCI-algebra for all 𝜗, 𝜃 and 𝜆 ∈ 𝐴: 

A1: (𝜗 ∗ 𝜃) ∗ (𝜗 ∗ 𝜆) ≤ (𝜆 ∗ 𝜃) 

A2: (𝜗 ∗ 𝜗) ∗ 𝜃 ≤ 𝜃 

A3: 𝜗 ≤ 𝜗 

A4: 𝜗 ≤ 𝜃 and 𝜃 ≤ 𝜗 ⇒ 𝜗 = 𝜃 

A5: 𝜗 ≤ 0 ⇒ 𝜗 = 0, where 𝜗 ≤ 𝜃 is defined by 𝜗 ∗ 𝜃 = 0 

If (A5) is replaced by (A6): 0 ≤ 𝜗, Then algebra is referred to as a BCK-algebra. Any BCK algebra is 

also a BCI algebra, but the reverse is not known. 

 

Definition 2.2. [12] Let a nonempty set represented by G is said to be G-algebra (𝐺,∗ ,0) if it contains 

the constant 0 and the binary operation  ′ ∗′ or equivalently by G with the following axioms: 

G1: 𝜗1 ∗ 𝜗1 = 0 

G2: 𝜗1 ∗ (𝜗1 ∗ 𝜗2) = 𝜗2, for all 𝜗1, 𝜗2 ∈ 𝐺. 

For the set 𝑈 = {0, 𝜗1, 𝜗2, 𝜗3, 𝜗4, 𝜗5, 𝜗6, 𝜗7}, G-algebra can be represented with Cayley's table which is 

shown in Table 1: 

Definition 2.3. Consider 𝑆𝐺  a subset of G-algebra 'G'. If 

 𝜗1 ∗ 𝜗2 ∈ 𝑆𝐺∀𝜗1, 𝜗2 ∈ 𝑆𝐺, 

Then it is referred to as a G-subalgebra. 

 

Definition 2.4. [1] A FS in G can be expressed as 𝐹 = {⟨𝜗1, 𝜓𝐹(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}, where 𝜓𝐹(𝜗1) is referred 

to as the existent ship value of 𝜗1 in 𝐹 and 𝜓𝐹(𝜗1) ∈ [0,1]. 

 

Table 1. Cayley's Table of (𝐺,∗ ,0). 

∗ 0 𝜗1 𝜗2 𝜗3 𝜗4 𝜗5 𝜗6 𝜗7 

0 0 𝜗2 𝜗1 𝜗3 𝜗4 𝜗5 𝜗6 𝜗7 

𝜗1 𝜗1 0 𝜗3 𝜗2 𝜗5 𝜗4 𝜗7 𝜗6 

𝜗2 𝜗2 𝜗3 0 𝜗1 𝜗6 𝜗7 𝜗4 𝜗5 

𝜗3 𝜗3 𝜗2 𝜗1 0 𝜗7 𝜗6 𝜗5 𝜗4 

𝜗4 𝜗4 𝜗5 𝜗6 𝜗7 0 𝜗2 𝜗1 𝜗3 

𝜗5 𝜗5 𝜗4 𝜗7 𝜗6 𝜗1 0 𝜗3 𝜗2 

𝜗6 𝜗6 𝜗7 𝜗4 𝜗5 𝜗2 𝜗3 0 𝜗1 

𝜗7 𝜗7 𝜗6 𝜗5 𝜗4 𝜗3 𝜗2 𝜗1 0 

 

 Fuzzy subalgebra is described by Ahn et al. [28] in the definition that accompanies it. 

 

Definition 2.5. Let 𝐹 = {⟨𝜗1, 𝜓𝐹(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺} be a FS in G. If 

 𝜓𝐹(𝜗1 ∗ 𝜗2) ≥ min{𝜓𝐹(𝜗1), 𝜓𝐹(𝜗2)}∀𝜗1, 𝜗2 ∈ 𝐺, Then it is said to be fuzzy G-subalgebra of G. 

 

Definition 2.6. [3] An IFS in G is a kind of structure 𝐼 = {⟨𝜓𝐼(𝜗1), 𝜑𝐼(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}, where 𝜓𝐼  is the 

existent ship value function of 𝜗1 and 𝜑𝐼  is a non-existent ship value function of 𝜗1 w.r.t 𝐼 in G 

and 0 ≤ 𝜓𝐼(𝜗1) + 𝜑𝐼(𝜗1) ≤ 1. 

 

Definition 2.7. [27] Let 𝐼𝐹 = 𝜓𝐼𝐹(𝜗1), 𝜑𝐼𝐹(𝜗1) be an IFS of any algebra K. It is said to be a t-IF subset 

of K represented by 𝐼𝐹𝑡 with t belongs to the closed interval of [0,1] and is structured as 

𝐼𝐹𝑡 = {< 𝜗1, 𝜓𝐼𝐹𝑡(𝜗1), 𝜑𝐼𝐹𝑡(𝜗1) >∣ 𝜗1 ∈ 𝐾} =< 𝜓𝐼𝐹𝑡 , 𝜑𝐼𝐹𝑡 > 
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where, 

 𝜓𝐼𝐹𝑡(𝜗1) = min{𝜓𝐼𝐹(𝜗1), 𝑡} and 

 𝜓𝐼𝐹𝑡(𝜗1) = max{𝜑𝐼𝐹(𝜗1), 1 − 𝑡}∀𝜗1 ∈ 𝐾. 

 

Definition 2.8. [27, 29] Let 𝐼𝐹𝑡 =< 𝜓𝐼𝐹𝑡 , 𝜑𝐼𝐹𝑡 > represents t-IFS of 𝐾 along with 𝑡 ∈ [0,1] then it is 

to be called t-IFSU of K as it corresponds with these assumptions: 

i). 𝜓𝐼𝐹𝑡(𝜗1 ∗ 𝜗2) ≥ min{𝜓𝐼𝐹𝑡(𝜗1), 𝜓𝐼𝐹𝑡(𝜗2)} and 

ii). 𝜑𝐼𝐹𝑡(𝜗1 ∗ 𝜗2) ≤ max{𝜑𝐼𝐹𝑡(𝜗1), 𝜑𝐼𝐹𝑡(𝜗2)}∀𝜗1, 𝜗2 ∈ 𝐺. 

 

Definition 2.9. [24]In the algebra G, the sort of structure classified as a neutrosophic set is 𝑁𝑆 =

{⟨𝜙(𝜗1), 𝜑(𝜗1), 𝜓(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺} , Where 𝜙, 𝜑,  and 𝜓  are the existent ship value, nonexistent ship 

value, and indeterminate value of 𝜗1 w.r.t 𝑁𝑆 in G and 0 ≤ 𝜙(𝜗1) + 𝜑(𝜗1) + 𝜓(𝜗1 ≤ 3. 

 

Definition 2.10. [30] For the family of a fuzzy set 𝐹𝑖 = {⟨𝜗1, 𝜗𝐹𝑖
(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺} in G, where 𝐼𝑛 stands 

for the index set and𝑖 ∈ 𝐼𝑛, The definitions of join and meet represented by (∨) and (∧) respectively 

are as follows: 

∨𝑖∈𝐼𝑛
𝐹𝑖 = (∨𝑖∈𝐼𝑛

𝜗𝐹𝑖
)(𝜗1) = sup{𝜗𝐹𝑖

∣ 𝑖 ∈ 𝐼𝑛} 

and 

∧𝑖∈𝐼𝑛
𝐹𝑖 = (∧𝑖∈𝐼𝑛

𝜗𝐹𝑖
)(𝜗1) = inf{𝜗𝐹𝑖

∣ 𝑖 ∈ 𝐼𝑛} 

∀𝜗1 ∈ 𝐺. 

 

Definition 2.11. [31] For any cubic set 𝜅𝑖 = (𝜛𝑖 , 𝜔𝑖), where 𝜛𝑖 = {⟨𝜗1; 𝐸𝜛𝑖
(𝜗1), 𝐼𝜛𝑖

(𝜗1), 𝐹𝜛𝑖
 (𝜗1)⟩ ∣ 𝜗1 ∈

𝐺}, 𝜔𝑖 = {⟨𝜗1; 𝐸𝜔𝑖
(𝜗1), 𝐼𝜔𝑖

(𝜗1), 𝐹𝜔𝑖
(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺} for 𝑖 ∈ 𝐼𝑛, the structures of P-union, P-intersection, R-

union, and R-intersection are respectively given as follows: 

 P-union →∪𝑃
𝑖∈𝐼𝑛

𝜅𝑖 = ( ∪
𝑖∈𝐼𝑛

𝜛𝑖 , ∨
𝑖∈𝐼𝑛

𝜔𝑖), 

 R-union →∪𝑖∈𝐼𝑛
𝜅𝑖 = ( ∪

𝑖∈𝐼𝑛

𝜛𝑖 ,  𝑖∈𝐼𝑛

∧ 𝜔𝑖) 

 P-intersection → ⋂𝑖∈𝐼𝑛
 𝜅𝑖 = ( ∩𝑖

𝑖∈𝐼𝑛

𝜛𝑖 ,∧𝑖∈𝐼𝑛

∧ 𝜔𝑖) and 

 R-intersection → ⋂𝑖∈𝐼𝑛

𝑅  𝜅𝑖 = ( ∩
𝑖∈𝐼𝑛

𝜛𝑖 , ∨
𝑖∈𝐼𝑛

𝜔𝑖) 

Where 

∪𝑖∈𝐼𝑛
𝜛𝑖 = {⟨𝜗1; (∪𝑖∈𝐼𝑛

𝜛𝑖𝐸)(𝜗1), (∪𝑖∈𝐼𝑛
𝜛𝑖𝐼)(𝜗1), (∪𝑖∈𝐼𝑛

𝜛𝑖𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}

∨𝑖∈𝐼𝑛
𝜔𝑖 = {⟨𝜗1; (∨𝑖∈𝐼𝑛

𝜔𝑖𝐸)(𝜗1), (∨𝑖∈𝐼𝑛
𝜔𝑖𝐼)(𝜗1), (∨𝑖∈𝐼𝑛

𝜔𝑖𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}

∩𝑖∈𝐼𝑛
𝜛𝑖 = {⟨𝜗1; (∩𝑖∈𝐼𝑛

𝜛𝑖𝐸)(𝜗1), (∩𝑖∈𝐼𝑛
𝜛𝑖𝐼)(𝜗1), (∩𝑖∈𝐼𝑛

𝜛𝑖𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}

∧𝑖∈𝐼𝑛
𝜔𝑖 = {⟨𝜗1; (∧𝑖∈𝐼𝑛

𝜔𝑖𝐸)(𝜗1), (∧𝑖∈𝐼𝑛
𝜔𝑖𝐼)(𝜗1), (∧𝑖∈𝐼𝑛

𝜔𝑖𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}

 

3. Development of Quantified Neutrosophic N-subalgebras 𝓠𝒕NNSU 

This section defines a novel. 𝒬𝑡NS set structure and explains the requirements for a 𝒬𝑡NS set to 

be a Quantified Neutrosophic N-subalgebra 𝒬𝑡 NNSU in the setting of G-algebra. By taking into 

consideration several additional relevant qualities, the proposed structure is investigated using a 

variety of concepts, including upper bounds, lower bounds, upper-level subalgebra, lower-level 

subalgebra, and fuzzy subalgebra. 

 

Definition 3.1. A neutrosophic set 𝒩 = {< 𝜗1, 𝐸(𝜗1), 𝐼(𝜗1), 𝐹(𝜗1) >∣ 𝜗1 ∈ 𝐺} =< 𝐸, 𝐼, 𝐹 > is called a 

𝒬𝑡NS  set of the form 𝒩𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) , where 𝒩𝑡 = {⟨𝜗1, 𝐸𝑡(𝜗1), 𝐼𝑡(𝜗1), 𝐹𝑡(𝜗1)⟩ ∣  𝜗1 ∈ 𝐺} =<
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𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡 > with two independent components that are 𝐸𝑡(𝜗1) and 𝐹𝑡(𝜗1) along one dependent 

component 𝐼𝑡(𝜗1)∀𝜗1 ∈ 𝐺. These components are defined as: 
𝐸𝑡(𝜗1) = max{𝐸(𝜗1), 𝑡},

𝐼𝑡(𝜗1) = min{𝐼(𝜗1), (𝑡 + 𝑡′)/2},

𝐹𝑡(𝜗1) = max{𝐹(𝜗1), 𝑡′}

 

∀𝑡, 𝑡′, 𝑡 + 𝑡′/2 ∈ [0,1], where 𝐸𝑡  is the existent ship value function, 𝐼𝑡  is an indeterminate value 

function and 𝐹𝑡 is a non-existent ship value function with 0 ⪯ 𝐸𝑡(𝜗1) + 𝐼𝑡(𝜗1) + 𝐹𝑡(𝜗1) ⪯ 3. From 

this point forward, the symbols ⪯ and ⪰ will stand for less than and greater than, respectively, with 

equality. 

 

Definition 3.2. Let 𝒩𝑡 =< 𝐸𝑡(𝜗1), 𝐼𝑡(𝜗1), 𝐹𝑡(𝜗1) > be a 𝒬𝑡NS set. Then 𝒩𝑡 is TNNSU with a binary 

operation  ′ ∗′, where 𝜗1, 𝜗2, 𝑡, 𝑡′, 𝑡 + 𝑡′/2, Φ, Ψ ∈ [0,1] and when it meets the three conditions listed 

below: 

N1:min{𝐸((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡} = 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{𝐸𝑡(𝜗1 ∗ Φ), 𝐸𝑡(𝜗2 ∗ Ψ)}, 

N2: min{𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡 + 𝑡′/2} = 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗2 ∗ Ψ)}, 

N3: max{𝐹((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡′} = 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗2 ∗ Ψ)}. 

 

To preserve everything simple, we substitute Ω for 𝑡 + 𝑡′/2′. 

 

Example 3.3. Let 𝑢 = {0, 𝜗1 ∗ Φ, 𝜗2 ∗ Ψ} be a G-algebra represented by the following Cayley table. 

 

Table 2. Cayley's Table of (𝐺,∗ ,0). 

∗ 0 𝜗1 ∗ Φ 𝜗2 ∗ Ψ 

0 0 𝜗1 ∗ Φ 𝜗2 ∗ Ψ 

𝜗1 ∗ Φ 𝜗1 ∗ Φ 0 𝜗2 ∗ Ψ 

𝜗2 ∗ Ψ 𝜗2 ∗ Ψ 𝜗1 ∗ Φ 0 

 

A 𝒬𝑡NS set 𝒩𝑡 = {< 𝜗1, 𝐸𝑡(𝜗1), 𝐼𝑡(𝜗1), 𝐹𝑡(𝜗1) >∣ 𝜗1 ∈ 𝐺} =< 𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡 > of G by taking 𝑡 = 0.4 and 

𝑡′ = 1 ⟶ Ω = 0.6 is defined by 

 

 0 𝜗1 ∗ Φ 𝜗2 ∗ Ψ 

𝐸𝑡 0.3 0.1 0.4 

 

 0 𝜗1 ∗ Φ 𝜗2 ∗ Ψ 

𝐼𝑡 0.6 0.4 0.6 

 

 0 𝜗1 ∗ Φ 𝜗2 ∗ Ψ 

𝐹𝑡 1 1 1 

 

To verify that a set is Quantified Neutrosophic N-subalgebra ( 𝒬𝑡NNSU ) is standard procedure. 

 

Proposition 3.4. Let 𝒬𝑡 = {⟨𝜗1, 𝐸𝑡(𝜗1), 𝐼𝑡(𝜗1), 𝐹𝑡(𝜗1)⟩} is a 𝒬𝑡NNSU of 𝐺, then ∀𝜗1 ∈ 𝐺, 𝐸𝑡(0 ∗ Φ) ⪯

𝐸𝑡(𝜗1 ∗ Φ), 𝐼𝑡(0 ∗ Φ) ⪰ 𝐼𝑡(𝜗1 ∗ Φ) and 𝐹𝑡(0 ∗ Φ) ⪯ 𝐹𝑡(𝜗1 ∗ Φ). Thus, 𝐸𝑡(0 ∗ Φ), 𝐼𝑡(0 ∗ Φ) and 𝐹𝑡(0 ∗

Φ) are the upper and lower bounds of 𝐸𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Φ) and 𝐹𝑡(𝜗1 ∗ Φ) respectively. 

Proof. ∀𝜗1 ∈ 𝐺 , we have 𝐸𝑡((0 ∗ Φ)) = min(𝐸((0 ∗ Φ)), 𝑡) = min(𝐸((𝜗1 ∗ Φ) ∗ (𝜗1 ∗ Φ)), 𝑡) ⪯ 

max{min(𝐸((𝜗1 ∗ Φ)), 𝑡), min(𝐸(𝜗1 ∗ Φ), 𝑡)} = min(𝐸(𝜗1 ∗ Φ), 𝑡) = 𝐸𝑡((𝜗1 ∗ Φ)) ⇒ 𝐸𝑡((0 ∗ Φ)) ⪯ 

𝐸𝑡((𝜗1 ∗ Φ)), 𝐼𝑡(0 ∗ Φ) = min(𝐼(0 ∗ Φ), 𝑡′) = min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗1 ∗ Φ)), 𝑡′) ⪰ min{min(𝐼(𝜗1 ∗ 

Φ), 𝑡′)min(𝐼(𝜗1 ∗ Φ), 𝑡′)} = min(𝐼(𝜗1 ∗ Φ), 𝑡′) = 𝐼𝑡(𝜗1 ∗ Φ) ⇒ 𝐼𝑡(0 ∗ Φ) ⪰ 𝐼𝑡(𝜗1 ∗ Φ)  and max(𝐹(0 ∗
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Φ), Ω) = max(𝐹((𝜗1 ∗ Φ) ∗ (𝜗1 ∗ Φ)), Ω) ⪯ max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(𝜗1 ∗ Φ), Ω)}  = max(𝐹(𝜗1 ∗

Φ), 𝑡) = 𝐹𝑡(𝜗1 ∗ Φ) ⇒ 𝐹𝑡(0 ∗ Φ) ⪯ 𝐹𝑡(𝜗1 ∗ Φ). 

 

Theorem 3.5. Let 𝒬𝑡 = {⟨(𝜗1), 𝐸𝑡(𝜗1), 𝐼𝑡(𝜗1), 𝐹𝑡(𝜗1)⟩} be a 𝒬𝑡NNSU of 𝐺. If there exists a sequence 

{(𝜗1 ∗ Φ)𝑛}  of 𝐺  such that lim𝑛→∞  𝐸𝑡((𝜗1 ∗ Φ)𝑛) = 0, lim𝑛→∞  𝐼𝑡((𝜗1 ∗ Φ)𝑛) = 1  and lim𝑛→∞  𝐹𝑡((𝜗1 ∗

Φ)𝑛) = 0. Then 𝐸𝑡(0) = 0, 𝐼𝑡(0) = 1 and 𝐹𝑡(0) = 0. 

Proof. Using Proposition, 𝐸𝑡(0 ∗ Φ) ⪯ 𝐸𝑡(𝜗1 ∗ Φ)∀𝜗1 ∈ 𝐺 , so therefore 𝐸𝑡(0 ∗ Φ) ⪯ 𝐸𝑡((𝜗1 ∗

Φ)𝑛) for 𝑛 ∈ 𝐙+. Consider, 0 ⪯ 𝐸𝑡(0 ∗ Φ) ⪯ lim𝑛→∞  𝐸𝑡((𝜗1 ∗ Φ)𝑛) = 0. Hence, 𝐸𝑡(0 ∗ Φ) = 0. Using 

Proposition, 𝐼𝑡(0 ∗ Φ) ⪰ 𝐼𝑡(𝜗1 ∗ Φ)∀𝜗1 ∈ 𝐺 , so therefore 𝐼𝑡(0 ∗ Φ) ⪰ 𝐼𝑡((𝜗1 ∗ Φ)𝑛)  for 𝑛 ∈ 𝐙+ . 

Consider, 1 ⪰ 𝐼𝑡(0 ∗ Φ) ⪰ lim𝑛→∞  𝐼𝑡((𝜗1 ∗ Φ)𝑛) = 1. Hence, 𝐼𝑡(0 ∗ Φ) = 1. 

Again, using Proposition, 𝐹𝑡(0 ∗ Φ) ⪯ 𝐹𝑡(𝜗1 ∗ Φ)∀𝜗1 ∈ 𝐺, so therefore 𝐹𝑡(0 ∗ Φ) ⪯ 𝐹𝑡((𝜗1 ∗ Φ)𝑛) for 

𝑛 ∈ 𝐙+. Consider, 0 ⪯ 𝐹𝑡(0 ∗ Φ) ⪯ lim𝑛→∞  𝐹𝑡((𝜗1 ∗ Φ)𝑛) = 0. Hence, 𝐹𝑡(0 ∗ Φ) = 0. 

 

Proposition 3.6. If a 𝒬𝑡NS  set ℰ𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡)  of 𝐺  is a 𝒬𝑡NNSU , then ∀𝜗1 ∈ 𝐺 , 𝐸𝑡(0 ∗  𝜗1) ⪯

𝐸𝑡(𝜗1 ∗ Φ) and 𝐼𝑡(0 ∗ 𝜗1) ⪰ 𝐼𝑡(𝜗1 ∗ Φ) and 𝐹𝑡(0 ∗ 𝜗1) ⪯ 𝐹𝑡(𝜗1 ∗ Φ). 

Proof. ∀𝜗1 ∈ 𝐺, 𝐸𝑡(0 ∗ 𝜗1) = min(𝐸(0 ∗ 𝜗1), 𝑡) ⪯ max{min(𝐸(0), 𝑡), min(𝐸(𝜗1 ∗ Φ), 𝑡)} =

max{min(𝐸(𝜗1 ∗ 𝜗1), 𝑡), min(𝐸(𝜗1 ∗ Φ), 𝑡)} = max{min{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(𝜗1 ∗ 

Φ), 𝑡)}, min(𝐸(𝜗1 ∗ Φ), 𝑡)} = max(𝐸(𝜗1 ∗ Φ), 𝑡) = 𝐸𝑡(𝜗1 ∗ Φ)  and 𝐼𝑡(0 ∗ 𝜗1) = min(𝐼(0 ∗ 𝜗1), 𝑡′)  ⪰

min{min(𝐼(0), 𝑡′), min(𝐼(𝜗1 ∗ Φ), 𝑡′)} = min{min(𝐼(𝜗1 ∗ 𝜗1), 𝑡′), min(𝐼(𝜗1 ∗ Φ), 𝑡′)} = 

min{min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗ Φ), 𝑡′)}, min(𝐼(𝜗1 ∗ Φ), 𝑡′)} = min(𝐼(𝜗1 ∗ Φ), 𝑡′) =  𝐼𝑡(𝜗1 ∗ Φ) 

and 𝐹𝑡(0 ∗ 𝜗1) = max(𝐹(0 ∗ 𝜗1), Ω) ⪯ max{max(𝐹(0), Ω), max(𝐹(𝜗1 ∗ Φ), Ω)}  = max{max(𝐹(𝜗1 ∗

𝜗1), Ω), max(𝐹(𝜗1 ∗ Φ), Ω)} = max{max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(𝜗1 ∗  Φ), Ω)}, max(𝐹(𝜗1 ∗ Φ), Ω)} =

max(𝐹(𝜗1 ∗ Φ), Ω) = 𝐹𝑡(𝜗1 ∗ Φ)◻ 

 

Lemma 3.7. If a 𝒬𝑡NS set 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) of 𝐺 is a 𝒬𝑡NNSU, then 𝒬𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝒬𝑡 (𝜗1 ∗

(0 ∗ (0 ∗ 𝜗2))) ∀𝜗1, 𝜗2 ∈ 𝐺. 

Proof. Let G be a G-algebra and 𝜗1, 𝜗2 ∈ 𝐺. Then, by lemma, we know that 𝜗2 = 0 ∗ (0 ∗ 𝜗2). 

Hence, 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝐸𝑡 (𝜗1 ∗ (0 ∗ (0 ∗ 𝜗2)))  and 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝐼𝑡 (𝜗1 ∗ (0 ∗

(0 ∗ 𝜗2))) and 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝐹𝑡 (𝜗1 ∗ (0 ∗ (0 ∗ 𝜗2))). Therefore, 𝒬𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 

𝒬𝑡 (𝜗1 ∗ (0 ∗ (0 ∗ 𝜗2))) ◻ 

 

Proposition 3.8. If 𝒬𝑡NS set 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) of 𝐺 is a 𝒬𝑡NNSU, then ∀𝜗1, 𝜗2 ∈ 𝐺, 𝐸𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) ⪯

max{𝐸𝑡(𝜗1 ∗ Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and 𝐼𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) ⪰ min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 𝐹𝑡(𝜗1 ∗ (0 ∗

𝜗2)) ⪯ max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}. 

Proof. Let 𝜗1, 𝜗2 ∈ 𝐺 . Then we have 𝐸𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) = min(𝐸(𝜗1 ∗ (0 ∗ 𝜗2)), 𝑡) ⪯ 

max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(0 ∗ 𝜗2), 𝑡)} ⪯ max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(𝜗1 ∗ Ψ), 𝑡)} =  max{𝐸𝑡(𝜗1 ∗

Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and 𝐼𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) = min(𝐼(𝜗1 ∗ (0 ∗ 𝜗2)), 𝑡′) ⪰ min{min(𝐼(𝜗1 ∗  Φ), 𝑡′), min(𝐼(0 ∗

𝜗2), 𝑡′)} ⪰ min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗ Ψ), 𝑡′)} = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗  Ψ)}  and 𝐹𝑡(𝜗1 ∗ (0 ∗

𝜗2)) = max(𝐹(𝜗1 ∗ (0 ∗ 𝜗2)), Ω) ⪯ max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(0 ∗𝜗2), Ω)} ⪯ max{max(𝐹(𝜗1 ∗

Φ), 𝑡), max(𝐹(𝜗1 ∗ Ψ), Ω)} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)} by definition and proposition. 

 

Proposition 3.9. If 𝒬𝑡NS set 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) of 𝐺 meets all the conditions mentioned here., then 𝒬𝑡 

refers to a 𝒬𝑡NNSU of 𝐺. 

(1) 𝐸𝑡(0 ∗ 𝜗1) ⪯ 𝐸𝑡(𝜗1 ∗ Φ) and 𝐼𝑡(0 ∗ 𝜗1) ⪰ 𝐼𝑡(𝜗1 ∗ Φ) and 𝐹𝑡(0 ∗ 𝜗1) ⪯ 𝐹𝑡(𝜗1 ∗ Φ)∀ 𝜗1 ∈ 𝐺. 

(2) 𝐸𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) ⪯ max{𝐸𝑡(𝜗1 ∗ Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and 𝐼𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) ⪰ min{𝐼𝑡(𝜗1 ∗  Φ), 𝐼𝑡(𝜗1 ∗

Ψ)} and 𝐹𝑡(𝜗1 ∗ (0 ∗ 𝜗2)) ⪯ max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}∀𝜗1, 𝜗2 ∈ 𝐺 and 𝑡 ∈ [0,1]. 

Proof. Let 𝒬𝑡NS set 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) of G meets the statements listed above (1 and 2). then using 

Lemma, we have 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐸((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} = {min(𝐸(𝜗1 ∗ (0 ∗  (0 ∗
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𝜗2))) , 𝑡)} ⪯ max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(0 ∗ 𝜗2), 𝑡)} = max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(0 ∗  𝜗2), 𝑡)} =

max{𝐸𝑡(𝜗1 ∗ Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡′)}  =

{min (𝐼 (𝜗1 ∗ (0 ∗ (0 ∗ 𝜗2))) , 𝑡′)} ⪰ min{min(𝐼(𝜗1 ∗ Φ), 𝑡), min(𝐼(0 ∗ 𝜗2), 𝑡′)} ⪰ min{min(𝐼(𝜗1 ∗ 

Φ), 𝑡), min(𝐼(0 ∗ 𝜗2), 𝑡′)} = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {max(𝐹((𝜗1 ∗ 

Φ) ∗ (𝜗2 ∗ Ψ)), Ω)} = {max (𝐹 (𝜗1 ∗ (0 ∗ (0 ∗ 𝜗2))) , Ω)} ⪯ max{max(𝐹(𝜗1 ∗ Φ), 𝑡), max(𝐹(0 ∗ 𝜗2), Ω)} 

⪯ max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(0 ∗ 𝜗2), Ω)} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}∀𝜗1, 𝜗2 ∈ 𝐺 . Hence, 𝒬𝑡  is 

𝒬𝑡NNSU of G . 

 

Theorem 3.10. The 𝒬𝑡NS  set 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡)  of 𝐺  is a 𝒬𝑡NNSU  of 𝐺 ⟺ 𝐸𝑡  and 𝐼𝑡  and 𝐹𝑡  are 

fuzzy 𝑁-subalgebras of 𝐺. 

Proof. Let 𝐸𝑡 , 𝐼𝑡  and 𝐽𝑡  are fuzzy N-subalgebra of G and 𝜗1, 𝜗2 ∈ 𝐺  and 𝑡, 𝑡′, Ω ∈ [0,1]. Then 

𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐸((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} ⪯ max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(𝜗1 ∗ 

Ψ), 𝑡)} = min{𝐸𝑡(𝜗1 ∗ Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ 

Ψ)), 𝑡′)} ⪰ min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗ Ψ), 𝑡′)} = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 𝐹𝑡((𝜗1 ∗ Φ) ∗

(𝜗2 ∗ Ψ)) = {max(𝐹((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), Ω)} ⪯ max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(𝜗1 ∗Ψ), Ω)} =

max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}. 

Conversely, assume that 𝒬𝑡  is a 𝒬𝑡NNSU of G. For any 𝜗1, 𝜗2 ∈ 𝐺, 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =

{min(𝑀((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} ⪯ max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(𝜗1 ∗  Ψ), 𝑡)} = max{𝐸𝑡(𝜗1 ∗

Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and [𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ))] =  𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =

{min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡′)} ⪰ min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗  Ψ), 𝑡′)} = min{[min(𝐼(𝜗1 ∗

Φ), 𝑡′), min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗ Ψ), 𝑡′), min(𝐼(𝜗1 ∗  Ψ), 𝑡′)]} = [min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗

Ψ), 𝑡′)}, min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗Ψ), 𝑡′)}] = [min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}, min{𝐼𝑡(𝜗1 ∗ (𝜗1 ∗

Φ), 𝐼𝑡Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}] . Thus, 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰  min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}, 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗

Ψ)) ⪰ min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {max(𝐹((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), Ω)} ⪯

max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(𝜗1 ∗ Ψ), Ω)} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}. Hence 𝐸𝑡  and 𝐼𝑡  and 𝐹𝑡 

are fuzzy N-subalgebra of G. 

 

Theorem 3.11. Let 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡)  be a 𝒬𝑡NNSU  of 𝐺 . Then the sets 𝐼𝐸𝑡 , 𝐼𝐼𝑡  and 𝐼𝐹𝑡  which are 

defined as 𝐼𝐸𝑡 = {𝜗1 ∈ 𝐺 ∣ 𝐸𝑡(𝜗1 ∗ Φ) = 𝐸𝑡(0)} , 𝐼𝐼𝑡 = {𝜗1 ∈ 𝐺 ∣ 𝐼𝑡(𝜗1 ∗ Φ) = 𝐼𝑡(0)}  and 𝐼𝐹𝑡 = {𝜗1 ∈

𝐺 ∣ 𝐹𝑡(𝜗1 ∗ Φ) = 𝐹𝑡(0)} are 𝒬𝑡 NNSU of 𝐺. 

Proof. Let 𝜗1, 𝜗2 ∈ 𝐼𝐸𝑡 . Then 𝐸𝑡(𝜗1 ∗ Φ) = 𝐸𝑡(0) = 𝐸𝑡(𝜗1 ∗ Ψ) and so, 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 

{min(𝐸((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} ⪯ max{(min(𝐸(𝜗1 ∗ Φ), 𝑡)), (min(𝐸(𝜗1 ∗ Ψ), 𝑡))} = 𝐸𝑡(0) . By using 

Proposition, as we know that 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝐸𝑡(0) or equivalently (𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ) ∈

𝐼𝐸𝑡 . 

Now we let 𝜗1, 𝜗2 ∈ 𝐼𝐼𝑡 . Then 𝐼𝑡(𝜗1 ∗ Φ) = 𝐼𝑡(0) = 𝐼𝑡(𝜗1 ∗ Ψ)  and so, 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗  Ψ)) =

{min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡′)} ⪰ min{(min(𝐼(𝜗1 ∗ Φ), 𝑡′)), (min(𝐼(𝜗1 ∗ Ψ), 𝑡′))}min{𝐼𝑡(𝜗1 ∗ 

Φ), 𝐼𝑡(𝜗1 ∗ Ψ)} = 𝐼𝑡(0) . By using Proposition, as we know that 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝐼𝑡(0)  or 

equivalently(𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ) ∈ 𝐼𝐼𝑡. 

Again we let 𝜗1, 𝜗2 ∈ 𝐼𝐹𝑡 . Then 𝐹𝑡(𝜗1 ∗ Φ) = 𝐹𝑡(0) = 𝐹𝑡(𝜗1 ∗ Ψ)  and so, 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 

{max(𝐹((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} ⪯ max{(max(𝐹(𝜗1 ∗ Φ), 𝑡)), (max(𝐹(𝜗1 ∗ Ψ), 𝑡))} = 𝐹𝑡(0) . Again by 

using Proposition, as we know that 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝐹𝑡(0)  or equivalently (𝜗1 ∗ Φ) ∗

(𝜗2 ∗ Ψ) ∈ 𝐼𝐹𝑡 . Hence the sets 𝐼𝐸𝑡𝐼𝐼𝑡 and 𝐼𝐹𝑡  are subalgebra of G. 

 

Definition 3.12. Let 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) be a T neutrosophic set of G. For 𝑠1 ∈ [0,1] and 𝜗1, 𝜗2 ∈ [0,1], 

the set 𝑈(𝐸𝑡 ∣ 𝜗1) = {𝜗1 ∈ 𝐺 ∣ 𝐸𝑡(𝜗1 ∗ Φ) ⪰ 𝜗1 is called upper 𝜗1-level of 𝒬𝑡 and the set 𝑈(𝐼𝑡 ∣ (𝑠1) =

{𝑠1 ∈ 𝐺 ∣ 𝐼𝑡(𝜗1 ∗ Φ) ⪰ 𝑠1 is called upper 𝑠1-level of 𝒬𝑡 and 𝐿(𝐹𝑡 ∣ (𝑡1))  

= {𝜗1 ∈ 𝐺 ∣ 𝐹𝑡(𝜗1 ∗ Φ) ⪯ 𝜗1 is called lower (𝜗1)-level of 𝒬𝑡. 
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Theorem 3.13. If 𝒬𝑡 = (𝐸𝑡 , 𝐼𝑡 , 𝐹𝑡) is 𝒬𝑡NNSU of 𝐺, then the upper 𝜗1-level, upper 𝑠1-level and lower 

𝜗1-level of 𝒬𝑡 are 𝑁-subalgebra of 𝐺. 

Proof. Let 𝜗1, 𝜗2 ∈ 𝑈(𝐸𝑡 ∣ 𝜗1) . Then 𝐸𝑡(𝜗1 ∗ Φ) ⪰ 𝜗1  and 𝐸𝑡(𝜗1 ∗ Ψ) ⪰ 𝜗1 . It follows that 

𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐸((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} ⪯ max{min(𝐸(𝜗1 ∗ Φ), 𝐸(𝜗1 ∗ Ψ), 𝑡)} = 

max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(𝜗1 ∗ Ψ), 𝑡)} = max{𝐸𝑡(𝜗1 ∗ Φ), 𝐸𝑡(𝜗1 ∗ Ψ)} ⪯ 𝜗1 ⇒ (𝜗1 ∗ Φ) ∗  (𝜗2 ∗ Ψ) ∈

𝑈(𝐸𝑡 ∣ 𝜗1). Hence 𝑈(𝐸𝑡 ∣ 𝜗1) is a N-subalgebra of G. Let 𝜗1, 𝜗2 ∈ 𝑈(𝐼𝑡 ∣ 𝑠1. Then 𝐼𝑡(𝜗1 ∗ Φ) ⪰ 𝑠1 and 

𝐼𝑡(𝜗1 ∗ Ψ) ⪰ 𝑠1 . It follows that 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗  Ψ)), 𝑡′)} ⪰

min{min(𝐼(𝜗1 ∗ Φ), 𝐼(𝜗1 ∗ Ψ), 𝑡′)} = min{min(𝐼(𝜗1 ∗ Φ), 𝑡′), min(𝐼(𝜗1 ∗ Ψ), 𝑡′)} = min{𝐼𝑡(𝜗1 ∗

Φ), 𝐼𝑡(𝜗1 ∗ Ψ)} ⪰ 𝑠1 ⇒ (𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ) ∈ 𝑈(𝐼𝑡 ∣ 𝑠1). Hence, 𝑈(𝐼𝑡 ∣ 𝑠1 is a N − subalgebra of G. Let 

𝜗1, 𝜗2 ∈ 𝐿(𝐹𝑡 ∣ 𝜗1) . Then 𝐹𝑡(𝜗1 ∗ Φ) ⪯ 𝜗1  and 𝐹𝑡(𝜗1 ∗ Ψ) ⪯ 𝜗1 . It follows that 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗

Ψ)) = {max(𝐹((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), Ω)} ⪯ max{max(𝐹(𝜗1 ∗ Φ), 𝐹(𝜗1 ∗  Ψ), Ω)} = max{max(𝐹(𝜗1 ∗

Φ), 𝑡), max(𝐹(𝜗1 ∗ Ψ), 𝑡)} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)} ⪯ 𝜗1 ⇒  (𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ) ∈ 𝐿(𝐹𝑡 ∣ 𝜗1) . 

Hence, 𝐿(𝐹𝑡 ∣ 𝜗1) is a N -subalgebra of G. 

 

Theorem 3.14. Any G-subalgebra may be interpreted as the upper 𝜗1, upper 𝑠1, and lower 𝜗1 levels 

of some 𝒬𝑡NNSU. 

Proof. Let ℵ𝑡 be a 𝒬𝑡NNSU of 𝐺, and 𝒬𝑡 be a 𝒬𝑡NS set on G represented by 

𝐸𝑡 = {
[𝑣]  if 𝜗1 ∈ ℵ𝑡

1,  otherwise 

𝐼𝑡 = {
[𝜇]  if 𝜗1 ∈ ℵ𝑡

0  otherwise 

𝐹𝑡 = {
[𝜈]  if 𝜗1 ∈ ℵ𝑡

0,  otherwise 

 

∀𝑣, 𝜇, 𝜈 ∈ [0,1]. 

We discuss the following cases. 

 

Case 1. If ∀𝜗1, 𝜗2 ∈ 𝒟𝑡  then 𝐸𝑡(𝜗1 ∗ Φ) = 𝑣, 𝐼𝑡(𝜗1 ∗ Φ) = 𝜇, 𝐹𝑡(𝜗1 ∗ Φ) = 𝜈  and 𝐸𝑡(𝜗1 ∗ Ψ) = 

𝑣, 𝐼𝑡(𝜗1 ∗ Ψ) = 𝜇, 𝐹𝑡(𝜗1 ∗ Ψ) = 𝜈 . Thus 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝑣 = min{𝑣, 𝑣} = min{𝐸𝑡(𝜗1 ∗ 

Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}  and 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = 𝜇 = min𝜇 = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 𝐹𝑡((𝜗1 ∗

Φ) ∗ (𝜗2 ∗ Ψ)) = 𝜈 = max{𝜈, 𝜈} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}. 

 

Case 2. If 𝜗1 ∈ Ψ𝑡  and 𝜗2 ∉ Ψ𝑡 , then 𝐸𝑡(𝜗1 ∗ Φ) = 𝑣, 𝐼𝑡(𝜗1 ∗ Φ) = 𝜇, 𝐹𝑡(𝜗1 ∗ Φ) = 𝜈  and 𝐸𝑡(𝜗1 ∗

Ψ) = 0, 𝐼𝑡(𝜗1 ∗ Ψ) = 0, 𝐹𝑡(𝜗1 ∗ Ψ) = 1 . Thus 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ 0 = max{𝑣, 0} =  max{𝐸𝑡(𝜗1 ∗

Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}, 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ 0 = min{𝜇, 0} = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)} 

and 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ 1 = max{𝜈, 1} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}. 

 

Case 3. If 𝜗1 ∉ Ψ𝑡  and 𝜗2 ∈ Ψ𝑡 , then 𝐸𝑡(𝜗1 ∗ Φ) = 0, 𝐼𝑡(𝜗1 ∗ Φ) = 0, 𝐹𝑡(𝜗1 ∗ Φ) = 1  and 𝐸𝑡(𝜗1 ∗

Ψ) = 𝑣, 𝐼𝑡(𝜗1 ∗ Ψ) = 𝜇, 𝐹𝑡(𝜗1 ∗ Ψ) = 𝜈 . Thus 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ 0 = max{0, 𝑣} =  max{𝐸𝑡(𝜗1 ∗

Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}, 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ 0 = min{0, 𝜇} = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 𝐹𝑡((𝜗1 ∗

Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ 1 = max{1, 𝜈} = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)}. 

 

Case 4. If 𝜗1 ∉ Ψ𝑡  and 𝜗2 ∉ Ψ𝑡 , then 𝐸𝑡(𝜗1 ∗ Φ) = 0, 𝐼𝑡(𝜗1 ∗ Φ) = 0, 𝐹𝑡(𝜗1 ∗ Φ) = 1  and 𝐸𝑡(𝜗1 ∗

Ψ) = 0, 𝐼𝑡(𝜗1 ∗ Ψ) = 0, 𝐹𝑡(𝜗1 ∗ Ψ) = 1 . Thus 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ 1 = max{0,0} =  max{𝐸𝑡(𝜗1 ∗

Φ), 𝐸𝑡(𝜗1 ∗ Ψ)}, 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ [0,0] = min{[0,0]} = min{𝐼𝑡(𝜗1 ∗  Φ), 𝐼𝑡(𝜗1 ∗ Ψ)}  and 

𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ 1 = max1,1 = max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ)} . Therefore, 𝒬𝑡  is a 𝒬𝑡NNSU  of 

G. 
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Theorem 3.15. Let 𝒬𝑡  be a 𝒬𝑡NS set on 𝐺  that is presented in the proof of the aforementioned 

theorem and 𝒬𝑡 be a subset of 𝐺. 𝒬𝑡 is a 𝒬𝑡NS cubic one of 𝐺 if 𝒬𝑡 is regarded as both the lower 

and upper-level subalgebra of some 𝒬𝑡NNSU of 𝐺. 

Proof. Let 𝒬𝑡  be a 𝒬𝑡NNSU of 𝐺 , and 𝜗1, 𝜗2 ∈ 𝒬𝑡 . Then 𝐸𝑡(𝜗1 ∗ Φ) = 𝐸𝑡(𝜗1 ∗ Ψ) = 𝛾 , 𝐼𝑡(𝜗1 ∗

Φ) = 𝐼𝑡(𝜗1 ∗ Ψ) = 𝛼 and 𝐹𝑡(𝜗1 ∗ Φ) = 𝐹𝑡(𝜗1 ∗ Ψ) = 𝛽. Thus 𝐸𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = {min(𝐸((𝜗1 ∗

Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡)} ⪯ max{min(𝐸(𝜗1 ∗ Φ), 𝑡), min(𝐸(𝜗1 ∗ Ψ), 𝑡)} = max{𝐸𝑡(𝜗1 ∗Φ), 𝐸𝑡(𝜗1 ∗ Ψ), } =

max{𝛾, 𝛾} = 𝛾, ⇒ (𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ) ∈ 𝒬𝑡 , 𝐼𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =  {min(𝐼((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), 𝑡′)} ⪰

min{min(𝐼(𝜗1 ∗ Φ), 𝐼(𝜗1 ∗ Ψ), 𝑡′)} = min{min(𝐼(𝜗1 ∗Φ), 𝑡′), min(𝐼(𝜗1 ∗ Ψ), 𝑡′)} = min{𝐼𝑡(𝜗1 ∗ Φ), 𝐼𝑡(𝜗1 ∗

Ψ)} = min𝛼, 𝛼 = 𝛼  and 𝐹𝑡((𝜗1 ∗ Φ) ∗ (𝜗2 ∗  Ψ)) = {max(𝐹((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)), Ω)} ⪯

max{max(𝐹(𝜗1 ∗ Φ), Ω), max(𝐹(𝜗1 ∗ Ψ), Ω)} =  max{𝐹𝑡(𝜗1 ∗ Φ), 𝐹𝑡(𝜗1 ∗ Ψ), } = max{𝛽, 𝛽} = 𝛽, ⇒ (𝜗1 ∗

Φ) ∗ (𝜗2 ∗ Ψ) ∈ 𝒬𝑡. Hence, the proof is completed. 

4. Modified Concept of Union and Intersection for 𝓠𝒕𝐍𝐒 Se 

For the suggested notion of 𝒬𝑡NS N-subalgebra, the concepts of P-union, P-intersection, R-

union, and R-intersection are modified in this section to 𝑃𝑁−Union, 𝑃𝑁−-intersection, 𝑅𝑁−  Union, 

and 𝑅𝑁-intersection. 

Definition 4.1. For any 𝒬𝑡NS set 𝒬𝑖
𝑡 = {< 𝜗1, 𝐸𝑖

𝑡(𝜗1), 𝐼𝑖
𝑡(𝜗1), 𝐹𝑖

𝑡(𝜗1) >∣ 𝜗1 ∈ 𝐺} =< 𝐸𝑖
𝑡 , 𝐼𝑖

𝑡 , 𝐹𝑖
𝑡 > for 𝑖 ∈

𝐼𝑛, the structures of 𝑃𝑁−-Union, 𝑃𝑁−-Intersection, 𝑅𝑁−Union, and 𝑅𝑁− Intersection are respectively 

defined as follows: 

 𝑃𝑁-union →∪𝑃𝑁
𝑖∈𝐼𝑛

𝒬𝑖
𝑡 = {⟨𝜗1; (∨𝑖∈𝐼𝑛

𝐸)(𝜗1), (∪𝑖∈𝐼𝑛
𝐼)(𝜗1), (∨𝑖∈𝐼𝑛

𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}, 

 𝑅𝑁-union →∪𝑅𝑁
𝑖∈𝐼𝑛

𝒬𝑖
𝑡 = {⟨𝜗1; (∧𝑖∈𝐼𝑛

𝐸)(𝜗1), (∪𝑖∈𝐼𝑛
𝐼)(𝜗1), (∧𝑖∈𝐼𝑛

𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}, 

 𝑃𝑁-intersection →∩𝑃𝑁
𝒬𝑖

𝑡 = {⟨𝜗1; (∧𝑖∈𝐼𝑛
𝐸)(𝜗1), (∩𝑖∈𝐼𝑛

𝐼)(𝜗1), (∧𝑖∈𝐼𝑛
𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺},  

 𝑅𝑁-intersection →∩𝑅𝑁
𝒬

𝑖∈𝐼𝑛

= {⟨𝜗1; (∨𝑖∈𝐼𝑛
𝐸)(𝜗1), (∩𝑖∈𝐼𝑛

𝐼)(𝜗1), (∨𝑖∈𝐼𝑛
𝐹)(𝜗1)⟩ ∣ 𝜗1 ∈ 𝐺}. 

Example 4.2. Suppose there are three 𝒬𝑡NS  sets 𝒬1
𝑡 = {< 𝜗1, 𝐸1

𝑡(𝜗1), 𝐼1
𝑡(𝜗1), 𝐹1

𝑡  (𝜗1) >∣ 𝜗1 ∈ 𝐺} =<

𝐸1
𝑡 , 𝐼1

𝑡 , 𝐹1
𝑡 >, 𝒬2

𝑡 = {< 𝜗1, 𝐸2
𝑡(𝜗1), 𝐼2

𝑡(𝜗1), 𝐹2
𝑡(𝜗1) >∣ 𝜗1 ∈ 𝐺} =< 𝐸2

𝑡 , 𝐼2
𝑡  , 𝐹2

𝑡 >  and 𝒬3
𝑡 = {<

𝜗1, 𝐸3
𝑡(𝜗1), 𝐼3

𝑡(𝜗1), 𝐹3
𝑡(𝜗1) >∣ 𝜗1 ∈ 𝐺} =< 𝐸3

𝑡 , 𝐼3
𝑡 , 𝐹3

𝑡 > as: 

 

Table 3. 𝒬𝑡NS sets 𝒬𝑖
𝑡; 𝑖 = 1,2,3. 

 𝐸𝑡(𝜗1) 𝐼𝑡(𝜗1) 𝐹𝑡(𝜗1) 

𝒬1
𝑡  0.5 0.3 0.1 

𝒬2
𝑡  0.9 0.2 1 

𝒬3
𝑡  0.6 0.4 0.7 

 

Then the 𝑃𝑁-Union, 𝑅𝑁-Union, 𝑃𝑁-intersection, and 𝑅𝑁-intersection of the above three sets is 

represented by the following Table 4: 

 

Table 4. Tabular representation of 𝑃𝑁-Union, 𝑅𝑁-Union, 𝑃𝑁-intersection, and 𝑅𝑁-intersection. 

 𝐸𝑡(𝜗1) 𝐼𝑡(𝜗1) 𝐹𝑡(𝜗1) 

𝑃𝑁-union 0.9 0.4 1 

𝑅𝑁-union 0.5 0.4 0.1 

𝑃𝑁-intersection 0.5 0.2 0.1 

𝑅𝑁-intersection 0.9 0.2 1 

 

Now, we examine that the 𝑃𝑁-Union, 𝑃𝑁-intersection, 𝑅𝑁-Union, and 𝑅𝑁-intersection of 𝒬𝑖
𝑡 are 

𝒬𝑡 NNSUs of G with the development of following theorems. 
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Theorem 4.3. Let 𝒬𝑖
𝑡 = {⟨𝜗1, (𝐸𝑖

𝑡), (𝐼𝑡  𝑖), (𝐹𝑖
𝑡)⟩ ∣ 𝜗1 ∈ 𝐺} where 𝑖 ∈ 𝑘, is a family of sets of 𝒬𝑡NNSU of 

𝐺 .If inf{min{(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}} = min{inf(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐸𝑖

𝑡)(𝜗1 ∗  Ψ)}  and 

inf{max{(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}} = max{inf(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}  and sup{min{(𝐼𝑡  𝑖)(𝜗1 ∗

Φ), (𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)}} = min{sup(𝐼𝑡  𝑖)(𝜗1 ∗ Φ), sup(𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)}∀𝜗1 ∈ 𝐺, and 𝑡 ∈ [0,1] then 𝑅𝑁-union of 

𝒬𝑖
𝑡 is also a 𝒬𝑡NNSU of 𝐺. 

Proof. Let 𝒬𝑖
𝑡 = {⟨𝜗1, (𝐸𝑖

𝑡), (𝐼𝑡  𝑖), (𝐹𝑖
𝑡)⟩ ∣ 𝜗1 ∈ 𝐺} where 𝑖 ∈ 𝑘, and 𝑡 ∈ [0,1] is a family of sets of 

𝒬𝑡NNSU of G such that inf{min{(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}} = min{inf(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)} 

and inf{max{(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}} = max{inf(𝐹𝑖
𝑡)(𝜗1 ∗Φ), inf(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}  and 

sup{min{(𝐼𝑡  𝑖)(𝜗1 ∗ Φ), (𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)}} = min{sup(𝐼𝑡  𝑖)(𝜗1 ∗  Φ)sup(𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)}∀𝜗1 ∈ 𝐺 , and 𝑡 ∈

[0,1]. Then for 𝜗1, 𝜗2 ∈ 𝐺 and 𝑡 ∈ [0,1]. 

(∧ (𝐸𝑖
𝑡))((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = (∧ (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = inf {(min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))}

 ⪯ inf{max{min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ), min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ)}}

 = max{inf(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), inf(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}

 = max{inf((𝐸𝑖
𝑡)(𝜗1 ∗ Φ)), inf((𝐸𝑖

𝑡)(𝜗1 ∗ Ψ))}

 = max{∧ (𝐸𝑖
𝑡)(𝜗1 ∗ Φ),∧ (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∧ (𝐸𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∧ (𝐸𝑖

𝑡)(𝜗1 ∗ Φ),∧ (𝐸𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 

(∪ (𝐼𝑡  𝑖))((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = (∪ (min(𝐼𝑖 , 𝑡′))((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ))

 = sup{min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ))}

 ⪰ sup{min{min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ), min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ)}}

 = min{sup(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), sup(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}

 = min{sup((𝐼𝑖
𝑡)(𝜗1 ∗ Φ)), sup((𝐼𝑖

𝑡)(𝜗1 ∗ Ψ))}

 = min{∪ (𝐼𝑖
𝑡)(𝜗1 ∗ Φ),∪ (𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∪ (𝐼𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ min{∪ (𝐼𝑖

𝑡)(𝜗1 ∗ Φ),∪ (𝐼𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 

(∧ (𝐹𝑖
𝑡))((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) = (∧ (max(𝐹𝑖 , Ω))((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ))

 = inf{max(𝐹𝑖 , Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ))}

 ⪯ inf{max{max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ), max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ)}}

 = max{inf(max(𝐹𝑖, Ω)(𝜗1 ∗ Φ)), inf(max(𝐽𝑖 , Ω)(𝜗1 ∗ Ψ))}

 = max{inf((𝐹𝑖
𝑡)(𝜗1 ∗ Φ)), inf((𝐹𝑖

𝑡)(𝜗1 ∗ Ψ))}

 = max{∧ (𝐹𝑖
𝑡)(𝜗1 ∗ Φ),∧ (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∧ (𝐹𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∧ (𝐹𝑖

𝑡)(𝜗1 ∗ Φ),∧ (𝐹𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

which show that 𝑅𝑁-union of 𝒬𝑖
𝑡 is a 𝒬𝑡NNSU of G . 

 

Theorem 4.4. The 𝑅𝑁-intersection of any set of 𝒬𝑡NNSU of 𝐺 is also a 𝒬𝑡NNSU of 𝐺.  

Proof. Let 𝒬𝑖
𝑡 = {⟨𝜗1, 𝐸𝑖

𝑡 , 𝐼𝑡𝑖, 𝐹𝑖
𝑡⟩ ∣ 𝜗1 ∈ 𝐺} where 𝑖 ∈ 𝑘, be a set of 𝒬𝑡 NNSU of G and 𝜗1, 𝜗2 ∈ 𝐺 

and 𝑡, Φ, Ψ ∈ [0,1]. Then 

(∨ (𝐸𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∨ (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = sup (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪯ sup {max{(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), (min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}}

 = max{sup(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), sup(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}

 = max{sup(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = max{∨ (𝐸𝑖
𝑡)(𝜗1 ∗ Φ),∨ (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∨ (𝐸𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∨ (𝐸𝑖

𝑡)(𝜗1 ∗ Φ),∨ (𝐸𝑖
𝑡)(𝜗1 ∗ Ψ)}
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and 

(∩ (𝐼𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∩ (min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = inf (min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪰ inf {min{(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), (min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}}

 = min{inf(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), inf(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}

 = min{inf(𝐼𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = min{∩ (𝐼𝑖
𝑡)(𝜗1 ∗ Φ),∩ (𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∩ (𝐼𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ min{∩ (𝐼𝑖

𝑡)(𝜗1 ∗ Φ),∩ (𝐼𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 

(∨ (𝐹𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∨ (max(𝐽𝑖 , Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = sup (max(𝐹𝑖 , Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪯ sup {max{(max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ)), (max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ))}}

 = max{sup(max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ)), sup(max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ))}

 = max{sup(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = max{∨ (𝐹𝑖
𝑡)(𝜗1 ∗ Φ),∨ (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∨ (𝐹𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∨ (𝐹𝑖

𝑡)(𝜗1 ∗ Φ),∨ (𝐹𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

Which show that 𝑅𝑁-intersection of 𝒬𝑖
𝑡 is a 𝒬𝑡NNSU of G . 

 

Theorem 4.5. Let 𝒬𝑖
𝑡 = {⟨𝜗1, (𝐸𝑖

𝑡), (𝐼𝑡  𝑖), (𝐹𝑖
𝑡)⟩ ∣ 𝜗1 ∈ 𝐺} is a set of 𝒬𝑡  NNSU of 𝐺, where 𝑖 ∈ 𝑘 and 

𝑡 ∈ [0,1]. If inf {min{(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), (𝐸𝑖

𝑡)(𝜗1 ∗ Φ)}} = min{inf(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐸𝑖

𝑡)(𝜗1 ∗ Φ)}  

and inf{max{(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), (𝐹𝑖

𝑡)(𝜗1 ∗ Φ)}} = max{inf(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐹𝑖

𝑡)(𝜗1 ∗ Φ)}∀𝜗1 ∈ 𝐺 , then 𝑃𝑁 -

intersection of 𝒬𝑖
𝑡 is also a 𝒬𝑡NNSU of 𝐺. 

Proof. Suppose that 𝒬𝑖
𝑡 = {⟨𝜗1, (𝐸𝑖

𝑡), (𝐼𝑡  𝑖), (𝐹𝑖
𝑡)⟩ ∣ 𝜗1 ∈ 𝐺}  where 𝑖 ∈ 𝑘 , is a family of sets of 

𝒬𝑡NNSU of G such that inf{min{(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), (𝐸𝑖

𝑡)(𝜗1 ∗ Φ)}} = min{inf(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐸𝑖

𝑡)(𝜗1 ∗ Φ)} 

and inf{max{(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), (𝐹𝑖

𝑡)(𝜗1 ∗ Φ)}} = max{inf(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐹𝑖

𝑡)(𝜗1 ∗ Φ)}∀𝜗1, 𝜗2 ∈ 𝐺  and 𝑡 ∈

[0,1]. Then 

(∧ (𝐸𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∧ (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = inf (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪯ inf {max{(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), (min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}}

 = max{inf(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), inf(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}

 = max{inf(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = max{∧ (𝐸𝑖
𝑡)(𝜗1 ∗ Φ),∧ (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∧ (𝐸𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∧ (𝐸𝑖

𝑡)(𝜗1 ∗ Φ),∧ (𝐸𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 

(∩ (𝐼𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∩ (min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = inf (min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪰ inf {min{(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), (min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}}

 = min{inf(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), inf(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}

 = min{inf(𝐼𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = min{∩ (𝐼𝑖
𝑡)(𝜗1 ∗ Φ),∩ (𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∩ (𝐼𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ min{∩ (𝐼𝑖

𝑡)(𝜗1 ∗ Φ),∩ (𝐼𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 
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(∧ (𝐹𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∧ (max(𝐹𝑖, Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = inf (max(𝐹𝑖 , Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪯ inf {max{(max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ)), (max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ))}}

 = max{inf(max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ)), inf(max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ))}

 = max{inf(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = max{∧ (𝐹𝑖
𝑡)(𝜗1 ∗ Φ),∧ (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∧ (𝐹𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∧ (𝐹𝑖

𝑡)(𝜗1 ∗ Φ),∧ (𝐹𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

which show that 𝑃𝑁-intersection of 𝒬𝑖
𝑡 is a 𝒬𝑡 NNSU of G. 

 

Theorem 4.6. Let 𝒬𝑡  𝑖 = {⟨𝜗1, (𝐸𝑖
𝑡), (𝐼𝑡  𝑖), (𝐹𝑖

𝑡)⟩ ∣ 𝜗1 ∈ 𝐺} where 𝑖 ∈ 𝑘, is a family of sets of 𝒬𝑡NNSU of 

𝐺. If  

sup{min{(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}} = min{sup(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), inf(𝐸𝑖

𝑡)(𝜗1 ∗Ψ  and 

sup{min{(𝐼𝑡  𝑖)(𝜗1 ∗ Φ), (𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)}} = min{sup(𝐼𝑡  𝑖)(𝜗1 ∗ Φ), sup(𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)} 

and sup{max{(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}} = max{sup(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}∀𝜗1, 𝜗2 ∈ 𝐺 , then 

𝑃𝑁-union of 𝒬𝑖
𝑡 is also a 𝒬𝑡NNSU of 𝐺. 

Proof. Let 𝒬𝑖
𝑡 = {⟨𝜗1, (𝐸𝑖

𝑡), (𝐼𝑡  𝑖), (𝐹𝑖
𝑡)⟩ ∣ 𝜗1 ∈ 𝐺} where 𝑖 ∈ 𝑘, is a family of sets of 𝒬𝑡NNSU of G 

such that 

sup{min{(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}} = min{sup(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐸𝑖

𝑡)(𝜗1 ∗Ψ)} , 

   sup{min{(𝐼𝑡  𝑖)(𝜗1 ∗ Φ), (𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)}} = min{sup(𝐼𝑡  𝑖)(𝜗1 ∗ Φ), sup(𝐼𝑡  𝑖)(𝜗1 ∗ Ψ)} 

and  

         sup{max{(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}} = max{sup(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}∀𝜗1, 𝜗2 ∈

𝐺。  

Then for 𝜗1, 𝜗2 ∈ 𝐺, and 𝑡 ∈ [0,1]. 

(∨ (𝐸𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∨ (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = sup (min(𝐸𝑖 , 𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪯ sup {max{(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), (min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}}

 = max{sup(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Φ)), sup(min(𝐸𝑖 , 𝑡)(𝜗1 ∗ Ψ))}

 = max{sup(𝐸𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = max{∨ (𝐸𝑖
𝑡)(𝜗1 ∗ Φ),∨ (𝐸𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∨ (𝐸𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∨ (𝐸𝑖

𝑡)(𝜗1 ∗ Φ),∨ (𝐸𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 

(∪ (𝐼𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∪ (min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = sup (min(𝐼𝑖 , 𝑡′)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪰ sup {min{(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), (min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}}

 = min{sup(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Φ)), sup(min(𝐼𝑖 , 𝑡′)(𝜗1 ∗ Ψ))}

 = min{sup(𝐼𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = rmin{∪ (𝐼𝑖
𝑡)(𝜗1 ∗ Φ),∪ (𝐼𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∪ (𝐼𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪰ min{∪ (𝐼𝑖

𝑡)(𝜗1 ∗ Φ),∪ (𝐼𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

and 
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(∨ (𝐹𝑡)𝑖)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) =∨ (max(𝐹𝑖 , Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 = sup (max(𝐹𝑖 , Ω)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)))

 ⪯ sup {max{(max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ)), (max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ))}}

 = max{sup(max(𝐹𝑖 , Ω)(𝜗1 ∗ Φ)), sup(max(𝐹𝑖 , Ω)(𝜗1 ∗ Ψ))}

 = max{sup(𝐹𝑖
𝑡)(𝜗1 ∗ Φ), sup(𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

 = max{∨ (𝐹𝑖
𝑡)(𝜗1 ∗ Φ),∨ (𝐹𝑖

𝑡)(𝜗1 ∗ Ψ)}

⇒∨ (𝐹𝑖
𝑡)((𝜗1 ∗ Φ) ∗ (𝜗2 ∗ Ψ)) ⪯ max{∨ (𝐹𝑖

𝑡)(𝜗1 ∗ Φ),∨ (𝐹𝑖
𝑡)(𝜗1 ∗ Ψ)}

 

Which show that 𝑃𝑁-union of 𝒬𝑖
𝑡 is a 𝒬𝑡 NNSU of G. 

5. Conclusion 

This research article introduces a modified algebraic structure for neutrosophic sets, specifically 

the 𝒬𝑡NS N-subalgebra structure within the context of G-algebra. The proposed structure, along with 

its modified operations and concepts, expands the theoretical framework and offers promising 

avenues for applications in decision-making, computer science, and mathematics. Future research 

directions include exploring multi-attribute decision-making, real-world applications, efficient 

algorithms, integration with machine learning, formalization of mathematical properties, and 

comparative studies. These advancements will deepen our understanding and enhance the 

practicality of the 𝒬𝑡NS N-subalgebra framework, driving innovation and progress in various fields. 

 

Declarations  

Ethics Approval and Consent to Participate 

The results/data/figures in this manuscript have not been published elsewhere, nor are they under 

consideration by another publisher. All the material is owned by the authors, and/or no permissions 

are required. 

Consent for Publication 

This article does not contain any studies with human participants or animals performed by any of the 

authors. 

Availability of Data and Materials  

The data that support the findings of this study are available from the corresponding author upon 

reasonable request. 

Competing Interests 

The authors declare no competing interests in the research.  

Funding 

This research was not supported by any funding agency or institute. 

Author Contribution 

All authors contributed equally to this research. 

Acknowledgment 

The author is grateful to the editorial and reviewers, as well as the correspondent author, who offered 

assistance in the form of advice, assessment, and checking during the study period. 

 

References 

1. Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338-353. 

2. Mendel, J. M., & John, R. I. B. (2002). Type-2 fuzzy sets made simple. IEEE Transactions on Fuzzy Systems, 

10(2), 117-127. 

3. Atanassov, K. T. (1999). Intuitionistic fuzzy sets: Theory and applications. Studies in Fuzziness and Soft 

Computing, 35, 1-137. 



Neutrosophic Systems with Applications, Vol. 25, 2025                                                 28 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Neha Andaleeb Khalid and Muhammad Saeed, An Approach for Hybridizing N-Subalgebra with Quantified Neutrosophic 

Set using G-Algebra 

4. Smarandache, F. (1999). A unifying field in logics: Neutrosophic logic, neutrosophy, neutrosophic set, 

neutrosophic probability. American Research Press. 

5. Smarandache, F. (2005). Neutrosophic set: A generalization of the intuitionistic fuzzy set. International 

Journal of Pure and Applied Mathematics, 24, 287-297. 

6. Iséki, K. (1980). On BCI-algebras. Mathematical Seminar Notes, 8(1), 125-130. 

7. Iséki, K. (1978). An introduction to the theory of BCK-algebras. Mathematica Japonica, 28(1), 1-20. 

8. Senapati, T., Kim, C. H., Bhowmik, M., & Pal, M. (2015). Cubic subalgebras and cubic closed ideals of B-

algebras. Fuzzy Information Engineering, 7(2), 129-149. 

9. Khalid, M., Khalid, N. A., & Iqbal, R. (2020). MBJ-neutrosophic T-ideal on B-algebra. International Journal 

of Neutrosophic Science, 1, 24-33. 

10. Bordbar, H., Takallo, M. M., Borzooei, R. A., & Jun, Y. B. (2020). BMBJ-neutrosophic subalgebra in BCI/BCK-

algebras. Neutrosophic Sets and Systems, 31, 31-43. 

11. Takallo, M. M., Borzooei, R. A., & Jun, Y. B. (2018). MBJ-neutrosophic structures and their applications in 

BCK/BCI-algebras. Neutrosophic Sets and Systems, 23, 72-84. 

12. Bandru, R. K., & Rafi, N. (2012). On G-algebras. Science Magna, 8, 1-7. 

13. Saeed, M., Shafique, I., Rahman, A. U., & El-Morsy, S. (2024). Soft algebraic structures embedded with soft 

members and soft elements: An abstract approach. Neutrosophic Systems with Applications, 33, 250-263. 

14. Senapati, T., Jana, C., Bhowmik, M., & Pal, M. (2015). L-fuzzy G-subalgebra of G-algebras. Journal of the 

Egyptian Mathematical Society, 23, 219-223. 

15. Senapati, T., Bhowmik, M., & Pal, M. (2012). Interval-valued intuitionistic fuzzy BG-subalgebras. The 

Journal of Fuzzy Mathematics, 20, 707-720. 

16. Kim, C. B., & Kim, H. S. (2008). On BG-algebra. Demonstratio Mathematica, 41, 497-505. 

17. Saeed, M., Ul Haq, I., & Ali, M. (2024). Cubic soft ideals on B-algebra for solving complex problems: Trend 

analysis, proofs, improvements, and applications. Neutrosophic Systems with Applications, 20, 1-9. 

18. Khalid, N. A., Saeed, M., & Smarandache, F. (2023). Interpretation of neutrosophic soft cubic T-ideal in the 

environment of PS-Algebra. Infinite Study. 

19. Jana, C., Senapati, T., Bhowmik, M., & Pal, M. (2015). On intuitionistic fuzzy G-subalgebras of G-algebras. 

Fuzzy Information and Engineering, 7, 195-209. 

20. Khalid, M., Khalid, N. A., Khalid, H., & Broumi, S. (2020). Multiplicative interpretation of neutrosophic 

cubic set on B-algebra. International Journal of Neutrosophic Science, 1, 58-67. 

21. Neggers, J., & Kim, H. S. (2002). A fundamental theorem of B-homomorphism for B-algebras. International 

Mathematical Journal, 2, 215-219. 

22. Khalid, M., Jun, Y. B., Takallo, M. M., & Khalid, N. A. (2020). Magnification of MBJ-neutrosophic translation 

on G-Algebra. International Journal of Neutrosophic Science, 2, 27-37. 

23. Khalid, M., Iqbal, R., Zafar, S., & Khalid, H. (2019). Intuitionistic fuzzy translation and multiplication of G-

algebra. The Journal of Fuzzy Mathematics, 27, 17-23. 

24. Khalid, M., Iqbal, R., & Broumi, S. (2019). Neutrosophic soft cubic subalgebras of G-algebras. Neutrosophic 

Sets and Systems, 28, 259-272. 

25. Ibrahim, A., Gunaseeli, S. K. H., & Broumi, S. (2023). Some types of neutrosophic filters in basic logic 

algebras. Neutrosophic Systems with Applications, 11, 31-38. 

26. Barbosa, R. P., & Smarandache, F. (2023). Pura vida neutrosophic algebra. Infinite Study. 

27. Barbhuiya, S. R. (2015). t-intuitionistic fuzzy subalgebra of BG-algebras. Advanced Trends in Mathematics, 

3, 16-24. 

28. Saeid, A. B. (2006). Interval-valued fuzzy B-algebras. Iranian Journal of Fuzzy System, 3, 63-73. 

29. Biswas, R. (1994). Rosenfeld's fuzzy subgroup with interval-valued membership function. Fuzzy Sets and 

Systems, 63, 87-90. 

30. Ahn, S. S., & Bang, K. (2003). On fuzzy subalgebras in B-algebra. Communications of the Korean 

Mathematical Society, 18, 429-437. 

31. Jun, Y. B., Smarandache, F., & Kim, C. S. (2017). Neutrosophic cubic sets. New Mathematics and Natural 

Computation, 13, 41-54. 

 



Neutrosophic Systems with Applications, Vol. 25, 2025                                                 29 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Neha Andaleeb Khalid and Muhammad Saeed, An Approach for Hybridizing N-Subalgebra with Quantified Neutrosophic 

Set using G-Algebra 

Received: 25 Aug 2024, Revised: 06 Dec 2024,  

Accepted: 30 Dec 2024, Available online: 01 Jan 2025. 

 

© 2025 by the authors. Submitted for possible open access publication under the terms and conditions 

of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/). 

 

Disclaimer/Publisher’s Note: The perspectives, opinions, and data shared in all publications are the 

sole responsibility of the individual authors and contributors, and do not necessarily reflect the views 

of Sciences Force or the editorial team. Sciences Force and the editorial team disclaim any liability for 

potential harm to individuals or property resulting from the ideas, methods, instructions, or products 

referenced in the content. 

 

 

 

 

 


