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Abstract: In this article, we design an informative and reliable technique of bipolar complex
intuitionistic fuzzy soft sets with numerous operational laws by merging the model of soft sets,
complex fuzzy sets, and bipolar intuitionistic fuzzy sets to handle imprecise data. In addition, anideal
in a BCK-algebra is derived based on bipolar complex intuitionistic fuzzy soft set theory are proposed
which can capture the information of hesitancy, vagueness, and non-membership information within
the circumstance of BCK-algebra. Moreover, we design union, intersection, AND, and OR based on
bipolar complex intuitionistic fuzzy soft ideal and simplify it with the help of numerous illustrations
to justify the effectiveness of the invented theory. In the end, we also evaluate numerous results for
the above-invented techniques to enhance the worth of the proposed theory.
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1. Introduction

In 1965, Zadeh [1] designed the system of fuzzy sets (FSs) with a perfect and reliable function,
called the function of membership with a wide range of data, because the range of crisp sets is very
narrow. The informative and dominant system of FSs is the modified version of the crisp set because
we have just zero and one in the presence of the crisp set, but in numerous situations, we required a
function with can give more space to decision-makers for making their decision like zero, one, and
between of them. In addition, in 1983 as well as in 1986, Atanassov [2, 3] designed a new model, called
the intuitionistic fuzzy sets (IFSs) with two major functions, defined from any fixed sets to the unit
interval, where the functions are called truth function and falsity function with a condition that is the
sum of the both functions must be the part of unit interval. The informative model of IFSs is very
capable and flexible because in numerous real-world problems, we observed that without falsity
information it is quite complex to cope with ambiguous and unreliable data, where the theory of FSs
is part of IFSs.

Complex-valued contain two-dimension information, called the real one and imaginary one
which is very important and dominant for coping with vague data, because, during the selection of
any type of software, we provided two types of information, called the name of the software and
version of the software which is represented the real and imaginary parts of complex-valued, for this,
experts have noticed that to change the range of the truth function which is very exciting task for
scholars. For this, in 2002, Ramot et al. [4] designed complex fuzzy sets (CFSs) with a complex version
of the truth function. In addition, the complex-valued truth function is not enough for coping with
vague and uncertain data, for this, the model of complex intuitionistic fuzzy sets (CIFSs) was
designed by Alkouri and Salleh [5] in 2012. The informative and well-known theory of CIFSs is very
advanced and famous because the existing FSs, IFSs, and CFSs have numerous specifications
compared to CIFSs.
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After our long assessment, we observed that the truth function and falsity function are very
important because we missed the important aspects of the truth and falsity information, for instance,
during purchasing any medicine, we have some problems and for those problems, we use some
medicine to recover from the problems but these medicines have also some negative aspects which
are very important to discuss it here, for this, Zhang [6] designed the system of bipolar fuzzy sets
(BFSs) with a positive truth function and negative truth function, where the advantages of the
medicine signify positive aspects and the disadvantages of the medicine signifies the negative aspects
of the medicine. In 2022, Mahmood and Rehman [7] modified the BFSs to initiate the bipolar complex
fuzzy sets (BCFSs) with a complex-valued positive truth function and complex-valued negative truth
function.

In 2001, Lee et al. [8] initiated the bipolar intuitionistic fuzzy sets that delimited the positive and
negative truth and falsity function with a condition of IFSs for both positive and negative functions.
In addition, Molodtsov [9] derived the soft sets (5Ss) theory with a function defined from a set of
parameters to power sets. Abdullah et al. [10] derived the bipolar fuzzy soft sets with applications.
Alqaraleh et al. [11] invented the bipolar complex fuzzy SSs. Jana [12] evaluated the bipolar
intuitionistic fuzzy SSs with applications. Balamurugan et al. [13] designed the bipolar intuitionistic
fuzzy soft ideals of BCK/BClI-algebras with applications. Gwak et al. [14] calculated the clustering
analysis with bipolar complex fuzzy soft sets. In 1966, Imai and Iseki [15] presented the axiom systems
of propositional calculi. In 1978, Iseki and Tanaka [16] described an introduction to the technique of
BCK-algebra. From the above analysis, it is obvious that the technique of BCK/BClI-algebra was not
proposed for bipolar complex intuitionistic fuzzy soft sets which is very complex and ambiguous.
Inspired by the above information, we decided to propose the following models, such as:

e To design an informative and reliable technique of bipolar complex intuitionistic fuzzy soft
sets (BCIFSSs) with numerous operational laws by merging the model of soft sets, complex
fuzzy sets, and bipolar intuitionistic fuzzy sets to handle imprecise data.

¢ Anideal in a BCK-algebrais derived based on the BCIFSS theory proposed which can capture
the information of hesitancy, vagueness, and non-membership information within the
circumstance of BCK-algebra.

e To design union, intersection, AND, and OR based on the bipolar complex intuitionistic
fuzzy soft ideal (BCIFSI) and simplify it with the help of numerous illustrations to justify the
effectiveness of the invented theory.

¢ To evaluate numerous results for the above-invented techniques to enhance the worth of the
proposed theory.

This manuscript is constructed in the following shape, In Section 2, we concisely revised the
model of existing definitions, called BCK-algebra, idea, SSs, and BCFSs with basic laws. In Section 3,
we designed an informative and reliable technique of BCIFSSs with numerous operational laws by
merging the model of soft sets, complex fuzzy sets, and bipolar intuitionistic fuzzy sets to handle
imprecise data. In addition, an ideal in a BCK-algebra is derived based on the BCIFSS theory proposed
which can capture the information of hesitancy, vagueness, and non-membership information within
the circumstance of BCK-algebra. In Section 4, we designed union, intersection, AND, and OR based
on bipolar complex intuitionistic fuzzy soft ideal and simplified it with the help of numerous
illustrations to justify the effectiveness of the invented theory. In the end, we also evaluate numerous
results for the above-invented techniques to enhance the worth of the proposed theory. Numerous
concluding remarks are stated in Section 5.

2. Preliminaries

In this section, we concisely revised the model of existing definitions, called BCK-algebra, idea,
SSs, and BCFSs with basic laws.
Definition 1: [15] The representation of the algebra (U,x,0) of type (2,0), called the BCK-algebra
when
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Ky (Ex@)*x@*8)*(@*d) =0
Ky: (Bx (£x9))*3=0
K;:£x£=0
K, 0%&=0
K:2+9=0and9*£=0if 9 =%
Where for all & 9,& € 0. Using the technique of BCK-algebra (fJ,* ,0), we have also some

models, such as

Pi:€x0=¢

Py (8x9)*& = (E*&)*9
Definition 2. [16] When [,: 0 € IL and I,: V& d €L, 8+ 9 €L, € IL = £ € IL, thus the IL is called an
ideal of U.
Definition 3. [9] A couple (F,IL) is signified as an SS, where the IL € E is called the group of
parameters on U with a function F: IL — P(f]).
Definition 4. [7] A mathematical version or model of BCFS 32 for a fixed set U is deliberating by:
3LB = {(sg(x) +1D5(x), W3 (x) + 'ccpg(x)) X E U}
The terminology of truth value and falsity function in the shape of complex value is described
in the following shape, such as E3(x) + '[C:’E)S(X) and W3(x) +1®3(x), where E5(x), C"?)g(x) € [0,1],
and Wy(x), ®3(x) € [-1,0],1=v—-1. At last, the technique 3% = (535 +'E('535, Wy +'ECI)35),5 =
1,2, ..., K, called BCFNs.
Definition 5. [7] Let 3.8 = (535 + TCBSB' Yy + ’ECDSB), s = 1,2, used as two BCFNs. Thus
((531 + 83, — 85,83,) +1(CDy, + O, - C33®s)>
—(¥y,¥3,) +1 (:(‘I’gl ®3,))
(531532) + ,E(C2)31C2)32)' )

(W3, + W3, + W3, ¥3,) + (0, + @3, + D3, D3,

« - Q. n 5. Q Q n Q
Q318 =<1—(1—;31) +1(1- (1= Dy) ), = |y | +1 (=g | ))

v e} N S Q e e
(31°) = ( g5,) +1((D3) ), —1+ (1 +w5) +2(-1+ (1+ @) ))
Definition 6. [7] Let 3.8 = (535 + T&)éb' Yy + ’icbgb), s = 1, used as a BCEN. Thus

@ =

o -

SC(3") = %(53,, +;, + W3, + @y ) € [-11]
Ac(3P) = %(33 + Oy, —w;, - @y) €10,1]
Signified the score and accuracy model, such as:
i). When SC(3:2) > sC(34%) = 318 > 318,
ii). When SC(3%8) < SC(342) = 3L8 < 315,
iii). When SC(3{) = SC(35%) =, thus
iv). When AC(3%8) > AC(348) = 348 > 315,
v). When AC(34%) < AC(34P) = 318 < 315

3. BCIFSI of BCK/BCI-Algebras

This section offers the BCFSSs with important properties based on the SSs and BCFSs. In
addition, the bipolar complex fuzzy soft ideal of BCK/BCl-algebra is a modified form of bipolar
complex fuzzy soft ideas of BCK/BCl-algebras with numerous important properties.

Definition 7. A couple (F,IL) = 3'8(f}) is signified as a BCIFSS, where the IL € E is called the group
of parameters on U with a function F: IL - BCIFS (L:]), thus the mathematical version or model of
BCIFSS 3'2(f}) for a fixed set U is deliberating by:

3LB(f) = {(:g () + 15 (%), B () +1D (%), W5 (0) + 105 (x), W5 (%) + 'tcbg(x)) X E U}
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The terminology of positive and negative truth value and falsity function in the shape of complex
value is described in the following shape, such as Ey x) + L(‘:’),; (x), E; x) + L(‘:’),;,' (x) and Wy x) +
D3 (%), lpg (x) + ’id>3+(x) , where Eg(x), c’“ag(x), \Pg (x), qag(x) € [0,1] , and
g3 (0, C?)ET(X),‘PE_(X),CDET(X) €[-1,0,t=v-1 . At last, the technique 3LE(fj) = (EET(X) +
103 (%), 25 (x) + 10§ (%), W5 (x) + 05 (), ¥ (%) + 10§ (%)), = 1,2, ..., K, called BCIFSNS.

Definition 8. A BCIFSS 3“2(f)) in U, signified a model of BCIFSI, when
BCIFSI,: 85(0) < E5 (8),(05(0) < D5 (®),25(0) = 25 (8), D5 (0) = O (®),vee U
BCIFSI,: 25 (8) < 85+ ) VE; (8), D5 (®) < 5@+« v D5 (0), 25 (®) = 2§ ¢+ ) AES (D), O ®)
>DiE*NAD;E),vede
BCIFSIy: W5 (0) = W5 (2), @3 (0) = @5 (), %5 (0) < W (&), @3 (0) < df (), viee
BCIFSI,: W3 (8) 2 W5 (8 9) A W5 (9), @3 () = 5 (B*9) A qag(é),wg(é) < \Pg(é * )V wg(é), c1>3+(§)
<OjE+)VPIQ),vEde U
In addition, we simplify the above model with the help of a suitable example, for this, we
deliberate the BCK-algebra (ij,* ,0) with the data in Table 1.

Table 1. Representation of the Cayley information for BCK-algebra (BCIFSI).

* 0 £ 9 a
0 0 0 0 0
g€ £ 0 0 £
9 o g 0 e}
o a a a 0

Thus, we define a function, such as

(0,-0.2 -0.211,0.1 + 0.11%,—0.1 — 0.117, 0.4 + 0.4170),
(¢,—0.4 — 0.411,0.3 + 0.311, —0.5 — 0.517,0.1 + 0.11%),
(3,-0.1 — 0.11%, 0.4 + 0.411, —0.2 — 0.21%, 0.2 + 0.210),
(&, —0.0 — 0.01%,0.2 + 0.21%, —0.3 — 0.31%, 0.3 + 0.317)
Then, 3“B(}), signified a BCIFSL

3@ =

Theorem 1. Suppose 35(f) is a BCIFSI and g5 (0) = E5 (?:),C’?)S_ 0) = (f)éT ®, E; 0) =
E5(®),0§(0) =D and Wy (0) =¥ (&), @5(0) = &5 (}), W (0) = ¥ (&), @5(0) = ®5(®),VE €
U, thus 1(0) is an ideal of U.
Proof: Assume that &9 € U be considered that &8 € 1(0), and 8 € 1(0), thus
By (& 9) = 25(0), D5 &+ 9) = 5(0), 85 () = 25 (0), D5 (B) = D5(0),E5 (¢ + J)
= 27 (0), Of & » 8) = O§(0),25 (8) = 25 (0), D3 () = D1 (0)

and

Wy (& + ) = Wy (0), @3 (2 + 8) = @5(0), ¥5 (8) = ¥ (0), D3 (8) = 5 (0), ¥5 (2 * &)

= W5 (0), @3 (2 x 8) = @5 (0), W5 (9) = ¥5 (0), @5 (8) = @5 (0)
Thus, considering the information in Def. (8), we have
BCIFSIy: 25 (8) < E5(0) v E5 (0) = €5 (0), D5 (®) < €05(0) v (35 (0) = €05(0),E5 (&) = E5 (0) A 5 (0)
= 2(0), D3 (®) = O3 (0) A3 (0) = Of(0), v, de U
and
BCIFSI,: Wy (8) 2 W5 (0) A W5 (0) = W5 (0), @5 (8) 2 @5(0) A d5(0) = @5(0), W5 (®)
< W5 (0) v (0) = W5 (0), @5 (8) < 5 (0) v @5 (0) = @3 (0),vEde U

Thus, considering the remaining information in Def. (8), we have

BCIFSI;: E5(0) < E5 (3), (:537(0) < c’“:)g‘(ﬁ),sg(o) > Ef(ﬁ),c'“:)g(O) > c’?)g(?:),v ge U
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and
BCIFSI;: W5 (0) = W5 (2), @3 (0) = 3 (8), %5 (0) < W§ (), @5 (0) < d (), v el
So, & € I(0) and it is evidence that 0 € I(0), hence, the 1(0) is an ideal of U.
In addition, when 32(f}) is a BCIFSS in U that holds data in Def. (8), BCIFSI, and BCIFSI,,
thus ensuring that the technique of BCIFSI, and BCIFSI, are hold or not, see the following example.
This, for this, we deliberate the BCK-algebra (fl,* ,O) with the data in Table 2.

Table 2. Representation of the Cayley information for BCK-algebra (1(0) is not an ideal).

* 0 £ o o 1
0 0 0 0 0 0
£ £ 0 £ 0 0
9 8] 8] 0 9 0
a a a a 0 a
f f f 1 1 0

Thus, we define a function, such as
((0, —0.5-0.511,0.6 + 0.611, —0.4 — 0.41%,0.5 + 0.51'i),\
(¢,—-0.5—-0.511,0.6 + 0.61%,—0.4 — 0.417,0.5 + 0.51%),
LB = { (9, -0.2 — 0.211,0.1 + 0.11%, —0.3 — 0.31%,0.0 + 0.01D),
| (& —0.5 — 0.51%,0.6 + 0.611, —0.4 — 0.41%,0.5 + 0.510), |
(R, —0.5 — 0.51%, 0.6 + 0.61%, —0.4 — 0.41%, 0.5 + 0.510) J
Then, 32(f}) is a BCIFSI in U that holds data in Def. (8), BCIFSI; and BCIFSI;, and BCIFSI,
are hold or not BCIFSI,, for this, we consider any two 9,0 € U, where
E5(9) =—0.2 £ —05 =25 « ) VE; (), D5 (®) = —0.21 £ —0.51 = 5 B * i) v O3 (A)
Ef(®) =01%206=2@ M) AEF{H), OF ) =011 2 0.61 = O (D =) A O (H)
Hence, 1(0) = {0,%,1j} is not an ideal of Uas d *f) =0 € 1(0) and f € 1(0), but 9 ¢ 1(0).

Theorem 2. Suppose 3“2(f}) is a BCIFSI, if & € U, thus 1(8) is an ideal of U.

Proof: Itis clear that 0 € 1(6), further, we assume that &8 € U, thus & * d € 1(0), thus 8 € 1(6),
for example,
By (@) 2 25 (2 ¢ 9), D5 (®) = D5+ I). E5 @+ 9),O5®) < OF@+9),5®) = 50),O5()
> D5 (9).21 @) < 2{(9), O3 (®) < O} (D)

<D}
p—
[1]
ot
~

y ‘s
N/
IA
o
N

and
WYy () < W5 (E=9), Wy () Wy (& é).lpg(é) > lpg(é * é),lpg(:é) > Wg(é x9), W5 (B) < W5 (3), %5 (®)
S W (0).W5 () =W (9), W5 (&) =W (9)
Thus, considering the information in Def. (8), we have
BCIFSL: 5 (8) S By () VE; (D) < 85 (8), D3 (®) < O3+ 3) v D3 () < D5 (3),E5 (®)
> Z{E«DAEJD) 2 Ef @), DI = D@ +*NADI®) = DI@),vEde U
and
BCIFSI,: W5 (8) 2 W5 (B *9) AWy () 2 W5 (8), @5 (8) 2 @5 (R * ) A5 (0) 2 @5 (), W5 (®)
SWEFD VYO S W), 0@ <05 E+D)VOI@) < 0f(®),vEde U
So, £ € 1(8), hence, the 1(0) is an ideal of U. Consider a BCK-algebra (ﬁ,* ,0) with the data in
Table 3.
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Table 3. Representation of the Cayley information for BCK-algebra (1(0) is an ideal).

* 0 £ o a 1M
0 0 0 0 0 0
£ £ 0 £ 0 0
9 8] 8] 0 9 0
o a a a 0 o

Thus, we define a function, such as
((0, —0.5—-0.511,0.6 + 0.611,—0.1 — 0.11%,0.0 + 0.01’0,\
(¢,—-0.3 —0.311,0.5 + 0.51%,—0.3 — 0.317,0.1 + 0.11%),
$BH) =4 (8,-0.1 — 0.11%, 0.2 + 0.21%, —0.5 — 0.51%, 0.4 + 0.411),
| (& —0.0 — 0.01%,0.1 + 0.11%,—0.7 — 0.71%,0.6 + 0.610), |
(1}, —0.2 — 0.21%,0.3 + 0.311, —0.4 — 0.41%, 0.2 + 0.21'[))
Then, 3“2(f}) isa BCIFSIin U that holds data in Def. (8), hence, the 1(6) is an ideal of U.

Theorem 3. Suppose 3'2(f}) is a BCIFSS, if £ € U, thus
1) When I(0) is an ideal of U, then
Ey(®) 2 E5 (0 VE; (0 = E5 @) 2 5(0), D3 ) = O3+ 1) v D3 (%) = D5 ()

> 5 ()

EF(R) < Ef (O 0) AR (&) = EF®) < E5(0), D5 (@) < ODF O+ 80 A D (8 = O )
< O§(6)

and

Y@ <SP E@ 0 AW () =W (@) < W5 (6),P5(R) < D50+ &) A D5 (2) = 95 ()
< @5 (6)

Lpg(g) > Lpg(é * &)V lpg(&) = Lpg(;é) > lpg(e), cbg(é) > cbg(é * &)V cbg(&) = q>3+(§)
> cbg(e)

2) When 3“3(f) hold the data in Def. (8), then 1(6) is an ideal of U.

Proof:
1) Suppose that 1(8) is an ideal of U. Assume that
E5 (@) 225 @+ ®)VE (&) = 85 (®) 2 E5(0), D5 (®) = D5 &) v O3 (&) = O35 ?) = 5 (0)
and
Yr@E) <SP E+DAY ()2 W @) <P (6),05(0) < D50 +&) Ad5 (1) > 05 ()
< 05(0),vEd,ae U
Thus 8 * & € 1(9) and & € 1(0), since, I(8) is an ideal of U, it guarantees that O € 1(0) thatis
B3 () = 25(9), 25 (®) < 2{(9), Q5 ®) = O5(8), O (®) < O3 (D)
and
i (@) < WD), W5 (@) = W (9), 25 () < 25(9), 25 () = (D)
2) Consider that 3%2(f}) hold the data in Def. (8), thus, we know that &8 € U, thus £ * 3 € 1(9),
thus 9 € I(0), for example,
25 (0) = 25 (8% 3),D5(0) = 5 (8 + 9).2{(0) < Ef (2 + ), D] (9) < Of (& + 9),E5(0)
> 25 (9), D5 (0) = O3 (8).25 () < 25 (9), D3 (0) < D3 (D)
and
W3 (6) < Wy (B+9), W5 (6) < Wy (B+9).W5(6) =Wy (B+9), W5 (6) =Wy (+9),¥;5(6)
< W3 (9), W5 (6) < W5 (3).- W5 (6) = W5 (3), W5 (6) = W5 (9)

Thus, considering the information in Def. (8), we have
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BCIFSI,: 25 (0) = E5 (8 x 3) v 25 (), D5 (6) = O3 (2 + ) v O5(9),E1 (6)
<E{@* ) NEJ(D),D35(0) < DfE+NHADI®),vEde U

and
BCIFSI,: W5 (8) < Wy (& x 8) AWy (3), @5 () < @5 (2 * 9) A D5 (D), W5 (0)
2 WS E*9) VY (), 05(0) 205+ VP;(9),VEIE U
thus,
BCIFSIy: 25 (0) = 85 (8), D5 (6) = (05 (8), 25 (0) < 25 (8), D5 (6) < D5 (8),v£de U
and

BCIFSL: Wy (6) < W5 (2), @3 (8) < @35 (8), W5 (6) 2 Wi (1), 9} (6) = ®§ (1), vde U
So, £ € 1(), hence, 3'2(}}) hold the data in Def. (8) the 0 € I(8) is an ideal of U.

Theorem 4: Suppose 32(f)) is a BCIFSI, if ¢ € U, thus
Ey(2+9) SEj@x0) VE; (& 3), D5 +9) <Dy +d)vO;@x9)
Ef(Ex0) 2 Ef @) AE; (8% ),DfE+3) = Of & &) A ODF (a*3)

and
Py (E*0) 2 Wy B+ AWy (0*9), Py (E*3) = D5 (E+0) ADy(&*9)
LPg('s‘z*é) S‘{g(%‘:*&)vwg(&*é),d)g(?:*é) < <D§(?:*&)VCD§(&*9)
v gde U
Proof: According to well-known Lemma, such as (All BCIFSI 3“2(f}) of U holds the following
inequality, such as V&89 € U, 8 <d=E;(®) <25), O5®) < O3(9),8f (®) = £{(9), D) =
&g(é) and Wy (&) = W5 (9), ®3 () = 5(9), l}g’(é) < lpg(é),cbg(ﬁ) < cbg(é) ), thus ((8*9)* (&=
&) < (@+*9), V&, g€ U, thus
B ((E*9) * @+ 8) < 25 8), D5 (@ *3) x @ *8)) < D5 9),E5(E+9) » E+))
> 2 (0% 9), OF (@ 9) » @+ ) = OF (&% 9)
and
lPET((?:*é)*(%*&)) Z‘I’g(&*é),d)g((?:*é) *(B*x8) = dDZ_(&*é),‘{’g((i»‘:*é)*(%*&))
S W (&%), 05 (E*9)* @+ 1)) < dF (& *d)
Thus, by using the data in Def. (8), we have
Es@*9) <E5(E*9)*Ex0))VEFE*0) SEF(a*I)VEFE*1), 5@+ )
<O (E*d)* @+ 2) v D5 E*d) < D a*d) v @)
JE*9) ZE5 (@) x@+)AEFE*&) 2 E5 @+ ) AE; @+ &), D5 (E+3)
> O5(E*3) * @) AD;5E*8) = D5 (E*)AD;E*)

[1]

and
Wy (e 8) 2 Wy (B 8) + (B e @) AW (B x 80 = Wy (&% 8) AW (B # 80, 3 (2 + D)
> b3 (2 8) * (2% 0) A B3 (% 80 = D3 (& x 9) A b3 (B + &)
Wg@*é)Slpg((%*é)*(%*&))v‘l’g(%*&) S‘Pg(&*é)v‘}’g(i»‘:*&),dDg(ﬁ*é)
gqag((;;*é)*(%*&))vq)g(ﬁ*&) sqag(&*é)vqag(;‘;*&)

V&g e U

Theorem 5. Suppose 3'2(f}) is a BCIFSI, thus for all £, € U, we have
D). E5(Ex@x9)<E@)O5*E*d)<D50).
i),  Ef(Ex@+9) =5 @) O (2x @ *3)) = D).

i), Wy(Ex(E+*3)2W5@)05(E*@+3) = 05(9).

v),  Wf(Ex(E+*9) sV (O) 0+ @+9)) < 25(D).
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Proof: Suppose that 3'2(f) is a BCIFSI, thus for all §,8 € U,
B (8 (2%9)) SEj(E+(+9)*0)VE;(0) =E5((€+0)+ (2+93)) VE;(9) = E5(0) VE; (O) < E5 (D)
O3+ @x9) < c’?g(ﬁ * @+ 3) x9) v ;@) = D5 (@*3) x &xI)) v ;) = D5(0) v ;D)
< 30
The data in condition 1 is holding. In addition, we have
Ef(B+(3+9)) 2E{ @+ (E+D) *NAE{(D) =Ef((E+3) * B+ I)) AE{ (D) = E{(0) AE (D) = ES (D)
O+ @*9) = D@ * @) ) AD(®) = OF (& +3) « & +3)) A3 (D) = DF(0) A DI (D)
> D3 (9)
The data in condition 2 is holding. In addition, we have
Wi(Bx(E*9)) 2 W Ex(Ex0)+) AWy Q) =W (E+3) x (2x9)) AWy (d) = W5 (0) A W5 (D)

21113‘(9)
Dy(Bx(2%9)) =Dy E*(E*3) *xNAD;(D) = D5 ((E*9) * B+3)) A D5 (D) = 5(0) A5 (D)
> @5 (9)

The data in condition 3 is holding. In addition, we have
‘Pg(lé*(ﬁ*é)) S‘Pg(lé*(lé*é)*é)vl}’g(é) =‘P§((§*9)*(§*9))V‘P§'(9) =‘P3+(O)V‘P3+(9)
< Wg(é)
(135(?:*(%*9)) < CI>3+(§*(?:*§) *é)vcbg(é) = CDg((?:*é) *(?,*é))vcbg(é) = Cbg(O)Vcbg(é)
< cbg(é)
The data in condition 4 is hold V & & 8 € U.

Proposition 1. Suppose 3“2(fj) is a BCIFSI, thus for all 9 € U, the following are equal, such as
i). \.7.’&,%9 € U, Eg(i* J) < E;((S*S) *9),(‘2)3_(.%*9) < (l’?)g((ﬁ*é) *9),55(%*9) > Eg((ﬁ*é) *
9), O3 (& *d) = O ((+d) *I).
i), vaEde U E5(@x00x@+80) <85(E*3) &) O5(E*d)*@+8) < OF(€+9) *
&), 85 (@00 * B *0) = 8 (@ +9) » &), DI (@80 * B+ &) = DI (€ *3) *&).
i) V&EIE U WyE+9) 2 W ((E*9)+9),05Ex3) = 05(€+9)*3), W@+ < W (Exd)+
9), <1>§(§ *9) < <bg((§ *9) * 9).

iv). vagde U, Wg((é*&)*(é*&)) 2‘PET((E*S)*&),@5((%*&)*(9*&)) ZLDE_((%*S)*
&), P (Ex0)«(B*) S‘Pg((?:*é)*&),fbg((ﬁ*&)*(é*&)) SCDSJ'((?:*Q)*&).

Proof: Consider that the data in condition 1 is ok, thus observed that
((%*(é*&))*&)*&=((E*&)*(é*&))*&s(é*é)*&

Thus, according to well-known Lemma, such as (All BCIFSI 38 (f)) of U holds the following
inequality, such as V&89 € U, 8<d=E5(®) <2/(), D5 < D5(9),E7(®) 2 25 (9), DI ®) =
OF@) and w5 (®) =W (D), @5 () = @5 (D), ¥ @) < ¥ (D), 05 () < 0(D)), thus v&,8de U,
thus

Eg((ﬁ*é)*&) > :‘5(((%*(9*&))*&)*&),@5((%*9) * &) = Cf)g(((s*(a*oc))*a)*a)

2 () x&) <& (((a (@« ) ) *&),cbg((;é*é) r i) < c“a;(((s B+ )« ) a)

thus by P, and 1, we have

53—((33*&)*(9*&)) =EjE*x@*0)*d) < ;g(((g*(é*a))*&)*&> ssg‘((ﬁ*é)*&)

c’“:)g((é*&)*(é*&))=c’“33-(§*(é*a)*&)s@g(((é*(é*a))*&)*&)sc’bg((é*é)*a
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and
Ef(E* 0+ (0 8) =Ef @B *0) + 1) 2 ag(((é*(é*&))*&)*&) > 2 ((#+9) &
OF(E+ 0+ @+ 0) = OF @+ @80+ 8) 2 Of (4 @+ 10) xt) v &) 2 OF (€ £ 8) )
Then, when the 2 is holding, we have the following data: when we change & with 9 in 2, thus
NEg(% *"a) =§g((§ * ?) x0) = Eé_((ié * a} * (an* 92) < sgﬁ((:é * a)“* a)"
5 +3) = Q5 ((2*9) x0) = O3 (¢ 9) * (O %)) < 5 ((¢*9) *9)
and
Asg(ﬁ * ) =fg((§ x9)*0) = E§((§ x9) x (8+9)) = Egﬂ((ﬁ x Q) * J)
ODFE+8) = DF((E+9) +0) = OF(E*) * (D)) = O ((2+9) )
Hence condition 1 is holding. Further, considering that the data in condition 3 is ok, thus
observed that

((x@x0)ra)sa=(E+a) @ +®)«&< (@Ex8) &k
Thus, according to well-known Lemma, such as (All BCIFSI 3“2(f}) of U holds the following
inequality, such as V&89 € U, 8<3=85() <2;(), Q5@ < O;(0),E5 () 2 £/ (9), DI ) =
c3+(a) and Wy (&) = W5 (9), @5 (&) 2 ®5(9), W5 (&) < W5 (), @5 (®) < @f (a)) thus V&,80€ U,
thus

‘Pg_(('é*é)*&)S‘Pg(((?:*(é*&))*&)*&),cbv_((?:*é)*&)SCDT(((E*(S*&))*&)*&)

(@) 5 8) = W (B @) + &) 5 &), 0F (8 + &) 2 05 (((2+ (B +20) 1) + &)
thus by P, and 3, we have
‘Pg_(@*&)*(é*&))=‘P3_(?:*(é*&)*&)2‘[’3_< Ex@*®) & *0() ((8*8)*&)

(
¢3‘((§*a)*(é*&))=c1>3‘(:c:*(é*&)*&)2@5((@*(9*&))*
(

) i)z

and
Wg(@*&)*(é*&)) =‘P§(§*(é*&)*&) S‘P§< (s*(a*a))*a)*a) <‘P+((s*9)*a)
I (E*D)* @)= DI E* @ W)+ < qng(((é*(é*&))*d)*d) < OF (2% 9) &)
Then, when the 4 is holding, we have the following data: when we change & with 9 in 4, thus

Yy (E*0) =W ((+0)+0) =W (E+3)*(3%9)) =2 W5 ((€*3) *9)

P;(E*0) =5 (E*I)*0) =5 (E*)*(D*9)) = d5((€*9)*9)
and
PyE*0) =Wy ((+0)*0) =W (E+3)*(3*9)) < ¥ ((€*)*9)
PIE*) =P ((€+3)x0) = D5 ((€*x) *(0+9)) < di((¢+3)*9)

Hence condition 1 is holding.

4. Operations on BCIFSIs of BCK/BCI-Algebras

This section explains numerous operational laws for bipolar complex intuitionistic fuzzy soft
deals of BCK/BClI-algebra and also describes numerous examples.

Definition 9. Consider any two BCIFSS 3“2(f}), 2L2(f)) € BCIF(U) in U, thus the intersection of
3'B(f)) and ELE(f}) is mentioned and designed below:
3 () nEFE(R) = HEE (R)
Noticed that D = A N B for all fj € D. In addition, the intersection of 38(fj) and ELE(f)) is a
BCIFSL In addition, we simplify the above model with the help of a suitable example, for this, we
deliberate the BCK-algebra (U,,0) with the data in Table 4.
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Table 4. Representation of the Cayley information for BCK-algebra (3! (i) n £L8(f}) is an BCIFSI).

* 0 £ 9 o
0 0 £ ] o
£ € 0 a ]

9 a 0 £
o G 2] £ 0

n n

Consider E = {fi;, fiz, fis, s}, A = {fie, Hi2} and B = {{i1, fi,, fiz}, thus, we define a function, such
as
((0, —-0.8 -0.811,0.7 + 0.71t,—0.1 — 0.11%,0.2 + 0.21’0,\
sigra ~ _ ) (§-03—0.31%0.6 + 0.611,—0.6 — 0.61%, 0.3 + 0.311),
() = i(é, —0.7 — 0.711,0.4 + 0.411, —0.2 — 0.211, 0.5 + 0.51’&),}
(& —0.3 — 0.31%,0.4 + 0.41%, —0.6 — 0.61%,0.5 + 0.51%)
(0,-0.7 — 0.711,0.6 + 0.61%,—0.2 — 0.21%,0.3 + 0.310),
SLEBra N {(é, —0.2-0.211,0.5 + 0.511,—-0.7 — 0.711,0.4 + 0.41'{),1
27(M12) = (5 _0.6 - 0.6100.3 + 0.310, —0.3 — 0.31%, 0.6 + 0.610),
(&, —0.2 —0.217,0.3 + 0.31%,—0.7 — 0.71%,0.6 + 0.610)
and

(8,-0.1-0.11%,0.4 + 0.417,—0.8 — 0.811, 0.5 + 0.51%),
(8,—-0.5—0.511,0.2 + 0.21%, —0.4 — 0.41%,0.7 + 0.71%),

t(&, —0.1-0.11%,0.2 + 0.211,—0.8 — 0.811,0.7 + 0.71'{))

((0, —0.5—-0.51%,0.4 + 0.411,—0.4 — 0.411,0.5 + 0.51'[),\

LB R Y _ { (§,—0.0 — 0.011,0.3 + 0.31%, —0.9 — 0.911,0.6 + 0.61%), }
=02 = (®,-0.4 — 0.411,0.1 + 0.11%, —0.5 — 0.51%, 0.8 + 0.81%),

k(&, —0.0 — 0.01%,0.1 + 0.111,—0.9 — 0.911,0.8 + 0.81?))
(0,—-0.9 — 0.911,0.8 + 0.81%, —0.0 — 0.01%,0.1 + 0.117),

(n3) = ! l

(0,—-0.6 — 0.611,0.5 + 0.51%, —0.3 — 0.31%, 0.4 + 0.410),
ELB(ﬁl) — { l

(2, —0.4 — 0411, 0.6 + 0.61%, —0.5 — 0.51%, 0.2 + 0.210),
(3,—0.8 — 0.81% 0.5 + 0.518, —0.1 — 0.11%, 0.4 + 0.41%),
\ (& —0.4 — 0.41%, 0.5 + 0.51%, —0.5 — 0.51%, 0.4 + 0.417)

—LB

-

thus
3 (H) nELE(H) = HEE (R)
Noticed that D = A NB = {fi;,f,} is described by:
(0,—0.6 — 0.611,0.5 + 0.51%, —0.3 — 0.311, 0.4 + 0.4170),
(8,—0.1 — 0.11%, 0.4 + 0.41%, —0.8 — 0.81%, 0.5 + 0.511),
(8,—0.5 — 0.511,0.2 + 0.21%, —0.4 — 0.41%, 0.7 + 0.710),
(& —0.1 — 0.11% 0.2 + 0.21%, —0.8 — 0.81%,0.7 + 0.717)
(0,—0.5—-0.511,0.4 + 0.41%, —0.4 — 0.41%,0.5 + 0.517),
]HILB(ﬁ )= {(S, —0.0 — 0.01%,0.3 + 0.31%,—0.9 — 0.911,0.6 + 0.61'ﬁ),l
120 =9(8,-0.4 — 0.411,0.1 + 0.11%, —0.5 — 0.51%, 0.8 + 0.81%),
k(&, —0.0 —0.01%,0.1 + 0.11%,—0.9 — 0.911,0.8 + 0.81'{))
Finally, we concluded that H*2(f}) is also BCIFSI.

]HILB (ﬁl) -

Definition 10. Consider any two BCIFSS 3“2 (f}),£*2 () € BCIF(U) in U, thus the union of 32(f})
and E'8(f)) is mentioned and designed below:
FEH)  feA-B
3"E(f) VE () = HE8(f) = EY () HEB—-A
3PMUEH) fieANB
Noticed that D = A U B forall §j € D.In addition, the union of 3!5(f}) and Z'B(f}) is a BCIFSIL.
In addition, we simplify the above model with the help of a suitable example, for this, we deliberate
the BCK-algebra (ﬁ,* ,O) with the data in Table 4. Consider E = {fi1, T2, fiz, fia}, A = {fi1, A2, iz} € E
and B = {i1, T2, N3, fia} € E, where U= {0,%,9, &}, thus, we define a function, such as
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(0,—0.4 — 0.41%,0.0 + 0.01%, —0.3 — 0.31%,0.2 + 0.21%),
385y = !(s —0.3—0.311,0.2 + 0.21%, —0.2 — 0.21%, 0.1 + 0.11’{),l
11023 (8, -0.4 — 0.41%,03 + 0.311, 0.2 — 0.21%,0.2 + 0.210),
\ (& —0.2 — 0.21%,0.2 + 0.21%, 0.3 — 0.31%, 0.1 + 0.110) /
((0,-0.3 - 0.31%,0.1 + 0.11%, —0.6 — 0.611,0.2 + 0.211),
3185y = (8,—0.3 — 0.31%,0.2 + 0.21%, —0.5 — 0.51%, 0.1 + 0.11%),
1270 (5,03 - 0.311,0.1 + 0.11%, —0.4 — 0.41%, 0.3 + 0.310),
(& —0.3 — 0.31%,0.2 + 0.211, —0.5 — 0.51%, 0.2 + 0.210)

(0,—-0.2 —0.217,0.1 + 0.11%, —0.1 — 0.11%, 0.4 + 0.410),
(8,-0.3 - 0.311,0.2 + 0.21%,—0.2 — 0.21%, 0.3 + 0.31'[),1

LB (A —

2" (fis) {(S, —0.1 — 0.11%,0.3 + 0.311,—0.3 — 0.311,0.2 + 0.21%),
k(&, —-0.3 —0.311,0.4 + 0.411,—0.1 — 0.111,0.1 + 0.11'[)J

and

(&,—0.3 — 0.311,0.2 + 0.211, —=0.1 — 0.11%, 0.5 + 0.510),

(®,-0.0 — 0.01%,0.3 + 0.311, —0.1 — 0.11%, 0.3 + 0.31%),

(& —0.2 — 0.21%,0.5 + 0.51%, —0.0 — 0.01%, 0.1 + 0.11%)

((0,—0.3 = 0.313,02 + 0.211,—0.3 — 0.313,0.5 + 0.510),
(&, —0.1 — 0.111,0.3 + 0.311, —0.2 — 0.21%, 0.3 + 0.319), }
(5,-0.2 — 0.21%, 0.4 + 0.411, —0.1 — 0.11%, 0.3 + 0.31D),

\ (& —0.1 — 0.11%,0.2 + 0.21%, —0.3 — 0.31%, 0.4 + 0.417) J
!(o, —0.3 - 0.311,0.5 + 0.511, —0.2 — 0.211, 0.2 + o.z1‘i),l

(0,-0.3 -0.311,0.1 + 0.117,—0.1 — 0.11%, 0.4 + 0.41?),}

ELB(ﬁl) —

ELB (ﬁz) —

(8,—0.2 — 0.211,0.3 + 0.311, —0.2 — 0.21%,0.1 + 0.11%),
(8,-0.2 — 0.21%, 0.4 + 0.411, —0.1 — 0.11%, 0.3 + 0.310),
\(& —0.1 — 0.118,0.3 + 0.31%,—0.2 — 0.21%,0.1 + 0.11%) )
((0,-0.1 - 0.11%,0.3 + 0.311, —0.2 — 0.21%, 0.1 + 0.111),)
LB { (8,—0.2 — 0.211,0.1 + 0.111, —0.1 — 0.11%,0.2 + 0.21%), }
B0 =) (3, -0.3 — 031101 + 0.115, —0.1 — 0.11%,0.3 + 0.310),
\(& —0.1 — 0.118, 0.4 + 0.41%, —0.3 — 0.313,0.2 + 0.21%) )

ELB (ﬁ3) —

thus
3@ VEEH = HE M)
Noticed that D = A U B = {fi;, N2, fiz, 4} is described by:
(0,—0.4 — 0.411,0.1 + 0.11%, —0.1 — 0.11%,0.2 + 0.210),
HLB(R,) = {(8, —-0.3 -0.311,0.2 + 0.211,—-0.1 — 0.117,0.1 + 0.11'[),1
h (5,—-0.4 — 0.411,0.3 + 0.311, —0.1 — 0.111, 0.2 + 0.219),
(a,—0.2 — 0.21%,0.5 + 0.51%,—0.1 — 0.11%,0.0 + 0.017)
(0,—-0.3 —0.311,0.2 + 0.217,—0.3 — 0.31%, 0.2 + 0.21%1),
(&, —0.3 — 0.31%,0.3 + 0.31%, —0.1 — 0.11%, 0.1 + 0.11%),
(®,—-0.3 — 0.31%,0.4 + 0.411, —0.1 — 0.11%,0.3 + 0.31Y),
(&, —0.3 — 0.311,0.3 + 0.311,—0.0 — 0.01%,0.1 + 0.117)

]HILB (ﬁz) —

(0,—0.3 — 0.31%,0.5 + 0.51%, —0.1 — 0.11%,0.2 + 0.21%),
HEP () = {(s —0.3 —0.31%,0.3 + 0.311, —0.2 — 0.21%,0.1 + 0.11%0),
3 (®,-0.2 —0.21%,0.4 + 0.41%,—0.1 — 0.11%,0.2 + 0.21%),
((&, —0.3 —0.311,0.4 + 0.411, —0.1 — 0.11%,0.1 + 0.11’{))
(0,—0.1 — 0.11%,0.3 + 0.311, —0.2 — 0.21%,0.1 + 0.11%),
(8,—0.2 — 0.21%,0.1 + 0.11%, —0.1 — 0.11%,0.2 + 0.21%),
(®,-0.3 —0.31%,0.1 + 0.11%, —0.1 — 0.11%,0.3 + 0.31%),
(& —0.1 — 0.11%, 0.4 + 0.41%, —0.3 — 0.31%,0.2 + 0.210)
Finally, 3!5(f) U ELB(f) = HLE(f), where D = A U B = {fi1, iz, iz fia}-

]HILB (ﬁ4) —

Theorem 6. The union of any two BCIFSI is again a BCIFSL

Proof: Consider the data in Def. (10), H*?(f}) is computed based on D =AU B for all fj € D,
thus

3PMVEEH) =
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We have the above cases, such as
HPH) = 3B(H)  feA-B
HYB () = EX8(H) NEB—A
HE () = 32 (@ UEP@E) feAnB
Thus,
Case 1: When 1j € A — B, thus
HEP (f) = 348 () when fi € A — B
=3'5({) whenfj € A
= 3LB(f) from conditon 6.
Case 2: When {j € B — A, thus
HEE(f) = ELB () when i € B — A
= ZLB(f)) when i € B
= ELB(f) from conditon 7.
Case 3: When 1j € A N B, thus
HLB(f) = 348(H) U ELB(H) when fi € AN B
= EB(f)) U 3L5(f}) when fj € B N A from conditon 8.
Collecting the above cases, we can easily obtain that the H*?(f}) is a BCIFSL In addition, we
simplify the above model with the help of a suitable example, for this, we deliberate the BCK-algebra
(ﬁ,* ,0) with the data in Table 4. Consider E = {{i1, fiz, iz, ia}, A = {fin, iz} € E and B = {fi1, 2, fis} €
E, where U = {0, & 9, &}, thus, we define a function, such as
((0, —-0.8 -0.81{,0.7 + 0.711,-0.1 — 0.11{,0.2 + 0.21'[),\
LB (p ) — { (8,—0.3 — 0.311,0.6 + 0.611, —0.6 — 0.61%, 0.3 + 0.31%), }
& () (®,—0.7 — 0.71%,0.4 + 0.41%, —0.2 — 0.21%,0.5 + 0.51%),
(&, —0.3 — 0.311,0.4 + 0.411,—0.6 — 0.61%,0.5 + 0.51?))
(0,—-0.7 — 0.711,0.6 + 0.61%, —0.2 — 0.21%,0.3 + 0.31%),
SLEBra N {(s, —0.2-0.211,0.5 + 0.511,—-0.7 — 0.711,0.4 + 0.41'{),1
&7 () = (8,-0.6 — 0.61%,0.3 + 0.311, —0.3 — 0.31%, 0.6 + 0.61%),
t(&, —0.2-0.211,0.3 + 0.311, —0.7 — 0.711,0.6 + 0.61’0)
and
(0,—-0.6 — 0.61%,0.5 + 0.51%, —0.3 — 0.31%,0.4 + 0.41%),
(8,-0.1 —0.111,0.4 + 0.411, —0.8 — 0.811,0.5 + 0.510),
®,-0.5 — 0.511,0.2 + 0.21%, —0.4 — 0.41%, 0.7 + 0.71%),
(& —0.1 — 0.11%,0.2 + 0.211, —0.8 — 0.81%, 0.7 + 0.71%)
(0,—0.5 - 0.511,0.4 + 0.411,—0.4 — 0.41%,0.5 + 0.5170),
B (f,) = ! l

ELB(ﬁl) —

(8,-0.0 — 0.01%, 0.3 + 0.31%, —0.9 — 0.91%, 0.6 + 0.611),
(8,—0.4 — 0.411,0.1 + 0.11%, —0.5 — 0.51%, 0.8 + 0.81%),
(&,—0.0 — 0.01%,0.1 + 0.111,—0.9 — 0.911,0.8 + 0.81?))
(0,—-0.9 — 0.911,0.8 + 0.811,—0.0 — 0.01%,0.1 + 0.11%),
(8,—-0.4 — 0.41%,0.6 + 0.61%,—0.5 — 0.51%, 0.2 + 0.2171),
(8,—0.8 — 0.81%,0.5 + 0.511, —0.1 — 0.11%, 0.4 + 0.41Y),
(&, —0.4 — 0.41%,0.5 + 0.511, —0.5 — 0.511,0.4 + 0.417)

E-LB(ﬁs) =

thus
3@ VEYH) = B ()
Noticed that D = A U B = {fi;,fi,, fiz} is described by:
(0,—0.8 — 0.81%,0.7 + 0.71%, =0.1 — 0.11%, 0.2 + 0.21%),
(8,—0.3 —0.311,0.6 + 0.611, —0.6 — 0.61%, 0.3 + 0.31%),
(8,-0.7 — 0.713, 0.4 + 0.41%, —0.2 — 0.21%,0.5 + 0.510),
(a,—0.3 —0.311,0.4 + 0.41%,—0.6 — 0.61%1,0.5 + 0.517)
(0,-0.7 — 0.711,0.6 + 0.61%1, —0.2 — 0.21%,0.3 + 0.310),
HLB(f),) = !(E, —0.2 - 0.211,0.5 4+ 0.51%, —0.7 — 0.711,0.4 + 0.41T),l
H2 (9,-0.6 — 0.611,0.3 + 0.311, —0.3 — 0.31%, 0.6 + 0.611),
(a4, —0.3 — 0.311,0.3 + 0.311,—0.0 — 0.01%, 0.1 + 0.11'{))

]HILB (ﬁl) —
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(0,—0.9 — 0.911,0.8 + 0.811, —0.0 — 0.01%,0.1 + 0.11%),
HLB(f),) = !(:“:, —0.4 — 0.417,0.6 + 0.611,—0.5 — 0.511,0.2 + 0.21’E),l
o3 (9,—0.8 — 0.811,0.5 + 0.511, —0.1 — 0.11%, 0.4 + 0.417),
k(&, —0.4 — 0.417,0.5 + 0.511,—0.5 — 0.511,0.4 + 0.41’{))
Finally, 38 () U ELE(f}) = HE(f) is a BCIFSL

Definition 11. The AND of 3'2(§)),2*2(f}) € BCIF(U) is a BCIFSS on U, defined by:
3"E(f) AEMB(8) = HP (1), 6)
and (j,6) €D = A X B for all {j € D. In addition, we simplify the above model with the help
of a suitable example, for this, we deliberate the BCK-algebra (l:J,* ,0) with the data in Table 4.
Consider E = {fi;, fiz, fiz, s}, A = (i1, i} € E and B = {fis, i} S E, where U = {0,%,9,&}, thus, we
define a function, such as
((0, —0.8—-0.811,0.7 + 0.711,—0.1 — 0.111,0.2 + 0.21’0,\
SLE/n N _ { (¢,—-0.3 —0.311,0.6 + 0.611,—0.6 — 0.611, 0.3 + 0.31%), }
&7 () = (®,-0.7 — 0.71%,0.4 + 0.41%,—0.2 — 0.21%,0.5 + 0.51%),
k(&, —0.3 —0.311,0.4 + 0.411,—0.6 — 0.611,0.5 + 0.51%)
(0,-0.7 — 0.711,0.6 + 0.61%,—0.2 — 0.21%, 0.3 + 0.310),
SLEBra N {(é, —0.2-0.21%,0.5 + 0.511,—0.7 — 0.711,0.4 + 0.41'{),l
2" (fiz) = (8,-0.6 — 0.611,0.3 + 0.311, —0.3 — 0.31%,0.6 + 0.611),
(@, —0.2 = 0.211,0.3 + 0.31%,—0.7 — 0.71%, 0.6 + 0.611)
and
((0, —0.6 — 0.611,0.5 + 0.511, —0.3 — 0.31%,0.4 + 0.41’[),\
LB N _ { (8,-0.1 - 0.11%,0.4 + 0.41%,—0.8 — 0.811, 0.5 + 0.51%), }
=7 (0s) = (d,-0.5 — 0.51%,0.2 + 0.21%, —0.4 — 0.41%, 0.7 + 0.710),
k(&, —0.1 —0.11%,0.2 + 0.21%,—0.8 — 0.811,0.7 + 0.71'{))
(0,-0.5—-0.511,0.4 + 0.411,—0.4 — 0.41%,0.5 + 0.51%),
SLBiA N\ _ !(s —0.0 — 0.01%,0.3 + 0.311,—0.9 — 0.91%,0.6 + 0.61’[),l
E0) =\ (5,204 — 0.411,0.1 + 0115, —0.5 — 0.51%, 0.8 + 0.810),
k(&, —0.0 — 0.01%,0.1 + 0.117,—0.9 — 0.911,0.8 + 0.81’[))
thus
3" (M) AERE(H) = HEE(f)
Noticed that D = A X B = {fi;, fi.} X {fiz, s} = {(fie, fi3), (B, f1a), (B2, fiz), (2, fia)} is described
by:

IS 6 = {(s —0.1— 0.11%, 0.4 + 0.41%, —0.8 — 0.81%, 0.5 + 0.51%),
Tt (8,-0.5 — 0.51,0.2 + 0.21%, —0.4 — 0.41%, 0.7 + 0.71),

\ (& —0.1 — 0.11%,0.2 + 0.21%, —0.8 — 0.81%, 0.7 + 0.717) J
(0, —0.5 — 0.51%, 0.4 + 0.41%, —0.4 — 0.41%, 0.5 + 0.51%),
(&—0.0 — 0.01%, 0.3 + 0.31%, —0.9 — 0.91%, 0.6 + 0.61D),
(8,—0.4 — 0.413,0.1 + 0.11%, —0.5 — 0.51%, 0.8 + 0.811),
(& —0.0 — 0.01%,0.1 + 0.11%, —0.9 — 0.91%, 0.8 + 0.81%)
(0,—0.6 — 0.61%, 0.5 + 0.51%, —0.3 — 0.31%, 0.4 + 0.41%),

HIS (A ) = {(s —0.1— 0.11%, 0.4 + 0.41%, —0.8 — 0.81%, 0.5 + 0.51'{),1
M2 =9 5 _0.5 - 0.511,0.2 + 0.21, —0.4 — 0.41%, 0.7 + 0.71%),

(0,—0.6 — 0.611,0.5 + 0.511, —0.3 — 0.311,0.4 + O.41’i),l
HLB(ﬁvﬁzt) =

(&, —0.1 —0.117,0.2 + 0.211,—0.8 — 0.81%1,0.7 + 0.71’[)}
(0,—0.5 — 0.51%, 0.4 + 0.41% —0.4 — 0.41% 0.5 + 0.511),
(8,—0.0 — 0.01%,0.3 + 0.311,—0.9 — 0.911, 0.6 + 0.61%),
(3, —0.4 — 0.41%,0.1 + 0.11%, —0.5 — 0.51%, 0.8 + 0.81%),
(&, —0.0 — 0.017,0.1 + 0.117,—0.9 — 0.91%, 0.8 + 0.81%)
Finally, H*2(f}) is a BCIFSL

HLB(ﬁz:ﬁ4) =

Definition 12. The OR of 3*(f}), X% (f}) € BCIF(U) is a BCIFSS on U, defined by:
3" (f) v EXE(8) = H'2 (1), 6)
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and (j,6) €D = A X B for all {j € D. In addition, we simplify the above model with the help
of a suitable example, for this, we deliberate the BCK-algebra (l:J,* ,0) with the data in Table 4.
Consider E = {fi;, fiz, fiz, i}, A = (i1, i} S E and B = {fis, .} S E, where U = {0,%,9,&}, thus, we
define a function, such as
((0, —0.8—-0.811,0.7 + 0.711,—0.1 — 0.111,0.2 + 0.21’0,\
SLErn N (¢,—-0.3 —0.311,0.6 + 0.611,—0.6 — 0.611, 0.3 + 0.31%),
&7 () = i(é, —0.7 — 0.711,0.4 + 0.41%, —0.2 — 0.21%, 0.5 + 0.51’&),}
(&, —0.3 — 0.311,0.4 + 0.411,—0.6 — 0.61%,0.5 + 0.511)
(0,—0.7 — 0.71%,0.6 + 0.611,—0.2 — 0.211, 0.3 + 0.311),
SLEra N _ {(s, —0.2 —0.211,0.5 + 0.511,—0.7 — 0.711,0.4 + 0.41'[),1
& (i) = (®,-0.6 — 0.61%,0.3 + 0.311, —0.3 — 0.31%, 0.6 + 0.617),
(&,—0.2 — 0.211,0.3 + 0.311,—0.7 — 0.71%, 0.6 + 0.6110)
and
((0, —0.6 — 0.611,0.5 + 0.511,—0.3 — 0.311,0.4 + 0.4-1'0,\
SLB A N _ { (8,-0.1 - 0.11%,0.4 + 0.41%,—0.8 — 0.811, 0.5 + 0.51%), }
=7 (0s) = (d,-0.5 — 0.51%,0.2 + 0.21%, —0.4 — 0.41%, 0.7 + 0.710),
k(&, —0.1 —0.11%,0.2 + 0.21%,—0.8 — 0.811,0.7 + 0.71'{))
(0,—0.5 — 0.511,0.4 + 0.411, —0.4 — 0.411,0.5 + 0.51%),
AN !(s —0.0 — 0.01%,0.3 + 0.311, —0.9 — 0.911,0.6 + 0.61’[),l
(14) = (5 0.4 — 0.4180.1 + 0.118 —0.5 — 0.51%, 0.8 + 0.810),
k(&, —0.0 — 0.01%,0.1 + 0.11%,—0.9 — 0.91%7,0.8 + 0.81’E))

—LB

—

thus
3 (H) v EEE () = HY2(f)
Noticed that D = A X B = {fiy, iz} X {fls fle} = (i i), (e, i), Gz i), iz, )} i described
by:
Y ((0,-0.8 — 0.81%,0.7 + 0.711, 0.1 — 0.11%,0.2 + 0.21D),)
PG ) = { (& -0.3 — 0.31%, 0.6 + 0.611, —0.6 — 0.61%, 0.3 + 0.31D), }
Mh3) =93, 0.7 — 0711 0.4 + 0.41%, —0.2 — 0.21%, 0.5 + 0.510),
\ (& —0.3 — 0.31%, 0.4 + 0.41%, —0.6 — 0.61%, 0.5 + 0.51%) J
(0,—0.8 — 0.811, 0.7 + 0.718 —0.1 — 0.11%, 0.2 + 0.21),
(&—-0.3 — 0.31%, 0.6 + 0.61%, —0.6 — 0.61%, 0.3 + 0.31D),
(8,—0.7 — 0.71%, 0.4 + 0.411, —0.2 — 0.211,0.5 + 0.51%),
(& —0.3 — 0.311,0.4 + 0.411, —0.6 — 0.61%,0.5 + 0.51)
(0, -0.7 — 0.71%, 0.6 + 0.6 11, —0.2 — 0.21%, 0.3 + 0.31%),
IS ) = {(s ~0.2 — 0.213,0.5 + 0.51%, —0.7 — 0.711, 0.4 + 0.41'{),1
M0 =9 5 _0.6 — 0.611,0.3 + 0.311, 0.3 — 0.31%, 0.6 + 0.61%),
(& —0.2 — 0.211,0.3 + 0311, —0.7 — 0.71%, 0.6 + 0.617)
(0,-0.7 — 0.711, 0.6 + 0.6 11, —0.2 — 0.21%, 0.3 + 0.317),
(& —0.2 — 0.21%,0.5 + 0.51%, —0.7 — 0.71%, 0.4 + 0.41%),
(8,-0.6 — 0.61%,0.3 + 0.311, —0.3 — 0.311, 0.6 + 0.610),
(& —0.2 — 0.211,0.3 + 0311, —0.7 — 0.71%, 0.6 + 0.617)

HLB(ﬁvﬁzt) =

HLB(ﬁz'ﬁzL) =

Finally, H*2(fj) is a BCIFSL In the above examples, when we remove the imaginary parts, then
the proposed theory with examples will be reduced to the proposed theory of Balamurugan et al. [13]
designed the bipolar intuitionistic fuzzy soft ideals of BCK/BCI-algebras with applications.

Future advancements can be made in the following directions as well to enhance the literature
broadness especially in neutrosophic set structure [17-19], other type-2 fuzzy sets [20-21], and T-S
fuzzy sets [22] to define the soft ideals and other axioms. It can be extended to explore Multi-Polarity
Fuzziness Subalgebras of BCK/BCI-Algebras [23], fuzzy fixed-point results of fuzzy differential
equations [24] in complex scenario of uncertainty, fuzzy sampled-data stabilization for chaotic
nonlinear systems [25-26]. Also, It can be extended to cubic multi-polar structures in BCK/BCI-
algebras, highlighting their algebraic properties and significance [27] and generalized m-polar fuzzy
positive implicative ideals, contributing to fuzzy algebra research [28].
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5. Conclusions

The key goals of this article are described below:

i).  Wedesign an informative and reliable technique of BCIFSSs with numerous operational laws
by merging the model of soft sets, complex fuzzy sets, and bipolar intuitionistic fuzzy sets to
handle imprecise data.

ii). ~ Anideal in a BCK-algebra is derived based on the BCIFSS theory proposed which can capture
the information of hesitancy, vagueness, and non-membership information within the
circumstance of BCK-algebra.

iii). We designed union, intersection, AND, and OR based on BCIFSI and simplified it with the
help of numerous illustrations to justify the effectiveness of the invented theory.

iv).  We evaluate numerous results for the above-invented techniques to enhance the worth of the
proposed theory.

In the future, we will propose the bipolar complex Pythagorean fuzzy soft ideal with their
operational laws, called the union, intersection, AND, and NO. Further, we will discuss their
application in decision-making, artificial intelligence, and data mining to improve the worth of the
proposed theory.
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