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Abstract: The purpose of this article is to study some covering properties in neutrosophic 

topological spaces using neutrosophic 𝑏 -open sets. We define neutrosophic 𝑏 -open cover, 

neutrosophic 𝑏 -compactness, neutrosophic countably 𝑏 -compactness neutrosophic 𝑏 -

Lindel𝑜̈fness, neutrosophic local 𝑏-compactness and study various properties entangled with them. 

We study some covering properties involving neutrosophic continuous, neutrosophic 𝑏-continuous 

and neutrosophic 𝑏∗ -continuous functions. Lastly, we define neutrosophic base, neutrosophic 

subbase, neutrosophic second countability via neutrosophic 𝑏 -open sets and investigate some 

properties. 

Keywords: Neutrosophic 𝑏-open cover; Neutrosophic 𝑏-compact space; Neutrosophic countably 

𝑏-compact space; Neutrosophic local 𝑏-compact space; Neutrosophic b-base. 

 

1. Introduction 

In 1965, Zadeh [30] introduced the concept of a fuzzy set. K. Atanassov [1], in 1986, extended 

this notion to intuitionistic fuzzy set. After that, the idea of a neutrosophic set was developed and 

studied by Florentin Smarandache [20-22]. Later, the theory was studied and taken ahead by many 

researchers [9,12,26,28]. It had been proved by Smarandache [22] that a neutrosophic set was a 

generalized form of an intuitionistic fuzzy set. Various applications [4,5,15,29] in different fields were 

done in a neutrosophic environment. 

In the year 1968, C. L. Chang [7] created the notion of a fuzzy topological space and then, in 1997, 

D. Coker [8] gave the idea of intuitionistic fuzzy topological space. In the year 2012, Salama & Alblowi 

[23] introduced neutrosophic topological space as a generalization of intuitionistic fuzzy topological 

space. Afterwards, many studies were done by the researchers [2,3,6,11,16-19,24,25,27] to develop 

various aspects of neutrosophic topological spaces. The concept of neutrosophic 𝑏-open sets was 

given by Ebenanjar et al.[14]. Recently Dey & Ray [10] studied compactness in neutrosophic 

topological spaces. But compactness via neutrosophic 𝑏-open sets has not bee studied so far. In this 

write-up, we study covering properties using neutrosophic 𝑏-open sets. 

The article is organized by stating some basic concepts in section 2. In section 3, we define 

neutrosophic 𝑏 -open covering, neutrosophic 𝑏 -compactness, neutrosophic countably 𝑏 -

compactness and neutrosophic 𝑏-Lindel𝑜̈fness and study various properties associated with them. 

In section 4, we define neutrosophic local 𝑏-compactness and try to establish some properties. We 

define neutrosophic 𝑏 -base, neutrosophic 𝑏 -subbase, neutrosophic b-second countability and 

investigate some covering properties in section 5 and lastly, in section 6, we confer a conclusion. 

2. Preliminaries 

In this section, we state some basic concepts which will be helpful in the later sections. 

2.1. Definition: [20] Let 𝑋 be the universe of discourse. A neutrosophic set 𝐴 over 𝑋 is defined as 

𝐴 = {⟨𝑥, T𝐴(𝑥), I𝐴(𝑥), F𝐴(𝑥)⟩: 𝑥 ∈ 𝑋}, where the functions T𝐴, I𝐴, F𝐴 are real standard or non-standard 

subsets of ]−0, 1+[, i.e., T𝐴: 𝑋 → ]−0, 1+[, I𝐴: 𝑋 → ]−0, 1+[, F𝐴: 𝑋 → ]−0, 1+[ and −0 ≤ T𝐴(𝑥) + I𝐴(𝑥) +

T𝐴(𝑥) ≤ 3+. 

https://doi.org/10.61356/j.nswa.2023.66
https://orcid.org/0000-0002-7427-9839
https://orcid.org/0000-0001-7482-0595
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The neutrosophic set 𝐴  is characterized by the truth-membership function T𝐴 , indeterminacy-

membership function I𝐴, falsehood-membership function F𝐴. 

2.2. Definition: [28] Let 𝑋 be the universe of discourse. A single valued neutrosophic set 𝐴 over 𝑋 

is defined as 𝐴 = {⟨𝑥, T𝐴(𝑥), I𝐴(𝑥), F𝐴(𝑥)⟩: 𝑥 ∈ 𝑋}, where T𝐴, I𝐴, F𝐴  are functions from 𝑋 to [0,1] and 

0 ≤ T𝐴(𝑥) + I𝐴(𝑥) + T𝐴(𝑥) ≤ 3. 

 

The set of all single valued neutrosophic sets over 𝑋 is denoted by 𝒩(𝑋). 

Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set. 

2.3. Definition: [16] Let 𝐴, 𝐵 ∈ 𝒩(𝑋). Then 

i) (Inclusion): If T𝐴(𝑥) ≤ T𝐵(𝑥), I𝐴(𝑥) ≥ I𝐵(𝑥), F𝐴(𝑥) ≥ F𝐵(𝑥) for all 𝑥 ∈ 𝑋 then 𝐴 is said to be 

a neutrosophic subset of 𝐵 and which is denoted by 𝐴 ⊆ 𝐵. 

ii) (Equality): If 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴 then 𝐴 = 𝐵. 

iii) (Intersection): The intersection of 𝐴  and 𝐵 , denoted by 𝐴 ∩ 𝐵 , is defined as 𝐴 ∩ 𝐵 =

{⟨𝑥, T𝐴(𝑥) ∧ T𝐵(𝑥), I𝐴(𝑥) ∨ I𝐵(𝑥), F𝐴(𝑥) ∨ F𝐵(𝑥)⟩: 𝑥 ∈ 𝑋}. 

iv) (Union): The union of 𝐴  and 𝐵 , denoted by 𝐴 ∪ 𝐵 , is defined as 𝐴 ∪ 𝐵 = {⟨𝑥, T𝐴(𝑥) ∨

T𝐵(𝑥), I𝐴(𝑥) ∧ I𝐵(𝑥), F𝐴(𝑥) ∧ F𝐵(𝑥)⟩: 𝑥 ∈ 𝑋}. 

v) (Complement): The complement of the NS 𝐴 , denoted by 𝐴𝑐 , is defined as 𝐴𝑐 =

{⟨𝑥, F𝐴(𝑥), 1 − I𝐴(𝑥), T𝐴(𝑥)⟩: 𝑥 ∈ 𝑋} 

vi) (Universal Set): If T𝐴(𝑥) = 1, I𝐴(𝑥) = 0, F𝐴(𝑥) = 0  for all 𝑥 ∈ 𝑋  then 𝐴  is said to be 

neutrosophic universal set and which is denoted by 𝑋̃. 

vii) (Empty Set): If T𝐴(𝑥) = 0, I𝐴(𝑥) = 1, F𝐴(𝑥) = 1  for all 𝑥 ∈ 𝑋  then 𝐴  is said to be 

neutrosophic empty set and which is denoted by ∅̃. 

2.4. Definition: [18] Let 𝒩(𝑋)  be the set of all neutrosophic sets over 𝑋 . An NS 𝑃 =

{⟨𝑥, T𝐴(𝑥), I𝐴(𝑥), F𝐴(𝑥)⟩: 𝑥 ∈ 𝑋} is called a neutrosophic point (NP, for short) iff for any element 𝑦 ∈ 𝑋, 

T𝑃(𝑦) = 𝛼, I𝑃(𝑦) = 𝛽, F𝑃(𝑦) = 𝛾   for  𝑦 = 𝑥  and T𝑃(𝑦) = 0, I𝑃(𝑦) = 1, F𝑃(𝑦) = 1  for  𝑦 ≠ 𝑥, where 

0 < 𝛼 ≤ 1,0 ≤ 𝛽 < 1,0 ≤ 𝛾 < 1 . A neutrosophic point 𝑃 = {⟨𝑥, T𝐴(𝑥), I𝐴(𝑥), F𝐴(𝑥)⟩: 𝑥 ∈ 𝑋}  will be 

denoted by 𝑥𝛼,𝛽,𝛾. For the NP 𝑥𝛼,𝛽,𝛾, 𝑥 will be called its support. The complement of the NP 𝑥𝛼,𝛽,𝛾 

will be denoted by 𝑥𝛼,𝛽,𝛾
𝑐  or (𝑥𝛼,𝛽,𝛾)

𝑐
. 

2.5. Definition: [16] Let 𝜏 ⊆ 𝒩(𝑋). Then 𝜏 is called a neutrosophic topology on 𝑋 if 

i) ∅̃ and 𝑋̃ belong to 𝜏. 

ii) An arbitrary union of neutrosophic sets in 𝜏 is in 𝜏. 

iii) The intersection of any two neutrosophic sets in 𝜏 is in 𝜏. 

 

If 𝜏 is a neutrosophic topology on 𝑋 then the pair (𝑋, 𝜏) is called a neutrosophic topological space 

(NTS, for short) over 𝑋 . The members of 𝜏  are called neutrosophic open sets in 𝑋 . If for a 

neutrosophic set 𝐴, 𝐴𝑐 ∈ 𝜏 then 𝐴 is said to be a neutrosophic closed set in 𝑋. 

2.6. Definition:[14] Let (𝑋, 𝜏) be an NTS and 𝐺 be a NS over 𝑋. Then 𝐺 is called a 

i) Neutrosophic 𝑏-open (NBO, for short) set iff 𝐺 ⊆ [𝑖𝑛𝑡(𝑐𝑙(𝐺))] ∪ [𝑐𝑙(𝑖𝑛𝑡(𝐺))]. 

ii) Neutrosophic 𝑏-closed (NBC, for short) set iff 𝐺 ⊇ [𝑖𝑛𝑡(𝑐𝑙(𝐺))] ∪ [𝑐𝑙(𝑖𝑛𝑡(𝐺))]. 

 

If 𝐺 is an NBO (resp. NBC) set in (𝑋, 𝜏) then we shall also say that 𝐺 is a 𝜏-NBO (resp. 𝜏-NBC) set. 
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2.7. Theorem: [14] Let (𝑋, 𝜏) be an NTS. 

i) If 𝐺 ∈ 𝒩(𝑋) then 𝐺 is an NBO set iff 𝐺𝑐 is an NBC set. 

ii) If 𝐺 ∈ 𝒩(𝑋) then 𝐺 is an NBC set iff 𝐺𝑐 is an NBO set. 

 

2.8. Theorem: [13] Let (𝑋, 𝜏) be an NTS and 𝐴 ∈ 𝒩(𝑋). Then 

i) Every neutrosophic open set in an NTS is an NBO set. 

ii) Every neutrosophic closed set in an NTS is an NBC set. 

 

2.9. Definition: [27] Let 𝑓 be a function from an NTS (𝑋, 𝜏) to the NTS (𝑌, σ). Then 

i) 𝑓 is called a neutrosophic open function if 𝑓(𝐺) ∈ σ for all 𝐺 ∈ 𝜏 

ii) 𝑓 is called a neutrosophic continuous function if 𝑓−1(𝐺) ∈ 𝜏 for all 𝐺 ∈ σ. 

 

2.10. Definition: [13] Let 𝑓 be a function from an NTS (𝑋, 𝜏) to the NTS (𝑌, σ). Then 𝑓 is called a 

neutrosophic 

i) 𝑏-open function if 𝑓(𝐺) is an NBO set in 𝑌 for every neutrosophic open set 𝐺 in 𝑋. 

ii) 𝑏-continuous function if 𝑓−1(𝐺) is an NBO set in 𝑋 for every σ-open NS 𝐺 in 𝑌. 

iii) 𝑏∗-continuous function if 𝑓−1(𝐺) is an NBO set in 𝑋 for every NBO set 𝐺 in 𝑌. 

 

2.11. Proposition: [13] Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏). Then 

i) 𝐺 ∣𝑌 is a 𝜏 ∣𝑌-NBO set in 𝑌 for every 𝜏-NBO set 𝐺 in 𝑋. 

ii) 𝐺 ∣𝑌 is a 𝜏 ∣𝑌-NBC set in 𝑌 for every 𝜏-NBC set 𝐺 in 𝑋. 

 

2.12. Definition: [10] Let (𝑋, 𝜏) be an NTS. A collection {𝐺𝜆: 𝜆 ∈ Δ} of neutrosophic sets of 𝑋 is said 

to have the finite intersection property (FIP, in short) iff every finite subcollection {𝐺𝜆𝑘
: 𝑘 = 1,2, ⋯ , 𝑛} 

of {𝐺𝜆: 𝜆 ∈ Δ} satisfies the condition ⋂𝑘=1
𝑛 𝐺𝜆𝑘

≠ ∅̃, where Δ is an index set. 

*For neutrosophic function and its properties, please see [25]. 

3. Neutrosophic b-compactness 

3.1. Definition: Let (𝑋, 𝜏) be an NTS and 𝐴 ∈  𝒩(𝑋). A collection 𝐶 = {𝐺𝑖 : 𝑖 ∈ ∆} of NBO sets of 𝑋 

is called a neutrosophic 𝑏-open cover (NBOC, in short) of 𝐴 iff 𝐴 ⊆∪𝑖∈∆ 𝐺𝑖. In particular, 𝐶 is said 

to be an NBOC of 𝑋 iff  𝑋̃ = ∪𝑖∈∆ 𝐺𝑖. 

 

Let 𝐶  be an NBOC of the NS 𝐴  and 𝐶′ ⊆ 𝐶 . Then 𝐶′  is called a neutrosophic b-open subcover 

(NBOSC, in short) of 𝐶 if 𝐶′ is also a NBOC of 𝐴. 

 

An NBOC 𝐶 of an NS 𝐴 is said to be countable (resp. finite) if 𝐶 consists of a countable (resp. finite) 

number of NBO sets. 

 

3.2. Definition: An NS 𝐴 in an NTS (𝑋, τ) is said to be a neutrosophic 𝑏-compact set iff every NBOC 

of 𝐴 has a finite NBOSC.  

 

An NS 𝐴 in an NTS (𝑋, τ) is said to be a neutrosophic 𝑏-Lindel𝑜̈f (resp. neutrosophic countably 𝑏-

compact) set iff every NBOC (resp. countable NBOC) of 𝐴 has a countable(resp. finite) NBOSC. 

 

An NTS (𝑋, τ)  is said to be a neutrosophic 𝑏 -compact space iff every NBOC of 𝑋  has a finite 

NBOSC.  
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An NTS (𝑋, τ) is said to be a neutrosophic 𝑏-Lindel𝑜̈f (neutrosophic countably 𝑏-compact) space iff 

every NBOC (countable NBOC) of 𝑋 has a countable(finite) NBOSC. 

3.3. Proposition: Every neutrosophic 𝑏-compact space is a neutrosophic countably 𝑏-compact space. 

Proof: Obvious. 

3.4. Proposition: In an NTS, every neutrosophic 𝑏-compact set is a neutrosophic compact set. 

Proof: Let 𝐴 be a neutrosophic 𝑏-compact set of an NTS (𝑋, τ). Let 𝐶 = {𝐺𝑖: 𝑖 ∈ Δ} be an NOC of 𝐴. 

Since every neutrosophic open set is an NBO set[by 2.9], so 𝐺𝑖 is an NBO set for each 𝑖 ∈ Δ. Therefore 

𝐶 is an NBOC of 𝐴. Since A is 𝑏-compact, so there exists a finite subcollection {𝐺𝑖
1 , 𝐺𝑖

2, . . . , 𝐺𝑖
𝑚}, say, 

of 𝐶  such that 𝐴 ⊆ 𝐺𝑖
1 ∪ 𝐺𝑖

2 ∪. . .∪ 𝐺𝑖
𝑚 . Thus the NOC 𝐶  of 𝐴  has a finite NOSC {𝐺𝑖

1, 𝐺𝑖
2, . . . , 𝐺𝑖

𝑚}. 

Hence 𝐴 is a neutrosophic compact set. 

3.5. Example : Converse of the prop. 3.4 is not true. We establish it by the following example. 

Let 𝑋 = {𝑎, 𝑏}, 𝐵 = {⟨𝑎, 0,1,1⟩, ⟨𝑏, 1,0,0⟩}, 𝐺𝑛 = {⟨𝑎, 0,1,1⟩, ⟨𝑏,
𝑛

𝑛+1
,

1

𝑛
,

1

𝑛+1
⟩}, 𝑛 ∈ N = {1,2,3, ⋯ } and 𝜏 =

{𝑋̃, ∅̃, 𝐵} . Clearly (𝑋, 𝜏)  is an NTS and 𝐺𝑛  is an NBO set for each 𝑛 ∈ N . Obviously 𝐵  is a 

neutrosophic compact set. We observe that {𝐺𝑛: 𝑛 ∈ N} is an NBOC of 𝐵  but it has no NBOSC. 

Therefore 𝐵 is not a neutrosophic 𝑏-compact set. 

3.6. Proposition: Every neutrosophic 𝑏-compact space is a neutrosophic compact space. 

Proof: Obvious from prop. 3.4. 

3.7. Remark: Converse of prop. 3.6 is not true. We establish it by the following example. 

Let us consider the NTS (N, 𝜏), where 𝜏 = {∅̃, Ñ}, N = {1, 2, 3, ⋯ }. Clearly (N, 𝜏) is a neutrosophic 

compact space. We show that (N, 𝜏) is not a neutrosophic 𝑏-compact space. For 𝑛 ∈ N, we define 

𝐺𝑛 = {⟨𝑥, T𝐺𝑛
(𝑥), I𝐺𝑛

(𝑥), F𝐺𝑛
(𝑥): 𝑥 ∈ N} , where T𝐺𝑛

(𝑥) = 1, I𝐺𝑛
(𝑥) = 0, F𝐺𝑛

(𝑥) = 0  if 𝑥 = 𝑛  and 

T𝐺𝑛
(𝑥) = 0, I𝐺𝑛

(𝑥) = 1, F𝐺𝑛
(𝑥) = 1  if 𝑥 ≠ 𝑛 . Clearly, for each 𝑛 ∈ N , 𝐺𝑛  is an NBO set in (N, τ) . 

Obviously the collection 𝐶 = {𝐺𝑛: 𝑛 ∈ N} is an NBOC of N but it has no finite NBOSC. Therefore 

(N, 𝜏) is not a neutrosophic 𝑏-compact space. Thus (N, 𝜏) is a neutrosophic compact space but not a 

neutrosophic 𝑏-compact space. 

3.8. Proposition: In an NTS, union of two neutrosophic 𝑏-compact sets is neutrosophic 𝑏-compact. 

Proof: Let A and B be two neutrosophic 𝑏-compact sets of an NTS (𝑋, 𝜏). Let 𝐶 = {𝐺𝑖: 𝑖 ∈ Δ} be an 

NBOC of 𝐴 ∪ 𝐵. Then 𝐴 ∪ 𝐵 ⊆∪𝑖∈Δ 𝐺𝑖 . Since 𝐴 ⊆ 𝐴 ∪ 𝐵, so 𝐶  is an NBOC of 𝐴. Again since A is 

neutrosophic 𝑏-compact, so there exists a finite subcollection {𝐺𝑖
1 , 𝐺𝑖

2, . . . , 𝐺𝑖
𝑚} of 𝐶 such that 𝐴 ⊆

𝐺𝑖
1 ∪ 𝐺𝑖

2 ∪. . .∪ 𝐺𝑖
𝑚. Similarly, since B is neutrosophic 𝑏-compact, so there exists a finite subcollection 

{𝐻𝑖
1, 𝐻𝑖

2, . . . , 𝐻𝑖
𝑛}  of 𝐶  such that 𝐵 ⊆ 𝐻𝑖

1 ∪ 𝐻𝑖
2 ∪. . .∪ 𝐻𝑖

𝑛 . Therefore 𝐴 ∪ 𝐵 ⊆ 𝐺𝑖
1 ∪ 𝐺𝑖

2 ∪. . .∪ 𝐺𝑖
𝑚 ∪ 𝐻𝑖

1 ∪

𝐻𝑖
2 ∪. . .∪ 𝐻𝑖

𝑛. Thus there exists a finite subcollection {𝐺𝑖
1, 𝐺𝑖

2, . . . , 𝐺𝑖
𝑚 , 𝐻𝑖

1 , 𝐻𝑖
2, . . . , 𝐻𝑖

𝑛} of 𝐶 such that ∪

𝐵 ⊆ 𝐺𝑖
1 ∪ 𝐺𝑖

2 ∪. . .∪ 𝐺𝑖
𝑚 ∪ 𝐻𝑖

1 ∪ 𝐻𝑖
2 ∪. . .∪ 𝐻𝑖

𝑛  . Therefore  𝐴 ∪ 𝐵  is neutrosophic 𝑏 -compact. Hence 

proved. 

3.9. Proposition: In an NTS, finite union of neutrosophic 𝑏-compact sets is neutrosophic 𝑏-compact. 

Proof: Immediate from the prop. 3.8. 

3.10. Proposition: In an NTS, union of a neutrosophic 𝑏-compact set and a neutrosophic compact set 

is a neutrosophic compact set. 

Proof: Obvious. 

3.11. Definition: Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏). Then the set of all NBO 

sets 𝐺 ∣𝑌 in 𝑌 for which 𝐺 is an NBO set in 𝑋 will be denoted by 𝑁𝐵𝑂(𝑌), i.e., 𝑁𝐵𝑂(𝑌) = {𝐺 ∣𝑌⊆

𝑌: 𝐺 ∣𝑌  is an NBO set in 𝑌 and 𝐺 ⊆ 𝑋 is an NBO set in 𝑋}. 

3.12. Proposition: Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏) and 𝐴 ⊆ 𝑌. Then 𝐴 is 

neutrosophic 𝑏-compact in 𝑋 iff every cover of 𝐴 by the sets in 𝑁𝐵𝑂(𝑌) has a finite subcover. 

Proof: Necessary part: Let 𝐶 = {𝐺𝑖 ∣𝑌: 𝑖 ∈ Δ} be a cover of 𝐴, where 𝐺𝑖 ∣𝑌∈ 𝑁𝐵𝑂(𝑌) for each 𝑖 ∈ Δ. 

Then 𝐴 ⊆∪𝑖∈Δ 𝐺𝑖 ∣𝑌⇒ 𝐴 ⊆∪𝑖∈Δ 𝐺𝑖. Clearly 𝐺𝑖 is an NBO set in 𝑋 [by 3.11] for each 𝐺𝑖 ∣𝑌∈ 𝐶 and so, 

𝐶∗ = {𝐺𝑖: 𝐺𝑖 ∣𝑌∈ 𝑁𝐵𝑂(𝑌)} is an NBOC of 𝐴 in 𝑋. Since A is 𝑏-compact in 𝑋, so there exists a finite 

subcollection {𝐺𝑖𝑘
: 𝑘 = 1,2,3, . . . , 𝑛}  of 𝐶∗  such that 𝐴 ⊆∪𝑘=1

𝑛 𝐺𝑖𝑘
⇒ 𝐴 ⊆ (∪𝑘=1

𝑛 𝐺𝑖𝑘
) ∣𝑌⇒ 𝐴 ⊆

∪𝑘=1
𝑛 (𝐺𝑖𝑘

∣𝑌). Thus the cover 𝐶 of 𝐴 has a finite subcover {𝐺𝑖𝑘
: 𝑘 = 1,2,3, . . . , 𝑛}. 
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Sufficient part: Let 𝐵 = {𝐺𝑖: 𝑖 ∈ Δ} be an NBOC of 𝐴 in 𝑋, where 𝐺𝑖 is an NBO set in 𝑋 for each 𝑖 ∈

Δ . Then 𝐴 ⊆∪𝑖∈Δ 𝐺𝑖 ⇒ 𝐴 ⊆ (∪𝑖∈Δ 𝐺𝑖) ∣𝑌⇒ 𝐴 ⊆∪𝑖∈Δ (𝐺𝑖 ∣𝑌) . Since 𝐺𝑖 ∣𝑌∈ 𝑁𝐵𝑂(𝑌)  for each 𝐺𝑖 ∈ 𝐵 [by 

2.12], so 𝐵∗ = {𝐺𝑖 ∣𝑌: 𝑖 ∈ Δ} is a cover of 𝐴 by the NBO sets in 𝑁𝐵𝑂(𝑌). Therefore, by hypothesis, 

there exists a finite subcollection {𝐺𝑖𝑘
∣𝑌: 𝑘 = 1,2,3, . . . , 𝑛}  of 𝐵∗  such that 𝐴 ⊆∪𝑘=1

𝑛 (𝐺𝑖𝑘
∣𝑌) ⇒ 𝐴 ⊆

(∪𝑘=1
𝑛 𝐺𝑖𝑘

) ∣𝑌⇒ 𝐴 ⊆∪𝑘=1
𝑛 𝐺𝑖𝑘

. Thus the NBOC 𝐵  of 𝐴  has a finite NBOSC {𝐺𝑖𝑘
: 𝑘 = 1,2,3, . . . , 𝑛} . 

Therefore, 𝐴 is neutrosophic 𝑏-compact in 𝑋. 

3.13. Proposition: Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏) and 𝐴 ⊆ 𝑌. Then 𝐴 is 

neutrosophic countably 𝑏-compact in 𝑋 iff every countable cover of 𝐴 by the sets in 𝑁𝐵𝑂(𝑌) has a 

finite subcover. 

Proof: Obvious from the prop. 3.12. 

3.14. Proposition: Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏) and 𝐴 ⊆ 𝑌. Then 𝐴 is 

neutrosophic 𝑏-Lindel𝑜̈f in 𝑋 iff every cover of 𝐴 by the sets in 𝑁𝐵𝑂(𝑌) has a countable subcover. 

Proof: Obvious from the prop. 3.12. 

3.15. Proposition: Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏) and 𝐴 ⊆ 𝑌 . If 𝐴  is 

neutrosophic 𝑏-compact in 𝑋 then 𝐴 is neutrosophic compact in 𝑌. 

Proof: Let  𝐶  = {𝐺𝑖 ∣𝑌: 𝑖 ∈ Δ}  be an NOC of 𝐴  in 𝑌 , where 𝐺𝑖 ∣𝑌∈ 𝜏 ∣𝑌  for each 𝑖 ∈ Δ . Then 𝐴 ⊆

∪𝑖∈Δ (𝐺𝑖 ∣𝑌) ⇒ 𝐴 ⊆∪𝑖∈Δ 𝐺𝑖. Obviously 𝐺𝑖 ∈ 𝜏 and so, 𝐺𝑖 is an NBO set in 𝑋 for each 𝑖 ∈ Δ. Therefore, 

𝐶∗ = {𝐺𝑖: 𝐺𝑖 ∣𝑌∈ 𝐶}  is an NBOC of 𝐴  in 𝑋 . Since A is 𝑏 -compact in 𝑋 , so there exists a finite 

subcollection {𝐺𝑖𝑘
: 𝑘 = 1,2,3, . . . , 𝑛}  of 𝐶∗  such that 𝐴 ⊆∪𝑘=1

𝑛 𝐺𝑖𝑘
⇒ 𝐴 ⊆ (∪𝑘=1

𝑛 𝐺𝑖𝑘
) ∣𝑌⇒ 𝐴 ⊆

∪𝑘=1
𝑛 (𝐺𝑖𝑘

∣𝑌) . Thus the NOC 𝐶  of 𝐴  has a finite NOSC {𝐺𝑖𝑘
: 𝑘 = 1,2,3, . . . , 𝑛} . Therefore 𝐴  is 

neutrosophic compact in 𝑌. 

3.16. Proposition: Let (𝑌, 𝜏 ∣𝑌) be a neutrosophic subspace of the NTS (𝑋, 𝜏) and 𝐴 ⊆ 𝑌. If 𝐴 is 𝑏-

compact in 𝑌 then 𝐴 is 𝑏-compact in 𝑋. 

Proof: Obvious. 

3.17. Proposition: If G is an NBC subset of a neutrosophic 𝑏-compact space (𝑋, 𝜏) such that 𝐺 ∩ 𝐺𝑐 =

∅̃ then 𝐺 is a neutrosophic 𝑏-compact. 

Proof: Let 𝐶 = {𝐻𝑖 : 𝑖 ∈ Δ} be an NBOC of 𝐺. Then 𝐴 ⊆∪𝑖∈Δ 𝐻𝑖. Since 𝐺𝑐 is an NBO set and since 𝐺 ∩

𝐺𝑐 = ∅̃ , i.e., 𝐺 ∪ 𝐺𝑐 = 𝑋̃ , so 𝐷 = {𝐻𝑖 : 𝑖 ∈ Δ} ∪ {𝐺𝑐}  is an NBOC of 𝑋 . As 𝑋  is neutrosophic 𝑏 -

compact, so there exists a finite subcollection 𝐷′ = {𝐻𝑖1
, 𝐻𝑖2

, . . . , 𝐻𝑖𝑛
} ∪ {𝐺𝑐} of 𝐷 such that 𝑋 ⊆ 𝐻𝑖1

∪

𝐻𝑖2
∪. . .∪ 𝐻𝑖𝑛

∪ 𝐺𝑐 . Therefore 𝐺 ⊆ 𝐻𝑖1
∪ 𝐻𝑖2

∪. . .∪ 𝐻𝑖𝑛
∪ 𝐺𝑐 . But 𝐺 ∩ 𝐺𝑐 = ∅̃ , so 𝐺 ⊆ 𝐻𝑖1

∪ 𝐻𝑖2
∪. . .∪

𝐻𝑖𝑛
. Thus the NBOC 𝐶 of 𝐺 has a finite NBOSC {𝐻𝑖1

, 𝐻𝑖2
, . . . , 𝐻𝑖𝑛

}. Hence 𝐺 is a neutrosophic 𝑏-

compact set. 

3.18. Proposition: If 𝐺 is an NBC subset of a neutrosophic 𝑏-compact space (𝑋, τ) such that 𝐺 ∩

𝐺𝑐 = ∅̃ then 𝐺 is neutrosophic compact. 

Proof: Immediate from the prop. 3.17 as 𝑏-compactness implies compactness. 

3.19. Proposition: If 𝐺  is a neutrosophic closed subset of a neutrosophic 𝑏-compact space (𝑋, τ) 

such that 𝐺 ∩ 𝐺𝑐 = ∅̃ then 𝐺 is neutrosophic 𝑏-compact. 

Proof: Immediate from the prop. 3.17 as every neutrosophic closed set is an NBC set. 

3.20. Proposition: If 𝐺  is a neutrosophic closed subset of a neutrosophic 𝑏-compact space (𝑋, 𝜏) 

such that 𝐺 ∩ 𝐺𝑐 = ∅̃ then 𝐺 is neutrosophic compact. 

Proof: Immediate from the prop. 3.19. 

3.21. Proposition: Let (𝑋, 𝜏)  be an NTS. An NS 𝐴 = {⟨𝑥, T𝐴(𝑥), I𝐴(𝑥), F𝐴(𝑥)⟩: 𝑥 ∈ 𝑋}  over 𝑋  is 

neutrosophic 𝑏-compact iff for every collection 𝐶 = {𝐺𝜆: 𝜆 ∈ Δ} of NBO sets of 𝑋 satisfying T𝐴(𝑥) ≤

⋁𝜆∈ΔT𝐺𝜆
(𝑥) , 1 − I𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − I𝐺𝜆

(𝑥))  and 1 − F𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − F𝐺𝜆
(𝑥)) , there exists a finite 

subcollection {𝐺𝜆𝑘
: 𝑘 = 1,2,3, . . . , 𝑛}  such that T𝐴(𝑥) ≤ ⋁𝑘=1

𝑛 T𝐺𝜆𝑘
(𝑥) , 1 − I𝐴(𝑥) ≤ ⋁𝑘=1

𝑛 (1 − I𝐺𝜆𝑘
(𝑥)) 

and 1 − F𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 (1 − F𝐺𝜆𝑘

(𝑥)). 

Proof: Necessary Part: Let 𝐶 = {𝐺𝜆: 𝜆 ∈ Δ}  be any collection of NBO sets of 𝑋 satisfying T𝐴(𝑥) ≤

⋁𝜆∈ΔT𝐺𝜆
(𝑥) , 1 − I𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − I𝐺𝜆

(𝑥))  and 1 − F𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − F𝐺𝜆
(𝑥)) . Now 1 − I𝐴(𝑥) ≤
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⋁𝜆∈Δ (1 − I𝐺𝜆
(𝑥))  ⇒ 1 − I𝐴(𝑥) ≤ 1 − I𝐺𝛽

(𝑥)  for some ∈ Δ  ⇒ I𝐴(𝑥) ≥ I𝐺𝛽
(𝑥) ⇒ I𝐴(𝑥) ≥ ⋀𝜆∈ΔI𝐺𝜆

(𝑥) . 

Similarly 1 − F𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − F𝐺𝜆
(𝑥)) ⇒ F𝐴(𝑥) ≥ ⋀𝜆∈ΔF𝐺𝜆

(𝑥). Therefore 𝐴 ⊆∪𝜆∈Δ 𝐺𝜆 , i.e., 𝐶  is an 

NBOC of 𝐴. Since 𝐴 is neutrosophic 𝑏-compact, so 𝐶 has a finite NBOSC {𝐺𝜆𝑘
: 𝑘 = 1,2,3, ⋯ , 𝑛}, say. 

Therefore 𝐴 ⊆∪𝑘=1
𝑛 𝐺𝜆𝑘

. Then T𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 T𝐺𝜆𝑘

(𝑥) , I𝐴(𝑥) ≥ ⋀𝑘=1
𝑛 I𝐺𝜆𝑘

(𝑥)  and F𝐴(𝑥) ≥ ⋀𝑘=1
𝑛 F𝐺𝜆𝑘

(𝑥) . 

Now I𝐴(𝑥) ≥ ⋀𝑘=1
𝑛 I𝐺𝜆𝑘

(𝑥) ⇒ I𝐴(𝑥) ≥ I𝐺𝜆𝑚
(𝑥)  for some 𝑚, 1 ≤ 𝑚 ≤ 𝑛  ⇒ 1 − I𝐴(𝑥) ≤ 1 − I𝐺𝜆𝑚

(𝑥)  for 

some 𝑚, 1 ≤ 𝑚 ≤ 𝑛 ⇒ 1 − I𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 (1 − I𝐺𝜆𝑘

(𝑥)). Similarly F𝐴(𝑥) ≥ ⋀𝑘=1
𝑛 F𝐺𝜆𝑘

(𝑥) ⇒ 1 − F𝐴(𝑥) ≤

⋁𝑘=1
𝑛 (1 − F𝐺𝜆𝑘

(𝑥)) . Thus T𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 T𝐺𝜆𝑘

(𝑥) , 1 − I𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 (1 − I𝐺𝜆𝑘

(𝑥))  and 1 − F𝐴(𝑥) ≤

⋁𝑘=1
𝑛 (1 − F𝐺𝜆𝑘

(𝑥)). 

Sufficient Part: Let 𝐶 = {𝐺𝜆: 𝜆 ∈ Δ} be an NBOC of 𝐴 . Then 𝐴 ⊆∪𝜆∈Δ 𝐺𝜆 , i.e., T𝐴(𝑥) ≤ ⋁𝜆∈ΔT𝐺𝜆
(𝑥), 

I𝐴(𝑥) ≥ ⋀𝜆∈ΔI𝐺𝜆
(𝑥) and F𝐴(𝑥) ≥ ⋀𝜆∈ΔF𝐺𝜆

(𝑥). Now I𝐴(𝑥) ≥ ⋀𝜆∈ΔI𝐺𝜆
(𝑥) ⇒ I𝐴(𝑥) ≥ I𝐺𝛼

(𝑥) for some ∈ Δ 

⇒ 1 − I𝐴(𝑥) ≤ 1 − I𝐺𝛼
(𝑥) ⇒ 1 − I𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − I𝐺𝜆

(𝑥)) . Similarly F𝐴(𝑥) ≥ ⋀𝜆∈ΔF𝐺𝜆
(𝑥) ⇒ 1 −

F𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − F𝐺𝜆
(𝑥)) . Thus the collection 𝐶  satisfies the condition T𝐴(𝑥) ≤ ⋁𝜆∈ΔT𝐺𝜆

(𝑥) , 1 −

I𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − I𝐺𝜆
(𝑥)) and 1 − F𝐴(𝑥) ≤ ⋁𝜆∈Δ (1 − F𝐺𝜆

(𝑥)). By the hypothesis, there exists a finite 

subcollection {𝐺𝜆𝑘
: 𝑘 = 1,2,3, . . . , 𝑛}  such that T𝐴(𝑥) ≤ ⋁𝑘=1

𝑛 T𝐺𝜆𝑘
(𝑥) , 1 − I𝐴(𝑥) ≤ ⋁𝑘=1

𝑛 (1 − I𝐺𝜆𝑘
(𝑥)) 

and 1 − F𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 (1 − F𝐺𝜆𝑘

(𝑥)) . Now 1 − I𝐴(𝑥) ≤ ⋁𝑘=1
𝑛 (1 − I𝐺𝜆𝑘

(𝑥)) ⇒ 1 − I𝐴(𝑥) ≤ 1 − I𝐺𝜆𝑚
(𝑥) 

for some , 1 ≤ 𝑚 ≤ 𝑛  ⇒ I𝐴(𝑥) ≥ I𝐺𝜆𝑚
(𝑥) ⇒ I𝐴(𝑥) ≥ ⋀𝑘=1

𝑛 I𝐺𝜆𝑘
(𝑥) . Similarly, we shall have F𝐴(𝑥) ≥

⋀𝑘=1
𝑛 F𝐺𝜆𝑘

(𝑥) . Therefore 𝐴 ⊆∪𝑘=1
𝑛 𝐺𝜆𝑘

, i.e., the NBOC 𝐶  of 𝐴  has a finite NBOSC {𝐺𝜆𝑘
: 𝑘 =

1,2,3, ⋯ , 𝑛}. Therefore, 𝐴 is neutrosophic 𝑏-compact set. 

Hence proved. 

3.22. Proposition: Let (𝑋, 𝜏) be an NTS. Then 𝑋 is neutrosophic 𝑏-compact iff for every collection 

𝐶 = {𝐺𝜆: 𝜆 ∈ Δ} of NBO sets of 𝑋  satisfying ⋁𝜆∈ΔT𝐺𝜆
(𝑥) = 1, ⋁𝜆∈Δ (1 − I𝐺𝜆

(𝑥)) = 1 and ⋁𝜆∈Δ (1 −

F𝐺𝜆
(𝑥)) = 1 , there exists a finite subcollection {𝐺𝜆𝑘

: 𝑘 = 1,2,3, . . . , 𝑛}  such that ⋁𝑘=1
𝑛 T𝐺𝜆𝑘

(𝑥) = 1 , 

⋁𝑘=1
𝑛 (1 − I𝐺𝜆𝑘

(𝑥)) = 1 and ⋁𝑘=1
𝑛 (1 − F𝐺𝜆𝑘

(𝑥)) = 1. 

Proof: Immediate from the prop. 3.21. 

3.23. Proposition: An NTS (𝑋, 𝜏) is neutrosophic 𝑏-compact iff every collection of NBC sets with FIP 

has a non-empty intersection. 

Proof: Necessary part: Let 𝐴 = {𝑁𝑖: 𝑖 ∈ Δ}   be an arbitrary collection of NBC sets with FIP. We show 

that ∩𝑖∈Δ 𝑁𝑖 ≠ ∅̃. On the contrary, suppose that ∩𝑖∈Δ 𝑁𝑖 = ∅̃. Then (∩𝑖∈Δ 𝑁𝑖)
𝑐 = (∅̃)

𝑐
⇒∪𝑖∈Δ 𝑁𝑖

𝑐 = 𝑋̃. 

Therefore 𝐵 = {𝑁𝑖
𝑐: 𝑁𝑖 ∈ 𝐴} is an NBOC of 𝑋 and so, 𝐵 has a finite NBOSC {𝑁𝑖1

𝑐 , 𝑁𝑖2

𝑐 , . . . , 𝑁𝑖𝑘

𝑐 }, say. 

Then ∪𝑗=1
𝑘 𝑁𝑖𝑗

𝑐 = 𝑋̃ ⇒∩𝑗=1
𝑘 𝑁𝑖𝑗

= ∅̃, which is a contradiction as 𝐴 has FIP. Therefore ∩𝑖∈Δ 𝑁𝑖 ≠ ∅̃.  

Sufficient part: Suppose that 𝑋  is not neutrosophic 𝑏-compact. Then there exists an NBOC 𝐶 =

{𝐺𝑖: 𝑖 ∈ Δ} of 𝑋 which has no finite NBOSC. Then for every finite subcollection {𝐺𝑖1
, 𝐺𝑖2

, . . . , 𝐺𝑖𝑘
} of 

𝐶, we have ∪𝑗=1
𝑘 𝐺𝑖𝑗

≠ 𝑋̃ ⇒∩𝑗=1
𝑘 𝐺𝑖𝑗

𝑐 ≠ ∅̃. Therefore, {𝐺𝑖
𝑐 : 𝐺𝑖 ∈ 𝐶} is a collection of NBC sets having the 

FIP. By the assumption, ∩𝑖∈Δ 𝐺𝑖
𝑐 ≠ ∅̃ ⇒∪𝑖∈Δ 𝐺𝑖 ≠ 𝑋̃. This shows that 𝐶 is not an NBOC of 𝑋, which is 

a contradiction. Therefore, the NBOC 𝐶  of 𝑋  must have a finite NBOSC. Therefore 𝑋  is 

neutrosophic 𝑏-compact. 

Hence proved. 

3.24. Proposition: Let 𝑓 be a neutrosophic 𝑏-open function from an NTS (𝑋, τ) to the NTS (𝑌, 𝜎) 

and 𝐴 ∈ 𝒩(𝑌). If 𝐴 is neutrosophic 𝑏-compact in 𝑌 then 𝑓−1(𝐴) is neutrosophic compact in 𝑋. 

Proof: Let 𝐵 = {𝐺𝜆: 𝜆 ∈ Δ} be an NOC of 𝑓−1(𝐴). Then 𝑓−1(𝐴) ⊆∪𝜆∈Δ 𝐺𝜆 ⇒ 𝐴 ⊆ 𝑓(∪𝜆∈Δ 𝐺𝜆) ⇒ 𝐴 ⊆

∪𝜆∈Δ 𝑓(𝐺𝜆). Since 𝐺𝜆 is τ-open set, so 𝑓(𝐺𝜆) is 𝜎-NBO set for each 𝜆 ∈ Δ as 𝑓 is a 𝑏-open function. 

Therefore, 𝐶 = {𝑓(𝐺𝜆): 𝐺𝜆 ∈ 𝐵} is an NBOC of 𝐴. Since A is neutrosophic 𝑏-compact, so 𝐶  has a 

finite NBOSC {𝑓(𝐺𝜆1
), 𝑓(𝐺𝜆2

), 𝑓(𝐺𝜆3
), . . . , 𝑓(𝐺𝜆𝑛

)} , say. Therefore 𝐴 ⊆∪𝑖=1
𝑛 𝑓(𝐺𝜆𝑖

) ⇒ 𝐴 ⊆



Neutrosophic Systems with Applications, Vol. 9, 2023                                                 7 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Sudeep Dey and Gautam Chandra Ray, Covering Properties via Neutrosophic b-open Sets 

𝑓(∪𝑖=1
𝑛 𝐺𝜆𝑖

) ⇒ 𝑓−1(𝐴) ⊆∪𝑖=1
𝑛 𝐺𝜆𝑖

. Thus the NOC 𝐵  of 𝑓−1(𝐴)  has a finite NOSC 

{𝐺𝜆1
, 𝐺𝜆2

, 𝐺𝜆3
, . . . , 𝐺𝜆𝑛

}. Therefore 𝑓−1(𝐴) is neutrosophic compact in 𝑋. Hence proved. 

3.25. Proposition: Let 𝑓 be a neutrosophic 𝑏-open function from an NTS (𝑋, τ) onto the NTS (𝑌, 𝜎). 

If (𝑌, 𝜎)  is neutrosophic 𝑏 -compact (resp. neutrosophic countably 𝑏 -compact, neutrosophic 𝑏 -

Lindel𝑜̈f) then (𝑋, τ) is neutrosophic compact (resp. neutrosophic countably compact, neutrosophic 

Lindel𝑜̈f). 

Proof: Immediate from the prop. 3.24 as 𝑓 is onto. 

3.26. Proposition: Let 𝑓 be a neutrosophic open function from an NTS (𝑋, τ) onto the NTS (𝑌, 𝜎). If 

(𝑌, 𝜎)  is neutrosophic 𝑏 -compact (resp. neutrosophic countably 𝑏 -compact, neutrosophic 𝑏 -

Lindel𝑜̈f) then (𝑋, τ) is neutrosophic compact (resp. neutrosophic countably compact, neutrosophic 

Lindel𝑜̈f). 

Proof: Obvious as every neutrosophic open set is an NBO set. 

3.27. Proposition: Let 𝑓 be a neutrosophic 𝑏-continuous function from an NTS (𝑋, τ) to the NTS 

(𝑌, 𝜎). If 𝐴 is neutrosophic 𝑏-compact set in 𝑋 then 𝑓(𝐴) is neutrosophic compact set in 𝑌. 

Proof: Let 𝐵 = {𝐺𝜆: 𝜆 ∈ Δ} be an NOC of 𝑓(𝐴). Then 𝑓(𝐴) ⊆∪𝜆∈Δ 𝐺𝜆 ⇒ 𝑓−1(𝑓(𝐴)) ⊆ 𝑓−1(∪𝜆∈Δ 𝐺𝜆) ⇒

𝑓−1(𝑓(𝐴)) ⊆∪𝜆∈Δ 𝑓−1(𝐺𝜆) ⇒ 𝐴 ⊆∪𝜆∈Δ 𝑓−1(𝐺𝜆). Since 𝐺𝜆 is 𝜎-open NS in 𝑌, so 𝑓−1(𝐺𝜆) is τ-NBO set 

in 𝑋  as 𝑓  is 𝑏 -continuous. Therefore 𝐶 = {𝑓−1(𝐺𝜆): 𝐺𝜆 ∈ 𝐵}  is an NBOC of 𝐴 . Since 𝐴  is 

neutrosophic 𝑏-compact, so 𝐶 has a finite NBOSC {𝑓−1(𝐺𝜆1
), 𝑓−1(𝐺𝜆2

), … , 𝑓−1(𝐺𝜆𝑛
)}, say. Therefore 

𝐴 ⊆∪𝑖=1
𝑛 𝑓−1(𝐺𝜆𝑖

) ⇒ 𝐴 ⊆ 𝑓−1(∪𝑖=1
𝑛 𝐺𝜆𝑖

) ⇒ 𝑓(𝐴) ⊆∪𝑖=1
𝑛 𝐺𝜆𝑖

. Thus the NOC 𝐵  of 𝑓(𝐴)  has a finite 

NOSC. Therefore 𝑓(𝐴) is neutrosophic compact. Hence proved. 

3.28. Proposition: Let 𝑓  be a neutrosophic continuous function from an NTS (𝑋, τ)  to the NTS 

(𝑌, 𝜎). If 𝑓 is neutrosophic 𝑏-compact in 𝑋 then 𝑓(𝐴) is neutrosophic compact in 𝑌. 

Proof: Obvious from the prop. 3.27 as every neutrosophic open set is an NBO set. 

3.29. Proposition: Let 𝑓 be a neutrosophic 𝑏-continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If (𝑋, τ) is neutrosophic 𝑏-compact then (𝑌, 𝜎) is neutrosophic compact. 

Proof: Since 𝑓  is onto, so 𝑓(𝑋̃) = 𝑌̃ . Let 𝐵 = {𝐺𝜆: 𝜆 ∈ Δ}  be an NOC of 𝑌 . Then ∪𝜆∈Δ 𝐺𝜆 = 𝑌̃ ⇒

∪𝜆∈Δ 𝐺𝜆 = 𝑓(𝑋̃) ⇒ 𝑓−1(∪𝜆∈Δ 𝐺𝜆) = 𝑋̃ ⇒∪𝜆∈Δ 𝑓−1(𝐺𝜆) = 𝑋̃. Since 𝐺𝜆 is 𝜎-open NS in 𝑌, so 𝑓−1(𝐺𝜆) is 

τ-NBO set in 𝑋 as 𝑓 is 𝑏-continuous. Therefore 𝐶 = {𝑓−1(𝐺𝜆): 𝐺𝜆 ∈ 𝐵} is an NBOC of 𝑋. Since 𝑋 is 

𝑏 -compact, so 𝐶  has a finite NBOSC {𝑓−1(𝐺𝜆1
), 𝑓−1(𝐺𝜆2

), … , 𝑓−1(𝐺𝜆𝑛
)} , say. Therefore 

∪𝑖=1
𝑛 𝑓−1(𝐺𝜆𝑖

) = 𝑋̃ ⇒ 𝑓−1(∪𝑖=1
𝑛 𝐺𝜆𝑖

) = 𝑋̃ ⇒∪𝑖=1
𝑛 𝐺𝜆𝑖

= 𝑓(𝑋̃) ⇒∪𝑖=1
𝑛 𝐺𝜆𝑖

= 𝑌̃. Thus the NOC 𝐵 of 𝑌 has 

a finite NOSC. Therefore 𝑌 is neutrosophic compact. Hence proved. 

3.30. Proposition: Let 𝑓 be a neutrosophic continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If (𝑋, τ) is neutrosophic 𝑏-compact then (𝑌, 𝜎) is neutrosophic compact. 

Proof: Obvious from the prop. 3.29 as every neutrosophic open set is an NBO set. 

3.31. Proposition: Let 𝑓 be a neutrosophic 𝑏-continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If 𝑋 is neutrosophic countably 𝑏-compact then 𝑌 is neutrosophic countably compact. 

Proof: Since 𝑓 is onto, so 𝑓(𝑋̃) = 𝑌̃. Let 𝐵 = {𝐺𝜆: 𝜆 ∈ Δ}  be a countable NOC of 𝑌. Then ∪𝜆∈Δ 𝐺𝜆 =

𝑌̃ ⇒∪𝜆∈Δ 𝐺𝜆 = 𝑓(𝑋̃) ⇒ 𝑓−1(∪𝜆∈Δ 𝐺𝜆) = 𝑋̃ ⇒∪𝜆∈Δ 𝑓−1(𝐺𝜆) = 𝑋̃. Since 𝐺𝜆 is 𝜎-open NS in 𝑌, so 𝑓−1(𝐺𝜆) 

is τ -NBO set in 𝑋  as 𝑓  is 𝑏 -continuous. Therefore 𝐶 = {𝑓−1(𝐺𝜆): 𝐺𝜆 ∈ 𝐵}  is an NBOC of 𝑋 . 

Obviously 𝐶 is countable as 𝐵 is countable. Again since 𝑋 is neutrosophic countably 𝑏-compact, 

so 𝐶  has a finite NBOSC {𝑓−1(𝐺𝜆1
), 𝑓−1(𝐺𝜆2

), … , 𝑓−1(𝐺𝜆𝑛
)} , say. Therefore ∪𝑖=1

𝑛 𝑓−1(𝐺𝜆𝑖
) = 𝑋̃ ⇒

𝑓−1(∪𝑖=1
𝑛 𝐺𝜆𝑖

) = 𝑋̃ ⇒∪𝑖=1
𝑛 𝐺𝜆𝑖

= 𝑓(𝑋̃) ⇒∪𝑖=1
𝑛 𝐺𝜆𝑖

= 𝑌̃ . Thus the countable NOC 𝐵  of 𝑌  has a finite 

NOSC. Hence 𝑌 is neutrosophic countably compact. 

3.32. Proposition: Let 𝑓 be a neutrosophic continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If 𝑋 is neutrosophic countably 𝑏-compact then 𝑌 is neutrosophic countably compact. 

Proof: Immediate from the prop. 3.31 as every neutrosophic open set is an NBO set. 

3.33. Proposition: Let 𝑓 be a neutrosophic 𝑏-continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If 𝑋 is neutrosophic 𝑏-Lindel𝑜̈f then 𝑌 is neutrosophic Lindel𝑜̈f. 

Proof: Since 𝑓  is onto, so 𝑓(𝑋̃) = 𝑌̃ . Let 𝐶 = {𝐺𝑖: 𝑖 ∈ Δ}   be an NOC of 𝑌 . Then ∪𝑖∈Δ 𝐺𝑖 = 𝑌̃ ⇒

∪𝑖∈Δ 𝐺𝑖 = 𝑓(𝑋̃) ⇒ 𝑓−1(∪𝑖∈Δ 𝐺𝑖) = 𝑋̃ ⇒∪𝑖∈Δ 𝑓−1(𝐺𝑖) = 𝑋̃ ⇒ {𝑓−1(𝐺𝑖): 𝐺𝑖 ∈ 𝐶} is an NBOC of 𝑋. Since 𝑋 
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is neutrosophic 𝑏 - Lindel 𝑜̈ f, so {𝑓−1(𝐺𝑖): 𝐺𝑖 ∈ 𝐶}  has a countable NBOSC 𝐵 = {𝑓−1(𝐺𝑖𝑘
): 𝑘 =

1,2,3, … }, say. Therefore, 𝑋̃ = 𝑓−1(𝐺𝜆1
) ∪ 𝑓−1(𝐺𝜆2

) ∪ 𝑓−1(𝐺𝜆3
) ∪ … . This gives 𝑋̃ = 𝑓−1(𝐺𝜆1

∪ 𝐺𝜆2
∪

𝐺𝜆3
∪ … ) ⇒ 𝑓(𝑋̃) = 𝐺𝜆1

∪ 𝐺𝜆2
∪ 𝐺𝜆3

∪ …  ⇒ 𝑌̃ = 𝐺𝜆1
∪ 𝐺𝜆2

∪ 𝐺𝜆3
∪ …  ⇒ {𝐺𝑖𝑘

: 𝑘 = 1,2,3, … }  is an NOC 

of 𝑌. Since 𝐵 is countable so, {𝐺𝑖𝑘
: 𝑘 = 1,2,3, … } is also countable.  Therefore, the NOC 𝐶 of 𝑌 has 

a countable NOSC {𝐺𝑖𝑘
: 𝑘 = 1,2,3, … } and so, 𝑌 is neutrosophic Lindel𝑜̈f. 

3.34. Proposition: Let 𝑓 be a neutrosophic continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If 𝑋 is neutrosophic 𝑏-Lindel𝑜̈f then 𝑌 is neutrosophic Lindel𝑜̈f. 

Proof: Immediate from the prop. 3.33 as every neutrosophic open set is an NBO set. 

3.35. Definition: Let 𝑓 be a neutrosophic function from an NTS (𝑋, τ) to the NTS (𝑌, 𝜎).  Then 𝑓 

is called a neutrosophic 𝑏∗-open function if 𝑓(𝐺) is an NBO set in 𝑌 for every NBO set 𝐺 in 𝑋. 

3.36. Proposition: Let 𝑓 be a neutrosophic 𝑏∗-open function from an NTS (𝑋, τ) to the NTS (𝑌, 𝜎) 

and 𝐴 ∈ 𝒩(𝑌). If 𝐴 is neutrosophic 𝑏-compact in 𝑌 then 𝑓−1(𝐴) is neutrosophic 𝑏-compact in 𝑋. 

Proof: Let 𝐵 = {𝐺𝑖: 𝑖 ∈ Δ}   be an  NBOC of 𝑓−1(𝐴) . Then  𝑓−1(𝐴) ⊆ ∪𝑖∈Δ 𝐺𝑖 ⇒ 𝐴 ⊆ 𝑓(∪𝑖∈Δ 𝐺𝑖) ⇒

A ⊆ ∪𝑖∈Δ 𝑓(𝐺𝑖) . Since 𝐺𝑖  is a τ -NBO set, so 𝑓(𝐺𝑖)  is a 𝜎 -NBO set for each 𝑖 ∈ Δ  as 𝑓  is a 

neutrosophic 𝑏∗ -open function. Therefore, 𝐶 = {𝑓(𝐺𝑖): 𝐺𝑖 ∈ 𝐵}  is an NBOC of A. Since 𝐴  is 

neutrosophic 𝑏 -compact, so 𝐶  has a finite NBOSC {𝑓(𝐺𝜆1
), 𝑓(𝐺𝜆2

), 𝑓(𝐺𝜆3
), . . . , 𝑓(𝐺𝜆𝑛

)} , say. 

Therefore, 𝐴 ⊆∪𝑖=1
𝑛 𝑓(𝐺𝜆𝑖

) ⇒ 𝐴 ⊆ 𝑓(∪𝑖=1
𝑛 𝐺𝜆𝑖

) ⇒ 𝑓−1(𝐴) ⊆∪𝑖=1
𝑛 𝐺𝜆𝑖

. Thus the NBOC 𝐵 of 𝑓−1(𝐴) has 

a finite NBOSC {𝐺𝜆1
, 𝐺𝜆2

, 𝐺𝜆3
, . . . , 𝐺𝜆𝑛

} . Therefore 𝑓−1(𝐴)  is neutrosophic 𝑏 -compact in 𝑋 . Hence 

proved.   

3.37. Proposition: Let 𝑓  be a neutrosophic 𝑏∗ -open function from an NTS (𝑋, τ)  onto the NTS 

(𝑌, 𝜎). If (𝑌, 𝜎)  is neutrosophic 𝑏-compact in then (𝑋, τ) is also neutrosophic 𝑏-compact. 

Proof: Immediate from the prop. 3.36 as 𝑓 is onto. 

3.38. Proposition: Let 𝑓  be a neutrosophic 𝑏∗ -open function from an NTS (𝑋, τ)  onto the NTS 

(𝑌, 𝜎). If (𝑌, 𝜎) is neutrosophic countably 𝑏-compact (neutrosophic 𝑏-Lindel𝑜̈f) then (𝑋, τ) is also 

neutrosophic countably 𝑏-compact (neutrosophic 𝑏-Lindel𝑜̈f). 

Proof: Obvious. 

3.39. Definition: Let 𝑓 be a neutrosophic function from an NTS (𝑋, τ) to the NTS (𝑌, 𝜎). Then 𝑓 is 

called a neutrosophic 𝑏∗-continuous function if 𝑓−1(𝐺) is an NBO set in 𝑋 for every NBO set 𝐺 in 

𝑌. 

3.40. Proposition: Let 𝑓 be a neutrosophic 𝑏∗-continuous function from an NTS (𝑋, τ) to the NTS 

(𝑌, 𝜎). If 𝐴 is neutrosophic 𝑏-compact in 𝑋 then 𝑓(𝐴) is also neutrosophic 𝑏-compact in 𝑌. 

Proof: Let 𝐵 = {𝐺𝜆: 𝜆 ∈ Δ}  be an NBOC of 𝑓(𝐴) . Then 𝑓(𝐴) ⊆ ∪𝜆∈Δ 𝐺𝜆 ⇒ A ⊆ 𝑓−1(∪𝜆∈Δ 𝐺𝜆) ⇒ A ⊆

∪𝜆∈Δ 𝑓−1(𝐺𝜆). Since 𝐺𝜆 is 𝜎-NBO set in 𝑌, so 𝑓−1(𝐺𝜆) is τ-NBO set in 𝑋 as 𝑓 is neutrosophic 𝑏∗-

continuous function. Therefore 𝐶 = {𝑓−1(𝐺𝜆): 𝐺𝜆 ∈ 𝐵} is an NBOC of 𝐴. Since 𝐴 is neutrosophic 𝑏-

compact in 𝑋 , so 𝐶  has a finite NBOSC {𝑓−1(𝐺𝜆1
), 𝑓−1(𝐺𝜆2

), … , 𝑓−1(𝐺𝜆𝑛
)} , say. Therefore 𝐴 ⊆

∪𝑖=1
𝑛 𝑓−1(𝐺𝜆𝑖

) ⇒ 𝐴 ⊆ 𝑓−1(∪𝑖=1
𝑛 𝐺𝜆𝑖

) ⇒ 𝑓(𝐴) ⊆∪𝑖=1
𝑛 𝐺𝜆𝑖

. Thus the NBOC 𝐵 of 𝑓(𝐴) has a finite NBOSC 

{𝐺𝜆1
, 𝐺𝜆2

, 𝐺𝜆3
, . . . , 𝐺𝜆𝑛

}.. Therefore 𝑓(𝐴) is neutrosophic 𝑏-compact.  

3.41. Proposition: Let 𝑓 be a neutrosophic 𝑏∗-continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If (𝑋, τ) is neutrosophic 𝑏-compact then (𝑌, 𝜎) is also neutrosophic 𝑏-compact. 

Proof: Since 𝑓  is onto, so 𝑓(𝑋̃) = 𝑌̃ . Let 𝐵 = {𝐺𝜆: 𝜆 ∈ Δ} be an NBOC of 𝑌 . Then ∪𝜆∈Δ 𝐺𝜆 = 𝑌̃ ⇒

∪𝜆∈Δ 𝐺𝜆 = 𝑓(𝑋̃) ⇒ 𝑓−1(∪𝜆∈Δ 𝐺𝜆) = 𝑋̃ ⇒∪𝜆∈Δ 𝑓−1(𝐺𝜆) = 𝑋̃. Since 𝐺𝜆 is 𝜎-NBO set in 𝑌, so 𝑓−1(𝐺𝜆) is 

τ-NBO set in 𝑋 as 𝑓 is neutrosophic 𝑏∗-continuous function. Therefore, 𝐶 = {𝑓−1(𝐺𝜆): 𝐺𝜆 ∈ 𝐵} is an 

NBOC of 𝑋 . Since 𝑋  is neutrosophic 𝑏 -compact, so 𝐶  has a finite NBOSC 

{𝑓−1(𝐺𝜆1
), 𝑓−1(𝐺𝜆2

), … , 𝑓−1(𝐺𝜆𝑛
)} , say. Therefore, 𝑋̃ =∪𝑖=1

𝑛 𝑓−1(𝐺𝜆𝑖
) ⇒ 𝑋̃ = 𝑓−1(∪𝑖=1

𝑛 𝐺𝜆𝑖
) ⇒ 𝑓(𝑋̃) =

∪𝑖=1
𝑛 𝐺𝜆𝑖

⇒ 𝑌̃ =∪𝑖=1
𝑛 𝐺𝜆𝑖

. Thus the NBOC 𝐵 of 𝑌 has a finite NBOSC {𝐺𝜆1
, 𝐺𝜆2

, 𝐺𝜆3
, . . . , 𝐺𝜆𝑛

}. Therefore 

𝑌 is neutrosophic 𝑏-compact. 
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3.42. Proposition: Let 𝑓 be a neutrosophic 𝑏∗-continuous function from an NTS (𝑋, τ) onto the NTS 

(𝑌, 𝜎). If (𝑋, τ) is neutrosophic countably 𝑏-compact (resp. neutrosophic 𝑏-Lindel𝑜̈f) then (𝑌, 𝜎) is 

also neutrosophic countably 𝑏-compact (resp. neutrosophic 𝑏-Lindel𝑜̈f). 

Proof: Obvious. 

4. Neutrosophic local b-compactness 

4.1. Definition: An NTS (𝑋, τ) is said to be a neutrosophic locally 𝑏-compact space iff for every NP 

𝑥𝛼,𝛽,𝛾 in 𝑋, there exists an NBO set G in 𝑋 such that 𝑥𝛼,𝛽,𝛾 ∈ 𝐺 and 𝐺 is neutrosophic 𝑏-compact in 

𝑋. 

4.2. Proposition: Every neutrosophic 𝑏-compact space is a neutrosophic locally 𝑏-compact space. 

Proof: Let (𝑋, τ)  be a neutrosophic 𝑏 -compact space and let 𝑥𝛼,𝛽,𝛾  be an NP in 𝑋 . Since 𝑋  is 

neutrosophic 𝑏-compact and since 𝑋̃ is an NBO set such that 𝑥𝛼,𝛽,𝛾 ∈ 𝑋̃, so, (𝑋, τ) is a neutrosophic 

locally 𝑏-compact space. 

4.3. Proposition: Let 𝑓 be a neutrosophic 𝑏∗-open and 𝑏∗-continuous function from an NTS space 

(𝑋, τ) to the NTS (𝑌, τ). If (𝑌, τ) neutrosophic locally 𝑏-compact then (𝑋, τ) is also a neutrosophic 

locally 𝑏-compact space. 

Proof: Let 𝑥𝛼,𝛽,𝛾 be any NP in 𝑋. Also let 𝑦𝑝,𝑞,𝑟  be the NP in 𝑌 such that 𝑓(𝑥𝛼,𝛽,𝛾) = 𝑦𝑝,𝑞,𝑟 . Since 

𝑦𝑝,𝑞,𝑟 ∈ 𝑌 and 𝑌 neutrosophic locally 𝑏-compact, so there exists a 𝜎-NBO set 𝐺 such that 𝑦𝑝,𝑞,𝑟 ∈ 𝐺 

and 𝐺 is neutrosophic 𝑏-compact in 𝑌. Now 𝑦𝑝,𝑞,𝑟 ∈ 𝐺 ⇒ 𝑓(𝑥𝛼,𝛽,𝛾) ∈ 𝐺 ⇒ 𝑥𝛼,𝛽,𝛾 ∈ 𝑓−1(𝐺). Since 𝑓 is 

neutrosophic 𝑏∗ -open and 𝐺  is neutrosophic 𝑏 -compact in 𝑌 , so by the prop. 3.36, 𝑓−1(𝐺)  is 

neutrosophic 𝑏-compact in 𝑋. Again since 𝑓 is a neutrosophic 𝑏∗-continuous function, so 𝑓−1(𝐺) is 

a 𝜏-NBO set. Thus for any any NP 𝑥𝛼,𝛽,𝛾 in 𝑋, there exists a 𝜏-NBO set 𝑓−1(𝐺) such that 𝑥𝛼,𝛽,𝛾 ∈

𝑓−1(𝐺)  and 𝑓−1(𝐺)  is neutrosophic 𝑏-compact in 𝑋 . Therefore (𝑋, τ)  is neutrosophic locally 𝑏-

compact space. 

4.4. Proposition: Let 𝑓 be a neutrosophic 𝑏∗-open and 𝑏∗-continuous function from an NTS space 

(𝑋, τ)  onto the NTS (𝑌, τ) . If (𝑋, τ)  neutrosophic locally 𝑏 -compact then (𝑌, σ)  is also a 

neutrosophic locally 𝑏-compact space. 

Proof: Let 𝑦𝑝,𝑞,𝑟  be any NP in 𝑌 . Since 𝑓  is onto, so there exists an NP 𝑥𝛼,𝛽,𝛾  in 𝑋  such that 

𝑓(𝑥𝛼,𝛽,𝛾) = 𝑦𝑝,𝑞,𝑟. Since 𝑥𝛼,𝛽,𝛾 ∈ 𝑋 and 𝑋 neutrosophic locally 𝑏-compact, so there exists a τ-NBO set 

𝐺 such that 𝑥𝛼,𝛽,𝛾 ∈ 𝐺 and 𝐺 is neutrosophic 𝑏-compact in 𝑋. Now 𝑥𝛼,𝛽,𝛾 ∈ 𝐺 ⇒ 𝑓(𝑥𝛼,𝛽,𝛾) ∈ 𝑓(𝐺) ⇒

𝑦𝑝,𝑞,𝑟 ∈ 𝑓(𝐺). Since 𝑓 is neutrosophic 𝑏∗-continuous and 𝐺 is neutrosophic 𝑏-compact in 𝑋, so by 

3.40, 𝑓(𝐺) is neutrosophic 𝑏-compact in 𝑌. Again since 𝑓 is a neutrosophic 𝑏∗-open function, so 

𝑓(𝐺) is a σ-NBO set. Thus for any any NP 𝑦𝑝,𝑞,𝑟  in 𝑌, there exists a σ-NBO set 𝑓(𝐺) such that 

𝑦𝑝,𝑞,𝑟 ∈ 𝑓(𝐺) and 𝑓(𝐺) is neutrosophic 𝑏-compact in 𝑌. Therefore (𝑌, σ) is neutrosophic locally 𝑏-

compact space. 

5. Covering properties via neutrosophic b-base 

5.1. Definition : Let (𝑋, τ)  be an NTS and 𝑁𝐵𝑂(𝑋)  be the collection of all NBO sets in 𝑋 . A 

subcollection 𝐵 of 𝑁𝐵𝑂(𝑋) is called a neutrosophic 𝑏-base (Nb-base, for short) for 𝑋 iff for each 

𝐴 ∈ 𝑁𝐵𝑂(𝑋), there exists a subcollection {𝐴𝑖: 𝑖 ∈ Δ} of 𝐵 such that 𝐴 =∪ {𝐴𝑖: 𝑖 ∈ Δ}, where Δ is an 

index set. 

A subcollection 𝐵∗ of 𝑁𝐵𝑂(𝑋) is called a neutrosophic 𝑏-subbase (Nb-subbase, for short) for 𝑋 iff 

the finite intersection of members of 𝐵∗ forms a neutrosophic 𝑏-base for 𝑋. 

5.2. Definition: An NTS (𝑋, τ) is said to be a neutrosophic 𝑏-second countable or neutrosophic 𝑏 −

𝐶𝐼𝐼 space iff 𝑋 has a countable neutrosophic 𝑏-base. 

5.3. Proposition: Let 𝐵 be an Nb-base for an NTS (𝑋, τ). Then 𝑋 is neutrosophic 𝑏-compact iff every 

NBOC of 𝑋 by the members of 𝐵 has a finite NBOSC. 

Proof: Necessary Part: Obvious. 

Sufficient Part : Let 𝐵 = {𝐵𝛼: 𝛼 ∈ Δ} be the Nb-base. Also let 𝐶 = {𝐺𝜆: 𝜆 ∈ Δ} be an NBOC of 𝑋. Then 

each member 𝐺𝜆 of 𝐶 is the union of some members of 𝐵 and the totality of such members of 𝐵 is 
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evidently an NBOC of 𝑋. By the hypothesis, this collection of members of 𝐵 has a finite NBOSC 𝐷 =

{𝐵𝛼𝑗
: 𝑗 = 1,2,3, ⋯ , 𝑛} , say. Clearly for each 𝐵𝛼𝑗

 in 𝐷 , there is a 𝐺𝜆𝑗
 in 𝐶  such that 𝐵𝛼𝑗

⊆ 𝐺𝜆𝑗
. 

Therefore the finite subcollection {𝐺𝜆𝑗
: 𝑗 = 1,2,3, ⋯ , 𝑛} of 𝐶 is an NBOC of 𝑋, i.e., the NBOC 𝐶 of 𝑋 

has a finite NBOSC. Therefore 𝑋 is neutrosophic 𝑏-compact. 

5.4. Proposition: Let (𝑋, τ) be a neutrosophic countably 𝑏-compact space. If 𝑋 is neutrosophic 𝑏 −

𝐶𝐼𝐼 then 𝑋 neutrosophic 𝑏-compact. 

Proof: Let 𝐷 = {𝐴𝑖: 𝑖 ∈ Δ} be any NBOC of 𝑋 . Since 𝑋  is neutrosophic 𝑏 − 𝐶𝐼𝐼 , so there exists a 

countable Nb-base 𝐵 = {𝐵𝑛: 𝑛 = 1,2,3, ⋯ } for 𝑋. Then each 𝐴𝑖 ∈ 𝐷 can be expressed as a countable 

union of members of 𝐵, i.e., for each 𝐴𝑖 ∈ 𝐷, we have 𝐴𝑖 = ⋃𝑘=1
𝑖0 𝐵𝑛𝑘

, where 𝐵𝑛𝑘
∈ 𝐵 and 𝑖0 may be 

infinity. Clearly 𝐵0 = {𝐵𝑛𝑘
} is an NBOC of 𝑋. Also 𝐵0 is countable as 𝐵0 ⊆ 𝐵. Therefore, 𝐵0 is a 

countable NBOC of 𝑋. Since 𝑋 is countably 𝑏-compact, so 𝐵0 has a finite NBOSC 𝐵′, say. Since by 

construction, each member of 𝐵′ is contained in one member 𝐴𝑖 of 𝐷, so these 𝐴𝑖’s form a finite 

NBOC of 𝑋. Thus the NBOC 𝐷 of 𝑋 has a finite NBOSC. Therefore 𝑋 is neutrosophic 𝑏-compact. 

Hence Proved. 

5.5. Remark: From the propositions 3.3 and 5.4, it is clear that if an NTS (𝑋, τ)  is neutrosophic 𝑏 −

𝐶𝐼𝐼 then neutrosophic 𝑏-compactness and neutrosophic countably 𝑏-compactness are equivalent. 

5.6. Proposition: If an NTS (𝑋, τ)   is neutrosophic 𝑏 − 𝐶𝐼𝐼 then it is neutrosophic 𝑏-Lindel𝑜̈f. 

Proof: Let 𝐷 = {𝐴𝑖: 𝑖 ∈ Δ} be any NBOC of 𝑋 . Since 𝑋  is neutrosophic 𝑏 − 𝐶𝐼𝐼 , so there exists a 

countable Nb-base 𝐵  = {𝐵𝑛: 𝑛 = 1,2,3, ⋯ }  for 𝑋 . Then each 𝐴𝑖 ∈ 𝐷  can be expressed as the 

countable union of members of 𝐵, i.e., for each 𝐴𝑖 ∈ 𝐷, we have  𝐴𝑖 = ⋃𝑘=1
𝑖0 𝐵𝑛𝑘

, where 𝐵𝑛𝑘
∈ 𝐵 and 

𝑖0  may be infinity. Let 𝐵0  = {𝐵𝑛𝑘
}. Then 𝐵0  is an NBOC of 𝑋 . Also 𝐵0  is countable as 𝐵0 ⊆ 𝐵 . 

Therefore, 𝐵0 is a countable NBOC of 𝑋. By construction, each member of 𝐵0 is contained in one 

member 𝐴𝑖 of 𝐷. So, these 𝐴𝑖’s of 𝐷 form a countable NBOSC of 𝑋. Thus the NBOC 𝐷 of 𝑋 has a 

countable NBOSC. Therefore 𝑋 is neutrosophic 𝑏- Lindel𝑜̈f.  

5.7. Proposition: Let 𝛽 be an Nb-subbase of an NTS (𝑋, τ). Then 𝑋 is neutrosophic 𝑏-compact iff for 

every collection of NBC sets taken from 𝛽𝑐 having the FIP, there is a non-empty intersection. 

Proof: Necessary part: Immediate from the prop. 3.23. 

Sufficient Part: On the contrary, let us suppose that 𝑋 is not 𝑏-compact. Then by the prop. 3.23, there 

exists a collection 𝐶 = {𝐺𝑖: 𝑖 ∈ 𝐼} of NBC sets of 𝑋 having FIP such that ∩𝑖∈𝐼 𝐺𝑖 = ∅̃. The collection 

𝐹 = {𝐶} of all such collections 𝐶 can be arranged in an order by using the classical inclusion(⊆) and 

therefore, the collection 𝐹 will have an upper bound. By Zorn’s lemma, there will be a maximal 

collection of all these collections 𝐶 . Let 𝑃 = {𝐾𝑗 : 𝑗 ∈ 𝐽}  be the maximal collection. Clearly, this 

collection 𝑃 has the following properties: 

(i) ∅̃ ∉ 𝑃 (ii) 𝐴 ∈ 𝑃, 𝐴 ⊆ 𝐵 ⇒ 𝐵 ∈ 𝑃 (iii) 𝐴, 𝐵 ∈ 𝑃 ⇒ 𝐴 ∩ 𝐵 ∈ 𝑃 (iv) ∩ (𝑃 ∩ 𝛽𝑐) = ∅̃.  

Clearly the property (iv) creates a contradiction to the hypothesis. Therefore 𝑋 is neutrosophic 

𝑏-compact. 

Hence proved. 

 

6. Conclusions 

In this article, we have defined neutrosophic 𝑏-open cover with the help of neutrosophic 𝑏-open 

sets and then we have defined neutrosophic 𝑏 -compact, neutrosophic countably 𝑏 -compact, 

neutrosophic 𝑏-Lindel𝑜̈f spaces and investigated various covering properties. We have proved that 

every neutrosophic 𝑏-compact space is a neutrosophic compact space but the converse is not true. 

We have shown that if 𝑓  is a neutrosophic continuous or a 𝑏 -continuous function from a 

neutrosophic 𝑏-compact (resp. countably 𝑏-compact, 𝑏-Lindel𝑜̈f) space (𝑋, τ) onto a neutrosophic 

topological space (𝑌, σ) then (𝑌, 𝜎) is a neutrosophic compact (resp. countably compact, Lindel𝑜̈f) 

space. In 3.41 (resp. 3.42), we have established that neutrosophic 𝑏-compactness (resp. countably 𝑏-

compactness, 𝑏-Lindel𝑜̈fness) is preserved under a neutrosophic 𝑏∗-continuous function. We have 

then defined and studied a few properties of neutrosophic local 𝑏-compactness. At last, in section 5, 
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we have defined neutrosophic 𝑏 -base, 𝑏 -subbase, neutrosophic 𝑏 - 𝐶𝐼𝐼  and investigated some 

properties. We have set up that if a neutrosophic topological space is neutrosophic 𝑏 -𝐶𝐼𝐼  then 

neutrosophic 𝑏-compactness and neutrosophic countably 𝑏-compactness are equivalent. In 5.7, we 

have stated and proved “Alexander subbase lemma” in case of a neutrosophic 𝑏-compact space. 

Hope that the findings in this article will assist the research fraternity to move forward for the 

development of different aspects of neutrosophic topology. 
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Abstract: There has been an increasing tendency for the generation of energy from diverse renewable 

resources because of the application of contemporary pollution mitigation and justification 

regulations. Precisely a consequence, choosing the best renewable energy source might be considered 

a challenging issue given the complexity of the future conditions in any society. Environmental, 

economic, social, and technical aspects are merely some of the factors that are taken into consideration 

while evaluating renewable energy sources (RnESs). The suitable RES selection problem, which relies 

on ambiguous and imprecise data, is also influenced by a variety of circumstances. Hence, this study 

constructs multi-stages intelligent decision-making model (MsIDMM) based on multi-criteria 

decision making (MCDM) with support with neutrosophic theory especially, interval valued 

neutrosophic sets to rank the sources of renewable energy. Ultimately, combinative distance-based 

assessment (CODAS) method under interval-valued neutrosophic sets is used to rank the sources of 

renewable energy. 

Keywords: Renewable Energy; CODAS; MCDM; Interval Valued Neutrosophic Set; Sustainability. 

 

 

1. Introduction 

Given the ongoing rise in energy demand and the potential depletion of fossil fuels, academics 

and energy producers alike should focus more on the sustainability of renewable energy sources 

(RnESs) [1]. Arguably based on [2] the most serious issues the world is currently facing are the 

enormous and rapid growth of the population reaching 9 Billion by 2050, innovation, growth, and 

cultural advancement, which is related to the enormous demand and excessive consumption patterns 

of energy, water, and food resources compared to the generation of energy and the limited natural 

land, water, materials, and fuels resources. Therefore, changes in energy usage have a substantial 

impact on economic activity and the determination of income [3]. Hence sustainable Energy (SusE) is 

crucial for a nation's economic and social development as well as for improving people's quality of 

life [4]. 

In order to ensure that everyone has access to cheap, dependable, sustainable, and contemporary 

energy, one of the global goals of the 2030 Agenda for Sustainable Development (SusD) is to promote 

SE [4]. The goals of SusD are threatened by conventional energy-generating techniques such as those 

that rely on fossil fuels. According to [5] utilizing fossil fuels not only harms the environment and 

produces harmful pollutants, not only damage the environment and emit hazardous gases, but also 

their energy sources are not sustainable. From the researchers' point of view in [6], the problem raised 

in [5] can be controlled by offering substitute and cleaner sources, and the nation's level of living may 

raise. The solution of [6] is represented in  RnESs which play an essential role in guaranteeing 

the cleanest possible energy that is sustainable. In a similar vein, [7] emphasized that to fulfill the 

https://orcid.org/0000-0002-3988-1437
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energy demand, combat climate change, and fulfill the need for clean and sustainable development, 

the continued growth of RnESs has become a crucial strategy. 

Making the best choice for a renewable energy source would benefit sustainability in other 

aspects as social, and environmental in addition to the economic one. Contrariwise [8], the wrong 

choice of RnES might have negative effects on aspects of sustainability as the environment and the 

economy as exhibited in Figure 1. 

 
Figure 1. Consequences of adopting an undesirable renewable energy source. 

Wherefore, selecting optimal or suitable RnES is a critical process. In order to reduce environmental 

pollution, usage of traditional resources, and improve economic growth, [6] affirmed that   the 

selection process need to be strategically chosen.  

For the purpose of planning for sustainable energy, [9] indicated that there are a number of 

aspects including environmental, social, economic, technological, and institutional considerations, 

should be utilized as benchmarks. Consequently [10] contributed multi-criteria decision-making 

(MCDM) methods in choosing an optimal RnES candidate. Nevertheless, there is a further 

perspective on the application of these methods. For instance, [6] MCDM methods are insufficient for 

handling the ambiguous information that frequently arises during energy planning procedures. So, 

scholars as Zadeh [11] resorted to using Fuzzy Sets (FSs). Its adaptability and efficiency in resolving 

circumstances where the information at hand is ambiguous or insufficient are remarkable. Ditto the 

generalization of (FSs) is Intuitionistic fuzzy sets (IFSs) which take into consideration measurements 

of truth and non-truth otherwise FSs which concerns truth. 

Nonetheless, herein the study is followed suit Smarandache [12] through volunteering 

neutrosophic theory. This is a result of having a significant aptitude for developing approaches using 

vague and erratic information. The neutrosophic theory is distinguished by three separate 

membership functions that represent the roles of truth, indeterminacy, and falsity. 

Interval valued neutrosophic theory is inspired by neutrosophic theory. Therefore, in this study 

SVNS combined with MCDM methods, especially CODAS method for handling the multi-criteria 

RnESs to choose optimal one. 

This study is organized into a set of sections; each one plays a certain role. Whereas the motives 

on where the study was based are illustrated in Section 2. Through prior studies we aggregated 

essential sources of renewable energy in Section 3. These sources need to be analyzed and evaluated, 

hence we constructed hybrid model for evaluating these sources in Section 4. After that we are 
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applying this model to verify it through evaluating 6 sources based on 22 criteria. Finally, we exhibit 

synopsis for the study.  

2. Motivations of the Study 

This section represents motivations for conducting this study. These motivations are illustrated 

through set of aspects as following: 

• Societal  Aspect:  According to [13], utilization of  fossil fuels or improper RnESs leads to 

environment problems; i.e. global warming is caused by greenhouse gas (GHG) emissions such 

as carbon dioxide, methane oxide, and nitrous oxide in the atmosphere. Which in turn affects 

human life and threatens health. 

• Technical/Practical Aspect: Selecting suitable and optimal RnES is vital to lessen the hazards 

associated with selecting renewable energy incorrectly, which jeopardizes sustainability. 

Therefore, it is important to utilize flexible and efficient techniques which can analyze various 

alternatives of RnESs based on a set of criteria. Herein, the study uses MCDM methods to rank 

the sources of renewable energy with support of neutrosophic theory especially Interval valued 

neutrosophic to strength CODAS of MCDM to generate robust hybrid intelligent model. 

• Experimental  Aspect: We are applying constructed hybrid intelligent framework for ranking six 

renewable energy sources as alternatives based on 22 criteria. Herein, the utilized alternatives 

(An) are solar energy, wind energy, hydro energy, biomass energy, geothermal energy, and wave 

energy. 

3. Essential Principles of Renewable Energy Sources 

This section exhibits the different RnESs based on prior studies which related to our interested 

scope. For instance, [14]-[15] exhibited set of RnESs where aggregated in Figure 2. 

 
Figure 2. Various sources of renewable energy. 

 



Neutrosophic Systems with Applications, Vol. 9, 2023                                                  16 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Mona Mohamed and Nissreen El-Saber, Toward Energy Transformation: Intelligent Decision-Making Model Based on 

Uncertainty Neutrosophic Theory 

4. Multi-stages Intelligent Decision-Making Model (MsIDMM) 

In our constructed model, we use two elements to determine which options are preferable. Both 

the Euclidean and Taxicab distances of options to the cost-ideal are used as indicators of 

attractiveness, the greater the distance means the more desirable the option. The CODAS method is 

integrated with the neutrosophic method to deal with vague data. We evaluate the criteria and 

alternatives according to [16]- [21]. 

In this study, the first stage included determining 22 criteria which contribute to selection 

process for RnESs. After that the second stage is evaluating the determined criteria by formed expert 

panel. Third stage represented in analyzing process for expert’s evaluations through MsIDMM based 

on neutrosophic theory combined with MCDM methods. The result of MsIDMM is ranking and 

selecting optimal RnES. Figure 3 summarizes the stages of model. 

Step 4.1 Determine The Criteria of Renewable Energy 

In the first stage, the process aim is established, and the relevant criteria for assessing the options are 

selected. 

Step 4.2 Formulate the Matrix Between Criteria and Resources of Renewable Energy. 

The matrix is built by the criteria 𝑖 = 1,2,3 … . 𝑚; 𝑗 = 1,2,3 … 𝑛, and the element of matrix is 𝑘𝑖𝑗. 

Step 4.3 Normalize the Decision Matrix. 

𝑟𝑖𝑗 =  {

𝑘𝑖𝑗 

max
𝑖

𝑘𝑖𝑗

min
𝑖

𝑘𝑖𝑗

𝑘𝑖𝑗

                                                                        (1) 

Step 4.4 Determine the Weighted Normalized Matrix. 

𝑞𝑖𝑗 = 𝑒𝑗𝑟𝑖𝑗                                                                            (2) 

Where 𝑒𝑗 refers to the weights of criteria.  

Step 4.5 Compute the Point of Cost Ideal Solution.  

𝑐𝑞𝑗 =  min
𝑖

𝑞𝑖𝑗                                                                         (3) 

Step 4.6 Compute the Taxicab and Euclidean Distances. 

𝐴𝑖 =  ∑ |𝑞𝑖𝑗 − 𝑐𝑞𝑗|𝑚
𝑗=1                                                                   (4) 

𝐷𝑖 =  √∑ (𝑞𝑖𝑗 − 𝑐𝑞𝑗)
2𝑚

𝑗=1                                                                (5) 

Step 4.7 Compute the Matrix of Comparative Assessment.  

𝐴𝑠𝑠𝑖𝑦 = (𝐷𝑖 − 𝐷𝑦 ) + (𝛼(𝐷𝑖 − 𝐷𝑦) × (𝐴𝑖 − 𝐴𝑦))                                            (6) 

Where 𝑦 = 1,2,3, … 𝑛, and 𝛼 refers to the function of threshold. 

𝛼(𝑘) = {
1, 𝑖𝑓 |𝑘| ≥ 𝛽

0, 𝑖𝑓 |𝑘| < 𝛽
                                                                  (7) 

Where 𝛽 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 0.01 𝑎𝑛𝑑 0.05 refers to the expert’s threshold. 

Step 4.8 Compute the Evaluation Score. 

𝑈𝑖 =  ∑ 𝐴𝑠𝑠𝑖𝑦
𝑛
𝑦=1                                                    (8) 

Step 4.9 Rank the Sources of Renewable Energy 

The renewable energy resources are ranked according to the Maximum value of 𝑈𝑖 
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Figure 3. Various stages of Multi-stages Intelligent Decision-Making Model. 
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5. Validation of Renewable Energy Resources based on MsIDMM 

Herein, the study validates the constructed MsIDMM for assessing determined RnESs. It 

computes the weights of criteria for determined RnESs highlighted by earlier studies as [14] ,[5]. 

Whereas there are 22 criteria. There are six renewable energy sources like solar, wind, hydro, biomass, 

geothermal, and wave energy. Figure 4 reveals the utilized criteria and alternatives. 

 
Figure 4. Selection alternatives of renewable energy sources based on criteria. 

 

Decision makers (DMs) and experts evaluate the renewable energy criteria and sources to create 

decision matrix between criteria and alternatives by using interval valued neutrosophic numbers. 

Then the decision matrix is normalized as shown in Table 1 by using Eq. (1). After that the weights 

of renewable energy criteria are computed. Then the weights of the criteria are multiplied by the 

normalization matrix using Eq. (3). 

Then the point of cost for the ideal solution is computed using Eq. (3). Then the taxicab is 

computed as shown in Table 2 and Euclidean distances using Eqs. (4-5) as shown in Table 3. After 

that the matrix of comparative assessment is computed using Eqs. (6-7). Then the evaluation score is 

computed using Eq. (8) as shown in Figure 5. The second renewable energy source is the best and the 

third renewable energy source is the worst. 
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Table 1. The normalization matrix between renewable energy criteria and sources. 
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Table 2. The taxicab distance from cost ideal solution. 
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Table 3. The Euclidean distance from cost ideal solution. 
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Figure 5. Evaluation score of each renewable energy sources. 

6. Conclusions 

There is no doubt that the quick advancement of energy is enticing owing to the growth in 

population and production firms, as well as the rise in air pollution and greenhouse gas emissions, 

which has resulted in significant advancements in renewable energies and the technologies that are 

related to them. 

The overall objectives of this study are fulfilling two aims. Firstly, MCDM methods (i.e., CODAS) 

have been strengthened by neutrosophic theory as supporter in uncertainty situations and 

incomplete data. Secondly, hybrid techniques of CODAS based Interval value neutrosohic have been 

employed for analyzing RnESs alternatives based on a set of determined criteria from earlier studies. 

For achieving such objective, we constructed MsIDMM.  

DMs are formed and volunteered for rating determined 6 alternatives of RnESs which being in 

wind energy, solar energy, hydro energy, biomass energy, geothermal energy, and wave energy. 

While 22 criteria are determined based on conducted survey for prior studies. These criteria have 

been rated by DMs. Consequently, MsIDMM analyzes DMS’ rating of 6 alternatives and 22 criteria in 

order to produce the optimum solution that overcomes all environmental and local challenges in real-

time application. Finally, the optimal and suitable RnES is obtained by constructed MsIDMM to 

sustain sustainability and its aspects. According to evaluation score for 6 RnESs in Figure 5, solar 

energy (A1) is the most appropriate and sustainable one with score value 0.88 followed by biomass 

energy (A4) with score value 0.509. Otherwise, hydro energy is the worst and least sustainable 

renewable energy resource with a score value -0.946.  
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Abstract: The objective of this research is to examine the perception that school children with 

obesity, when excluded from organized academic performance and constrained to their residences 

during the coronavirus epidemic 2019 will reveal negative consequences in health behaviors. To 

meet the objective, the concept of Plithogenic Single valued fuzzy sets (PSFS) and their aggregation 

operators were introduced. Based on the proposed theory, an analysis is presented with the case 

study to highlight its practicality and preciseness. 

Keywords: Fuzzy Set; Plithogenic Set; Plithogenic Single Valued Fuzzy Set; PSFS Operators. 

 

 

1. Introduction 

Global health analysts predict that school closures have worsened the epidemic of childhood 

obesity rates due to the COVID-19 pandemic. Analysts believe that school shutdowns associated with 

COVID-19 will double out-of-school time for several children worldwide the previous year and could 

increase hazard factors involved with a summer break for gaining weight [1-3]. 

Plithogeny which was introduced in 2017 by Florentine Smarandache [4, 5, 6] is the origination, 

existence, development, growth, and emergence of various entities from technologies and organic 

combinations of old objects that are conflicting and/or neutral and/or non-contradictory. A 

plithogenic set P is a set whose members are characterized by one or more attributes and there may 

be several values for each attribute. Moreover, it is the generalization of Crisp, Fuzzy, Intuitionistic 

fuzzy, and Neutrosophic sets. 

In this research work, we study how the Plithogenic Single valued fuzzy sets (PSFS) [7-10] and 

their aggregation operators help in analyzing the main factors for an increase in obesity among school 

children during the pandemic COVID-19 lockdown with the analyst’s fuzzy degree. 

The uniqueness of this technique is its effectiveness, as the learner does not have to engage with 

complex operators based on lengthy calculations. The proposed method also has a realistic approach 

to the need for a broad spectrum that can penetrate alterations according to the need for the social 

structure provided. 

2. Plithogenic Single valued fuzzy sets and its Operators  

Definition 3.1: Let U be a universal set and P is the subset and Px  be an element. P is called a 

Plithogenic set which has the form  FF CDP ,,,,   where A is the attribute Values,  is the set 

of all attributes values that helps in solving an application, FD is the degree of appurtenance and FC

is the dissimilarity degree. 

https://doi.org/10.61356/j.nswa.2023.51
https://orcid.org/0009-0007-3046-2133
https://orcid.org/0000-0003-0218-7393
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Let us assume two Analyst A & B each evaluating the PSFS degree of appurtenance of  of x to the 

Plithogenic set P with some given constraints 

       
inglycorrespondfuzzythebeandfuzzythebeAlso

DandD

conormfnormf

B
F

A
F







 .1,01,0
 

3.1.1 PSFS Intersection 

        11  fOfOp CC   

3.1.2 PSFS Union 

       21  fOfOp CC   

3.1.3 PSFS Negation 

Denying the attribute Value 

   , antip   i.e. the opposite of  , where   anti  or 

   .Re  ofsetrefinedfinedanti   

So we get    .xantiD X
f   

Results: 

(i) When more emphasis is allocated to    fnorm ,  when compared to 

   fconorm ,   for    5.0,0,  Od CC  is called an accurate plithogenic 

intersection. 

(ii) When more emphasis is allocated to    fconorm ,  when compared to 

   fnorm ,   for    5.0,0,  Od CC  is called an accurate plithogenic union. 

(iii) When more emphasis is allocated to    fnorm ,  when compared to 

   fconorm ,   for    1,5.0,  Od CC  is called an inaccurate plithogenic union. 

(iv) When more emphasis is allocated to    fconorm ,  when compared to 

   fnorm ,   for    1,5.0,  Od CC  is called an inaccurate plithogenic 

intersection. 

(v)    fconorm ,  and     fnorm ,  has allocated the same emphasis 0.5 for 

  5.0,  Od CC   

3. Proposed Method to Find the Optimum Solution Using PSFS Operators.  

Step 1: Classify the problem with the attributes and its corresponding values of attribute. 

Step 2: Find the dissimilarity degree according to the Experts X and Y fuzzy degrees. 

Step 3: Compute the optimum solution using Eq. (1). 

Note: We have used the intersection operator. But the alternative is free for the reader to work with 

other operators also. 

4. Application  

Consider the primary attribute “Reason for obesity in school children during lockdown” which has 

the attribute values. 

Food Habits- whose refined values are- less vegetable intake, sugary drinks, junk food and meat 

consumption which is represented by 4321 ,,, gggg . 
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Screen time - whose refined values are-mobile, television and computer which is symbolized by

 321 ,, ttt . 

Sleeping pattern - whose refined values are- increase in day time sleep and decrease in night time 

sleep which is denoted by 21, hh . 

Sports- whose refined values are- More Indoor games and lack of outdoor games which is signified 

by 21, rr . 

The multi attribute of dimension 4 is, 

  21,21,31,41,,,,4  lkjiallforrhtgR lkji  

The dominant attribute values are 2113 ,,, rhtg respectively for each corresponding uni-dimensional 

attribute. 

The unit dimensional attribute contradiction degrees are: 

      1,,
3

2
,,

3

1
, 313221  ggCggCggC ,   

    1,,
2

1
, 3121  ttCttC  

    1,1, 2121  llCandhhC . 

Let us use  abbabafuzzyabbafuzzy FconormFnorm   &  

 Four-dimensional PSFS Intersection  

Let   21,21,31,41,,,,  lkjiallforrhtgxdx lkjiAA  

and   21,21,31,41,,,,  lkjiallforrhtgxdx lkjiBB  

Then 

}.21]),(),([)),(1(),(),([),(

;21]),(),([)),(1(),(),([),(

;31]),(),([)),(1(),(),([),(

;41]),(),([)),(1(),(),([),({

),,,(),,,(






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According to Analyst (A & B) fuzzy degrees the following Table 1 and Figure 1 represents the 

optimum solution. 
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Table 1. Analysis Table for obesity in school children during pandemic Covid-19 lockdown using PSFS. 
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0.5 0.7 0.9 0.7 0.6 0.5 0.7 0.6 0.7 0.4 0.9 

BpA xx   0.7 0.7 0.8 0.4 0.9 0.6 0.4 0.9 0.6 0.6 0.7 

 

 

Figure 1. Analysis chart for obesity in school children during the pandemic Covid-19 lockdown using PSFS. 

5. Conclusion  

Based on the fuzzy degrees of Analyst’s (A & B) it is clearly shown that the major reasons for the 

obesity in children during Covid-19 lockdown is the consumption of more junk food and the time 

spending on using mobile phones, more day time sleep along with the lack of outdoor sports which 

reduces all their physical activities and in turn results in the obesity. In future, we can extend this 

PSFS concept to interval valued and also learn its applications in decision making.  
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Abstract: This study introduces a B-spline curve interpolation model based on the neutrosophic set 

technique. To begin, the neutrosophic notion is used to define the neutrosophic control point relation. 

After that, the neutrosophic control point is combined with the B-spline basis function. Besides, the 

neutrosophic B-spline curve interpolation model is illustrated using the interpolation method. 

Furthermore, an example and the methods are shown for creating the right curve. 

Keywords: Neutrosophic Set; Curve of B-Splinei; Method of Interpolation i; Neutrosophic Control 

Points. 

 

 

1. Introduction 

The link between a curve created from control polygon vertices and the curve is technically 

dependent i on some interpolation or approximation approach [1]. Basis function determines this 

scheme. Bézier curves are generated via the Bernstein basis. Piegl and Tiller [1] also noted that two 

Bernstein basis features restrict curve flexibility. The curve's polynomial order depends on the 

number of polygon vertices supplied. A four-vertex, three-span polygon defines a cubic curve. Six-

vertex polygons always generate fifth-degree curves. Decrease the number of vertices to decrease the 

curve degree, and vice versa.  

According to Piegl and Tiller [1], the second limiting feature of the Bernstein foundation is 

globality. For i i all i parameter i values along the curvei, the blending function is nonzero. Because each 

point is formed by mixing all i control vertices, a i change in i one control vertex i i affects the entire 

Bézier curve. i This avoids local alterations to the curve. The i end i i slopes i i of a i Bézier i curve i are 

defined by the orientations of i the i first i i and i last i i polygon spans, so changing the center vertex of a 

five-point i polygon has no effect. The Bernstein basis modifies the i curvature of the curve worldwide. 

A lack of local control could be problematic. As a result, Bernstein basis is a subset of B-spline basis. 

This foundation does not operate on a global scale [1]. Since each vertex has a basis function, B-spline 

curves are non-global. Thus, each vertex only influences curve shape in the parameter range where 

its basis i function i i is i nonzero i. The i B-spline i i basis allows i user to change the order i of the Basis 

functions and the degree i of the i curve i without i i changing i i the control i polygon i i vertices i. B-splines 

were invented by Schoenberg i [2]. Cox [3] and De Boor [4] each created their own definition of 

recursive numerical computing. The B-spline basis was used by Gordon and Riesenfeld [5] to define 

curves. 

Data points, according to Hoschek and Lasser [6] require curves. Data analysis and 

representation are complicated by noise and ambiguity. This problem is addressed by fuzzy set 

theory and geometric modelling. Tuohy and Patrikalakis [7] proposed using regionally scattered 

geophysical data to rebuild ambiguous surfaces. Their technique has been extended to describe 

volume data with periodic B-spline volume function [8,9]. Based on Tuohy and Patrikalakis [7], they 

https://doi.org/10.61356/j.nswa.2023.43
https://orcid.org/0009-0000-3601-4381
https://orcid.org/0000-0002-5311-5886
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developed enclosing or gap specific B-spline geometry [10] to describe underwater geophysical data 

and sensor measurement error. Tuohy and Patrikalakis [11] depicted functions with uncertainty 

defining an observed geophysical parameter using interval B-spline. 

Anile et al. extended the techniques presented in [12] to data modelling and data reduction 

difficulties [13-15]. Anile et al. [16] improved on the modelling of Patrikalakis et al. [10]. They begin 

by reducing a big data set to fuzzy integers with i suitable i membership i i functions i i. They created 

fuzzy B-splines to interpret fuzzy i data i and rapid algorithms i to calculate spline alpha values. Anile 

and Spinella [17] created the fuzzy B-splines methodology and used fuzzy arithmetic concepts to 

uncertain sparse data caused by measurement mistakes, data reduction issues, and modelling flaws. 

Using rigorous procedures, fuzzy B-splines that fit uncertain sparse data were generated and 

examined. 

To address uncertainty problems, Wahab et al. [18] employ fuzzy numbers and Zadeh's [19] 

fuzzy set theory. The ideas of instability in data, fuzzy numbers, implementation of control measures, 

B-spline, and Bézier were employed. In CAGD, the approaches are used to construct fuzzy Bézier 

and B-spline curves. Each crisper control point is composed of left and right vague control points, 

each of which has a different degree of similarity to the initial control points (crisp control points). Its 

membership function is left and right continuous in a closed interval at each alpha value. 

Fuzzy set theory (FST) only takes into account membership data, but not non-membership data 

and uncertainty. In 1986, Krasimir Atanassov expanded FST to include truth, falsehood, and 

uncertainty degrees [20]. It is best to accept ambiguity. As FST only accepts full membership data, 

Intuitionistic Fuzzy Sets (IFS) can be used when the data for categorization and processing is 

insufficient [21]. Florentin Smarandache, on the other hand, proposed mathematical theory, and 

neutrosophy advocates equality [22]. Neutrophil sets might be members, non-members, or 

undecided. Transdisciplinary challenges are addressed and described using Neutrosophic Set (NS) 

approaches. A true, incorrect, or ambiguous NS theory element can exist. This allows for more 

nuanced doubt and ambiguity, for as when two statements contradict each other. Geometric 

modelling has been employed by certain academics to build neutrosophic set procedures [23,24]. 

The Neutrosophic B-spline Curve Interpolation (NB-SCI) Model will be the primary focus of this 

project's creation of a geometric model that can deal with uncertainty data. The Neutrosophic Control 

Point Relation (NCPR) must be determined using neutrosophic set theories and the qualities it holds 

before generating the B-spline interpolation. These control points, together with the B-spline basis 

function, are used to build NB-SCI models, which are subsequently displayed using an interpolation 

method. The following section shows how to use the format of this paper. The initial part of this paper 

gave background information on the issue. Section 2 introduces the reader to the basic concept of 

Neutrosophic Set (NS), followed by Neutrosophic Point Relation (NPR) and Neutrosophic Control 

Point Relation (NCPR). The third section discusses how to calculate the NB-SCI using NCPR. The 

fourth section includes a numerical example, a graphical representation of NB-SCA, and the model-

creation algorithm. The fifth and final segment will conclude the probe. 

 

2. Preliminaries  

The intuitionistic set in fuzzy systems can accommodate imperfect information but not 

indeterminate or inconsistent information [25]. A NS has three membership functions. With the 

addition of the "indeterminacy" parameter to the NS specification [25], there are three sorts of 

membership functions: a membership function (denoted by the letter T), an indeterminacy 

membership function (denoted by the letter I), and a non-membership function (denoted by the letter 

F). 

Definition 1: [22] Let Z be the main of conversation, with element in Z denoted as z . The NS is an 

item in the form below and N̂ denoted as NS. 
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     ˆ ˆ ˆ{ }ˆ : , ,
N z N z N z

N z T I F z Z ∣  (1) 

where, the degrees , , : ] 0,1 [T I F Z    the meaning of accordingly, the degree to which an element is 

a member of the truth, the degree to which it is indeterminate, and the degree to which it is a member 

of the false z Z  to the set Z  with the condition;  

ˆ ˆ ˆ0 ( ) ( ) ( ) 3
N N N

T z I z F z      (2) 

There is no restriction to values of 
ˆ ˆ( ), ( )

N N
T z I z and 

ˆ ( )
N

F z  

NS will pick a value from either one of the actual standard subsets or one of the non-standard 

subsets of ] 0,1 [  . The actual value of the interval  0,1 , on the other hand, ] 0,1 [  will be utilized in 

technical applications since its utilization in real data such as the resolution of scientific challenges, 

will be physically impossible. As a direct consequence of this, membership value utilization is 

increased. 

     ˆ ˆ ˆ

ˆ ˆ ˆ

{ } and

]

ˆ : , ,

( ), ( ), ( ) [0,1 

N z N z N z

N N N

N z T I F z Z

T z I z F z

 



∣
 (3) 

There is no restriction on the sum of 
ˆ ˆ ˆ( ), ( ), ( )

N N N
T z I z F z .Therefore, 

ˆ ˆ ˆ0 ( ) ( ) ( ) 3
N N N

T z I z F z     (4) 

 

Definition 2: [23, 24] Let 
     ˆ ˆ ˆ{ }ˆ : , ,

N z N z N z
N z T I F z Z ∣  and 

     ˆ ˆ ˆ{ }ˆ : , ,
M y M y M y

M y T I F y Y ∣  be 

neutrosophic elements. Thus, ( , ) ( , ) ( , ){ }ˆ ˆ( , ) : , , ,z y z y z yNR z y T I F z N y M  ∣ is a Neutrosophic Relation 

(NR) on N̂ and M̂ . 

Definition 3: [23,24] NS of N̂ in space Z is Neutrosophic Point (NP) and ˆ ˆ{ }iN N  where 

0,...,i n  is a collection of NPs where the existences
ˆ : [0,1]

N
T Z   as truth degree, 

ˆ : [0,1]
N

I Z   as 

indeterminacy degree and 
ˆ : [0,1]

N
F Z  as false degree with 

ˆ

ˆ

ˆ

0 if

ˆ( ) (0,1) if

1 if

0 if

ˆ( ) (0,1) if

1 if

0 i

ˆ

f

ˆ( ) (0,1) if

1 i

ˆ

ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ

ˆ

ˆ ˆ

ˆ ˆ

ˆf ˆ

i
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i
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N N

N N N

N N
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N N
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N N
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N N
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 
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 
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 (5) 

2.1 Neutrosophic Point Relation (NPR)  
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The concept of the NS, which was discussed in the previous section, serves as the cornerstone 

for NPR. If is a group of Euclid eternal space points and then, the following is how NPR is described: 

Definition 4: Let ,N M be a grouping of elements in global area that are part of a set that is not null 

and , ,N M O  R R R , then the term "NPR" refers to 

  ,
ˆ

, , ( , ) ( , ), ( , )

( , ), ( , ), ( , )

i j R i j R i j R i j

R i j R i j R i j

n m T n m I n m F n m

T n m I n m F n m
R

I

  
  

 
∣

 (6) 

Where  ,i jn m is a set of ordered positions and  ,i jn m N M   while ( , ), ( , ), ( , )R i j R i j R i jT n m I n m F n m

are the truth membership, the indeterminacy membership, and the false membership that follows the 

condition of the neutrosophic set which is respectively, 
ˆ ˆ ˆ0 ( ) ( ) ( ) 3

N N N
T z I z F z    . 

2.2 Neutrosophic Control Point Relation (NCPR) 

The geometry of a spline only be determined by all of the data required to form the curve. The 

word "control point" relates to this. The control point is essential in the design, control, and 

production of smooth curves. In this section, the neutrosophic control point relationship (NCPR) is 

defined by first employing the concept of fuzzy control point from the research published in Wahab 

et al. [26] in the following: 

Definition 5: Let R̂  be a NPR, then NCPR is viewed as a group of points 1n  that denotes a 

locations and coordinates and is used to describe the curve and is indicated by 

 

 

 

0 1

0 1

0 1

.

ˆ , ,...,

, ,. .,

, ,ˆ

ˆ

...,

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

I I I I

F F F F

T T T T

i n

i n

i n

P p p p

P p p p

P p p p







 (7) 

Where ˆT

iP , ˆ I

iP and ˆ F

iP are NCP for membership truth, indeterminacy and i is one less than n . 

3. Neutrosophic B-Spline Curve Interpolation (NB-SCI)  

This section may be divided by subheadings. It should provide a concise and precise description 

of the experimental results, their interpretation as well as the experimental conclusions that can be 

drawn. 

The NB-SCI is defined as follows after combining NCPR with a B-spline basis function: 

Definition 6: Let      0 1 0 1 0 1,ˆ , ,..., , ,..., , , ,...,ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆI I I I F F F FT T T T

i n i n i nP p p p P p p p P p p p   where  = 1,2,..., 1i n is 

NCPR and NB-SCI denoted by BSC  with the vector along curve as parameter t . As a result of 

combining, it with the blending function, NB-SCI is described as 

1

1

(( ) ˆ )
n

i

i

k

iBSC t NP t




  (8) 

Where 
min maxt t t   and 2 1k n    when ˆ

iP  are the position vector of 1n  as control polygon 

vertices and k

iN  as the B-spline basis function. The ( )k

iN t is describe as 
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11
1      

( )
0

i i

i

if t t t
N t

otherwise

 
 


 (9) 

and 

   1 1

1

1 1

( ) ( ) ( )
i i kk k k

i i i

i k i i k i

t t t t
N t N t N t

t t t t

 



   

 
 

 
 (10) 

The parametric function NB-SCI in (8) is defined as follows and is made up of three curves: a member 

curve, a non-member curve, and an indeterminacy curve. 

1

1

) )( ˆ (
n

T

i

i

T k

iBSC t NP t




  (11) 

1

1

) )( ˆ (
n

F

i

i

F k

iBSC t NP t




  (12) 

1

1

) )( ˆ (
n

I

i

i

I k

iBSC t NP t




  (13) 

Assuming the data points are in the NB-SCI range, then the data point should be (8). For each data 

point indicated by
jM , equation (8) has been modified as follows: 

1 1 1 1 2 1 1 1

2 2 1 2 2

2

2

1

1 2

1 2

1 1

1 2 1

1 2 1
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
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   
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(14) 

When 2 1k n j    . Equation (14) is expressed as a matrix as  

 ˆ ˆMQ S   
     (15) 
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 (16) 

The measurement of data points along NB-SCI is the metric value 
jt  for each output. The parametric 

value on data point to l  for data point is j  as follows. 
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
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 (17) 

The greatest parameter is indicated by 
maxt , which is usually considered as the greatest value for the 

knot vector. If 2 1k n j    , then  M  is a square matrix, and the control polygon is derived 

immediately using an inverse matrix, such as 

 
1

 ˆ    1    ˆ 2  Q S k n jM






   


 

  (18) 

As a result, NB-SCI can be acquired using (18). 

3.1. Properties of Neutrosophic B-Spline Curve Interpolation (NB-SCI) 

Since a B-spline basis is utilized to define a B-spline curve, numerous features, in addition to 

those already described, are easily understood: 

 For any parameter value t , the sum of the B-spline basis functions is [4, 5] 

1

1

( ) 1
n

k

i

i

N t




  (19) 

 For all values of parameters, each basis functional is either positive or zero. Thus, 0k

iN   

 Each basis function, 1k   with the exception of first-order basis functions with, has a single 

highest value. 

 The highest order of the curve matches the number of control polygon vertices. The highest value 

is one degree less. 

 The curve demonstrates the variation-diminishing characteristic. As a result, the curve does not 

oscillate more frequently around any straight line than its control polygon. 

 In general, the curve follows the shape of the control polygon. 

 Any affine transformation is applied to the curve by transforming the control polygon vertices, 

which transforms the curve. 

 The control polygon's convex hull contains the curve. 

4. Numerical Example and Visualization 

This section will go over the application of NB-SCAI and visualization. The examples will only 

use a numerical example at random and will employ an interpolation method. A NB-SCI will be 

shown that consists of NCPR with a degree of polynomial of four 4 n  . 

4.1. Application of Neutrosophic B-Spline Curve Interpolation (NB-SCI) 

To illustrate NB-SCA, let’s consider NB-SCA with five neutrosophic control point relation as in 

Table 1. 
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Table 1. The NCPRs 

NCPR 
ˆ
iP  

Truth 

Membershi ˆT

iP  

False 

Membership ˆ F

iP  

Indeterminacy 

Membership ˆ I

iP  

 0
ˆ 2, 2P   0.7 0.4 0.2 

 2
ˆ 7,8P   0.5 0.5 0.3 

 3
ˆ 11,13P   0.8 0.3 0.2 

 4
ˆ 17,18P   0.6 0.2 0.5 

 5
ˆ 25, 23P   0.3 0.4 0.6 

 

From Figure 1 through Figure 3, the planned interpolation curve is presented on its own with its 

matching data points (black dots) and NCP (red dots) utilizing (18). A neutrosophic control polygon 

connects the control points and is made up of truth degree, false degree, and indeterminacy control 

polygons. Figures 1-3 are also known as "truth membership," "false membership," and "indeterminacy 

B-spline curve interpolation." The NCP and controlling polygon governed the curve and ensured that 

the data points were interpolated. 

 

Figure 1. NB-SCI for Truth Membership with its Data Points, NCPs and Control Polygon. 
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Figure 2. NB-SCI for False Membership with its Data Points, NCPs and Control Polygon 

 

Figure 3. NB-SCI for Indeterminacy Membership with Data Points, NCPs and its Control Polygon 

Figures 4 through 6 depict NB-SCI as true membership, false membership, and indeterminacy 

curves with data points and connected data points, separately. 
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Figure 4. NB-SCI for Truth Membership with its Data Points 

 

Figure 5. NB-SCI for False Membership with its Data Points 

 

Figure 6. NB-SCI for Indeterminacy Membership with its Data Points 
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Figures 7 and 8 depicted NB-SCI from various points of view. Figure 7 depicted NB-SCI using 

data points, NCPs, and control polygons. Finally, Figure 8 depicts NB-SCI with data points. The NB-

SCI for blue curve represents truth membership, green curve represents false membership and pink 

curve represents indeterminacy membership. All the memberships are demonstrated in an axis as 

Figures 7 and 8 shown. 

 

Figure 7. NB-SCI for All Membership with its Data Points, NCPs and Control Polygons. 

 

Figure 7. NB-SCI for All Membership with its Data Points only. 

Following that, the algorithm for obtaining NB-SCI is summarized below: 

Step 1: The knot vector and the neutrosophic data point relation are computed using  
1

1

ˆ ˆ
n

j
j

Q Q



  

and  
1

1

n

j j
k k




 . 
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Step 2: Determine the parametric value along the neutrosophic B-spline curves that corresponds to 

each NCPR by using (17). 

Step 3: 

1. Calculate the chord lengths between each point. 

2 1 3 2 1
ˆ ˆ ˆ ˆ ˆ ˆ, , , r rQ Q Q Q Q Q     

2. The parameter is computed as. 

  2

1 1

2 max max

ˆ ˆ       and      , , ,
r

l

r r

r

tt
Q Q t

t t




  

Step 3: Determine the B-spline basis function based on the knot vector in Step 1 by creating the  M  

matrix using (15) and (16). 

Step 4: Following that, NCPR can be obtained by using (18). 

Step 5: Lastly, the NCPR is combined with the B-spline basis function as shown in (8) - (13) to produce 

NB-SCI. 

5. Conclusions  

This paper provides an introduction to NB-SCI as well as some of its characteristics. NB-SCI is 

an extremely useful methodology that has the potential to be implemented in a broad variety of 

business sectors, such as real civil engineering concepts, shipbuilding, designs for architecture, 

aerospace, manufacture and a great deal more besides. Due to the availability of truth degree, false 

degree, and indeterminacy degree, the neutrosophic approach may solve a greater variety of 

challenges. This neutrosophic set approach, when combined with tools based on the B-spline, can 

construct a continuously differentiable smooth curve that is capable of providing a comprehensive 

description of any explored subject. This technique can be made more effective by utilizing the 

surface of interpolation or approximation for B-spline and NURBS. 
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Abstract: An important method for finding the optimal solution for linear and nonlinear models is 

the graphical method, which is used if the linear or nonlinear mathematical model contains one, 

two, or three variables. The models that contain only two variables are among the most models for 

which the optimal solution has been obtained graphically, whether these models are linear or 

non-linear in references and research that are concerned with the science of operations research, 

when the data of the issue under study is classical data. In this research, we will present a study 

through, which we present the graphical method for solving Neutrosophical nonlinear models in 

the following case: A nonlinear programming issue, the objective function is a nonlinear function, 

and the constraints are linear functions. Note that we can use the same method if (i) the objective 

function follower is a linear follower and the constraints are nonlinear; (ii) the objective function is 

a non-linear follower and the constraints are non-linear. In the three cases, the nonlinear models are 

neutrosophic, and as we know, the mathematical model is a nonlinear model if any of the 

components of the objective function or the constraints are nonlinear expressions, and the 

nonlinear expressions may be in both. At the left end of the constraints are neutrosophic values, at 

least one or all of them. Then, the possible solutions to the neutrosophic nonlinear programming 

problem are the set of rays 𝑁𝑋 ∈ 𝑅𝑛that fulfills all the constraints. As for the region of possible 

solutions, it is the region that contains all the rays that fulfill the constraints. The optimal solution is 

the beam that fulfills all constraints and at which the function reaches a maximum or minimum 

value, depending on the nature of the issue under study (noting that it is not necessary to be alone). 

Keywords: Nonlinear Models; Neutrosophic Logic; Neutrosophic Nonlinear Models; Graphical 

Method. 

 

 

1. Introduction 

Problems of mathematical examples search for maximizing or minimizing a certain quantity 

that we call the objective function, and this quantity depends on a number of decision variables, as 

these variables may be independent of each other or linked to each other through a set of constraints. 

Studying the methods of solving nonlinear programming problems that we encounter in many 

practical issues, for example when we want to determine the cost of producing or purchasing goods, 

as well as the cost of storing manufactured or unprocessed materials ــ and so on. It led to the 

creation of a basic structure used to find these solutions from these methods, the graphical solution 

method that was presented in many references using classical data, and due to the great interest in 

the research that was published in many international journals, which dealt with some topics of 

operations research using the concepts of science neutrosophic [1-11] The science that laid the 

foundations of the American scientist and mathematical philosopher Florentin Smarandache, which 

https://doi.org/10.61356/j.nswa.2023.67
https://orcid.org/0000-0003-4413-4783
https://orcid.org/0000-0002-5560-5926


Neutrosophic Systems with Applications, Vol. 9, 2023                                                       42 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Maissam Jdid and Florentin Smarandache, Graphical Method for Solving Neutrosophical Nonlinear Programming Models 

explains the stages of its development. What was mentioned in the research [1], we will present in 

this research the graphic method used to find the optimal solution for nonlinear neutrosophic 

models, models that take data neutrosophic values of indefinite values A complete determination is 

not certain, and in reality it belongs to any neighborhood of the classical values and is given as 

follows: It is 𝑁𝑎 = a ± 𝜀  where 𝜀  is the indeterminacy and takes one of the forms  𝜀 = [𝜆1, 𝜆2 ] or  

𝜀 = {𝜆1 , 𝜆2} or  𝜀 ∈ [𝜆1, 𝜆2 ] -- otherwise, which is any neighborhood of the value 𝑎 that we get 

during data collection. 

2. Discussion  

The importance of nonlinear models comes from the fact that many practical issues lead to 

nonlinear models, which prompted many researchers and scholars to search for ways to solve these 

models. Many methods were presented that helped the great development of computer science to 

find them and were presented according to classical logic, i.e. data were specific values. Appropriate 

for the time period in which they were collected, and since the purpose of any study of such issues is 

to develop plans for the course of work in the future, the decision makers faced great difficulty 

because of the instability of the conditions surrounding the work environment and in order to 

control all conditions and provide ideal decisions for the issues that turn into models In two 

previous researches, we presented a formulation of some concepts of nonlinear programming, and 

one of the ways to solve it is the method of Lagrangian multiplication for models constrained by 

equal constraints using the concepts of neutrosophic science [12,13]. 

The neutrosophic mathematical model [12]: 

In the problem of examples where the objective and constraints are in the form of neutrosophic 

mathematical functions, then the neutrosophic mathematical model is written in the following form: 

𝑁𝑓 = 𝑁𝑓(𝑥1 , 𝑥2, −−, 𝑥𝑛) → (𝑀𝑎𝑥 )𝑜𝑟 (𝑀𝑖𝑛) 

According to the following restrictions: 

𝑁𝑔𝑖(𝑥1 , 𝑥2, −−, 𝑥𝑛) (
≤
≥
=

) 𝑁𝑏𝑖   ; 𝑖 = 1,2, − − −, 𝑚 

𝑥1 , 𝑥2, −−, 𝑥𝑛 ≥ 0 

In this model, the examples of the variables in the objective function and in the constraints are 

neutrosophic values, as well as the other side of the relations that represent the constraints. 
Based on the information provided in the reference [14]: 

The graphic method to find the optimal solution for nonlinear problems: 

This method is suitable for simple problems that contain only two variables, it is impractical for 

problems that contain more than one variables or in which the objective function is complex in 

addition to the presence of restrictions that we cannot express in simple forms, so to find the optimal 

solution for a nonlinear model in a graphic way we represent the constraints among the coordinate 

axes, we define the common solution area for these constraints, so that it is the area of the accepted 

solutions for the mathematical model, then we represent the objective function in order to determine 

the optimal solution. 

We have the following example using classic values [14]: 

𝑀𝑎𝑥𝑓(𝑥1 , 𝑥2) = (𝑥1 −  2)2 + (𝑥2 −  3)2 

𝑥1 + 2𝑥2 ≤ 12 

𝑥1 + 𝑥2 ≤ 9 

𝑥1 , 𝑥2 ≥ 0 
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Figure 1. The first figure represents the solution to Example No (1). 

From the Figure 1, it is clear 𝑓∗ = 𝑀𝑖𝑛𝑓 = (2 − 2)2 + (3 − 3)2 = 0 

Whereas, the smallest value reached by the function is in the center 𝑀(2 , 3) 

As for if it is required to find 𝑀𝑎𝑥𝑓 it will be on point 𝐸(9 , 0) and therefore  

𝑓∗ = 𝑀𝑎𝑥𝑓 = (9 − 2)2 + (0 − 3)2 = 58 

Neutrosophical formula for the previous example: 

Finding the optimal solution for a nonlinear programming problem, where the objective function is a 

nonlinear function, and the constraints are linear functions: 

Find the minimum value of the function: 

𝑀𝑖𝑛𝑁𝑓(𝑥1 , 𝑥2) = (𝑥1 −  2)2 + (𝑥2 −  3)2 

Within the restrictions: 

𝑥1 + 2𝑥2 ≤ 12 + 𝜀1 

𝑥1 + 𝑥2 ≤ 9 + 𝜀2 

𝑥1 , 𝑥2 ≥ 0 

Where 𝜀1  and 𝜀2  It is the indeterminacy and we take it as follows. 

Then the restrictions will look like this: 

In this example, we take  𝜀1 ∈ [0 , 3] and    𝜀2 ∈ [0 , 2] , and then the problem is written as follows: 

𝑥1 + 2𝑥2 ∈ [12 , 15] 

𝑥1 + 𝑥2 ∈ [9 , 11] 

𝑥1 , 𝑥2 ≥ 0 
Clarification: The second term of the constraints expresses the available potentials taken as 

Neutrosophical values. 

We need to find the vector 𝑁𝑋∗ = (𝑥1
∗ , 𝑥2

∗) So that the inequality is fulfilled: 

𝑁𝑓(𝑁𝑋∗) ≤ 𝑁𝑓(𝑋) 

∀𝑁𝑋 ∈ 𝐷 

The solution: 

1. We define the solution area 𝐷 This is done by representing the constraints in the coordinate 

plane 𝑜𝑥1𝑥2 

D 
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First constraint: 

𝑥1 + 2𝑥2 ∈ [12 , 15] 

We draw the straight line represented by the equation 𝑥1 + 2𝑥2 ∈ [12 , 15] 

𝑥1 = 0 ⇒ 2𝑥2 ∈ [12 , 15] ⇒ 𝑥2 ∈ [6 , 7.5] 

𝐴(0 , [6 , 7.5] ) 

𝑥2 = 0 ⇒ 𝑥1 ∈ [12 , 15] ⇒ 

𝐵([12 , 15] , 0) 

We define the region where the first constraint is satisfied: 

We know that the line represented by equation 𝑥1 + 2𝑥2 ∈ [12 , 15] the plane defined by the first 

quadrant is divided into two halves of a plane. We take a point, not on the specificity, from one of the 

two halves of the plane, and let the point be (0 , 0) we substitute in the constraint, we note that it 

achieves the inequality that represents the first constraint, that is, half of the plane to which this point 

belongs is half of the solution plane. 

 

The second constraint: 

𝑥1 + 𝑥2 ∈ [9 , 11] 

    We draw the straight line represented by the equation   𝑥1 + 𝑥2 ∈ [9 , 11]     
𝑥1 = 0 ⇒ 𝑥2 ∈ [9 , 11] 

𝐶(0 , [9 , 11] ) 

𝑥2 = 0 ⇒ 𝑥1 ∈ [9 , 11] ⇒ 

𝐸([9 , 11], 0 ) 

We define the region where the second constraint is satisfied: 

The line represented by equation 𝑥1 + 𝑥2 ∈ [9 , 11], the plane defined by the first quarter is divided 

into two halves of a plane. We take a point, not to be determined, from one of the two halves of the 

plane, let the point be (0 , 0) and substitute in the constraint. We note that it achieves the inequality 

representing the second constraint, meaning that half of the plane to which this point belongs is half 

of the solution plane. 

To find the optimal solution, we draw the objective function, which is a circle with a point center 

𝑀(2 , 3) radius 𝑟 = √𝑁𝑓. 

From the figure, it is clear that 𝑀𝑖𝑛 𝑁𝑓 = 0 the minimum value reached by the objective function is 

at the center of the circle, i.e. at the point 𝑀(2 , 3). 

If required, find the maximum value of the function: 

𝑀𝑎𝑥𝑓(𝑥1 , 𝑥2) = (𝑥1 −  2)2 + (𝑥2 −  3)2 

Within the restrictions: 

𝑥1 + 2𝑥2 ≤ 12 + 𝜀1 

𝑥1 + 𝑥2 ≤ 9 + 𝜀2 

𝑥1 , 𝑥2 ≥ 0 

In this case, we know that the optimal solution is located on the vertices of the common solution 

region, i.e. on the vertices of the polygon  𝑂𝐴𝐷𝐸 , we have the coordinates of these points 𝑂(0 , 0)   ،
𝐴(0 , [6 , 7.5] )    ، 𝐸([9 , 11], 0 ) for the coordinates of the point 𝐷  , and we determine it from the 

study of the intersection of the two lines represented by the following equations: 
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𝑥1 + 2𝑥2 ∈ [12 , 15] 

𝑥1 + 𝑥2 ∈ [9 , 11] 

Solving the two equations, we get 𝐷([6 , 7], [3 , 4]) then we calculate the value of the function at 

these points 

(𝑂(0 , 0) ) = (0 −  2)2 + (0 −  3)2 = 13 

𝑓(𝐴(0 , [6 , 7.5] )) = (0 −  2)2 + ([6 , 7.5] −  3)2 = 4 + ([3 , 4.5] )2 ∈ [13 , 24.25] 

𝑓(𝐸([9 , 11], 0 )) = ([9 , 11] −  2)2 + (0 −  3)2 = ([7 , 9] )2 + 9 ∈ [58 , 90] 

𝑓(𝐷([6 , 7], [3 , 4]  )) = ([6 , 7] −  2)2 + ([3 , 4] −  3)2 ∈ [19 , 24] 

The Maximum value the function takes at point 𝐸([9 , 11], 0 ) and is 

𝑅 = √[58 , 90] ∈ [7.6 , 9.5] 

Therefore, the optimal solution is a circle centered at point 𝑀(2 , 3) and whose radius is one of the 

domain values [7.6 , 9.5]. 

For clarification, we draw the Figure 2, for one of the values we find: 

 

Figure 2. Determination of the joint solution region of neutrosophic constraints. 

For the Neutrosophical objective function, it represents a set of circles whose center 𝑀(2 , 3) and 

radius are one of the domain values [7.6 , 9.5]. 

The following Figure 3 shows one of these circles:  
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Figure 3. The graphical representation of one of the solutions of the example neutrosophical values. 

 

We note that for both sides of the domain in both constraints is the optimal solution 𝑓∗ = 𝑀𝑎𝑥𝑓 =

68 ∈ [58 , 90] , wear [58 , 90] , the field that represents the maximum optimal solution of the 

neutrosophic model. 

3. Conclusions 

The graphical method is one of the important methods for finding the optimal solution for 

linear and nonlinear models. Therefore, it was necessary to present this study, which explains the 

difference between dealing with classical values and Neutrosophical values, and as we noticed from 

the results of the solution in the example, Neutrosophical values give us optimal solutions that are 

close to the optimal solution in the case of classical values, that is, they are in line with the conditions 

surrounding a work environment The system that this mathematical model represents, so it 

provides a safe environment that protects the systems from falling into losses and making greatest 

profits from them. 
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Abstract: In this manuscript, we establish the notion of neutrosophic rectangular extended b-metric 

spaces and derive some fixed point results for contraction mappings. Also, we provide several non-

trivial examples. Our results are more generalized with respect to the existing ones in the literature. 

At the end of the paper, we provide an application to non-linear fractional differential equations to 

test the validity of the results. 

Keywords: Neutrosophic Metric Spaces; Fixed Point; Graphical View; Non-Linear Fractional 

Differential Equations. 

 

 

1. Introduction 

In 1965, Zadeh [1] developed the "fuzzy notion" to contrast imprecise terms. Fuzzy sets (FSs) 

presented in [1] and metric spaces presented in [2] are combined to establish the concept of fuzzy 

metric spaces (FMSs), in which membership function is used. The notion of FMSs first introduced by 

Kramosil and Michalak [3] in 1975 and then George and Veeramani [4, 5] updated in 1994. Garbiec 

[6] established the fuzzy version of the Banach fixed point result. The notion of FSs only deals with 

membership functions, so there is a gap that FSs did not deal with non-membership functions. 

Atanassov [7] filled this gap to establish the concept of intuitionistic fuzzy sets (IFSs), in which, he 

used both degrees, the degree of membership and the degree of non-membership. But, there is still a 

gap that IFSs did not deals with naturalness. Smarandache [30] filled this gap to propose the concept 

of neutrosophic sets (NSs), as a generalization of IFSs. By combining the concepts of NSs and metric 

spaces, Kirişci and Simsek [32] presented the notion of neutrosophic metric spaces (NMSs). 

Fuzzy rectangular metric spaces and fuzzy rectangular b-metric spaces (FRBMSs) were 

introduced by Mehmood et al. [9], who also demonstrated the Banach contraction principle in the 

context of FRBMSs. The concept of orthogonal FMSs was developed by Hezarjaribi [10], who also 

demonstrated several fixed point theorems. The authors in [11–14, 33-38] established several 

interesting fixed point results. Park and Jeong [15] established fixed point results for fuzzy mappings. 

An intuitionistic fuzzy b-metric space was presented by Konwar [16]. The authors in [17–18,] 

demonstrated a number of fixed point results for in the context of an IFMS. Nice work was done on 
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fractional differential equations by the authors in [19–20]. Several fixed point results were proven by 

Javed et al. [21] in the setting of fuzzy b-metric-like spaces. Uddin et al. [22] presented a number of 

fixed point theorems for contraction mappings in the context of orthogonal controlled fuzzy metric 

spaces. Numerous algebraic structures have been used by mathematicians to apply several novel 

fuzzy set models [23–27, 32-35]. The idea of pentagonal controlled FMSs was recently given by Aftab 

et al. [28], who also demonstrated various fixed point theorems. Kattan et al. [29] established some 

fixed point results in a generalization of an IFMS.  

Jeyaraman et al. [39] proved common fixed point theorems in intuitionistic generalized fuzzy 

cone metric spaces. Ishtiaq et al. [40] derived several a fixed point results in the context of generalized 

neutrosophic cone metric spaces. Gupta et al. [41] examined the uniqueness of solution by employing 

CLR-property on V-fuzzy metric spaces. Chauhan et al. [42] examined the existence and uniqueness 

of fixed points in modified intuitionistic fuzzy metric spaces. Gupta et al. [43] solved some fixed point 

theorems for contraction mappings and investigate the xistence of fixed points for J-ψ-fuzzy 

contractions in fuzzy metric spaces endowed with graph.  

In this manuscript, we aim to introduce the concept of neutrosophic rectangular extended b-

metric spaces (NREBMSs) and to establish several fixed point results for contraction mappings. Also, 

we provide some non-trivial examples and an application to non-linear fractional differential 

equations to show the validity of results herein. An open problem is also raised after the conclusion 

section. 

2. Preliminaries 

In this section, we provide some basic notions that are helpful for readers to understand the main 

results. 

Definition 2.1: [8] A binary operation ∗: [0,1] × [0,1] → [0,1]  is a continuous t-norm (CTN) if it 

satisfies the following conditions: 

(i) ∗ is associative and commutative; 

(ii) ∗ is continuous; 

(iii) ℏ ∗ 1 = ℏ for all ℏ ∈ [0,1]; 

(iv) ℏ ∗ ℓ ≤ 𝑐 ∗ 𝑑 whenever ℏ ≤ 𝑐 and ℓ ≤ 𝑑, for all ℏ, ℓ, 𝑐, 𝑑 ∈ [0,1]. 

 

Example 2.1: [8] ℏ ∗ ℓ = ℏℓ and ℏ ∗ ℓ = min{ℏ, ℓ} are CTN. 

Definition 2.2: [8] A binary operation ○ : [0, 1] × [0, 1] → [0, 1] is called a continuous t-conorm 

(CTCN) if it meets the below assertions:  

T1.  ○  is associative and commutative; 

T2.  ○ is continuous;  

T3.  ℏ ○ 0 = 0, for all  ℏ ∈ [0, 1]; 

T4.  ℏ ○ ℓ ≤ 𝑐 ○ 𝑑 whenever ℏ ≤ 𝑐 and ℓ ≤ 𝑑, for all ℏ, ℓ, 𝑐, 𝑑 ∈ [0,1]. 

Example 2.2: [8] ℏ ○ ℓ = max{ℏ, ℓ} is CTCN.  

Definition 2.3: [4] Let Ƹ is nonempty set, Ҝ is a FS on Ƹ × Ƹ × (0, +∞), and ∗ is a CTN. Then a 

triplet (Ƹ, Ҝ,∗) is known as FMS, if it verifies the following conditions, for all 𝜘, 𝜗, 𝑧 ∈ Ƹ and 𝜎, 𝜏 > 0: 

F1. Ҝ(𝜘, 𝜗, 𝜎) > 0;  

F2. Ҝ(𝜘, 𝜗, 𝜎) = 1 if and only if 𝜘 = 𝜗;  

F3.  Ҝ(𝜘, 𝜗, 𝜎) = Ҝ(𝜗, 𝜘, 𝜎);  

F4.  Ҝ(𝜘, 𝜗, 𝜎) ∗ Ҝ(𝜗, 𝑧, 𝜏) ≤ Ҝ(𝜘, 𝑧, 𝜎 + 𝜏);  

F5.  Ҝ(𝜘, 𝜗, . ): (0, + + ∞) → (0,1] is continuous. 
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Definition 2.4: [9] Let Ƹ is nonempty set, Ҝ is a FS on Ƹ × Ƹ × [0, +∞), and ∗ is a CTN. Then (Ƹ, Ҝ,∗

, ℓ) is known as FRBMS, if it verifies the following conditions, for all 𝜘, 𝜗, 𝑧 ∈ Ƹ and 𝜎, 𝜏, 𝑤 ≥ 0:  

S1. Ҝ(𝜘, 𝜗, 0) = 0;  

S2. Ҝ(𝜘, 𝜗, 𝜎) = 1 if and only if 𝜘 = 𝜗;  

S3. Ҝ(𝜘, 𝜗, 𝜎) = Ҝ(𝜗, 𝜘, 𝜎);  

S4. Ҝ(𝜘, 𝜗, 𝜎) ∗ Ҝ(𝜗, 𝔲, 𝜏) ∗ Ҝ(𝔲, 𝑧, 𝑤) ≤ Ҝ(𝜘, 𝑧, ℓ(𝜎 + 𝜏 + 𝑤)); 

S5. Ҝ(𝜘, 𝜗, . ): (0, +∞) → (0,1] is left continuous and lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1. 

Definition 2.5: [32] Let Ƹ be a non-empty set and Ҝ, П, 𝛥 are NSs on Ƹ × Ƹ × [0, +∞). Suppose 𝜓: Ƹ ×

Ƹ → [1, +∞)  be a function, ∗  and ○  are CTN and CTCN respectively. Then, a six tuple  

(Ƹ, Ҝ, П, 𝛥,∗,○) is known as NMS, if the following conditions are satisfying, for all 𝜘, 𝜗, 𝑧 ∈ Ƹ and 

𝜎, 𝜏, 𝑤 > 0,  

(N1) Ҝ(𝜘, 𝜗, 𝜎) + П(𝜘, 𝜗, 𝜎) + 𝛥(𝜘, 𝜗, 𝜎) ≤ 3; 

(N2) Ҝ(𝜘, 𝜗, 0) = 0; 

(N3) Ҝ(𝜘, 𝜗, 𝜎) = 1 if and only if 𝜘 = 𝜗; 

(N4) Ҝ(𝜘, 𝜗, 𝜎) = Ҝ(𝜗, 𝜘, 𝜎);  

(N5) Ҝ(𝜘, 𝑧, 𝜎 + 𝜏) ≥ Ҝ(𝜘, 𝜗, 𝜎) ∗ Ҝ(𝜗, 𝑧, 𝜏); 

(N6) Ҝ(𝜘, 𝜗, . ): (0, +∞) → [0,1] is continuous and lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1. 

(N7) П(𝜘, 𝜗, 0) = 1; 

(N8) П(𝜘, 𝜗, 𝜎) = 0 if and only if 𝜘 = 𝜗; 

(N9) П(𝜘, 𝜗, 𝜎) = П(𝜗, 𝜘, 𝜎);  

(N10) П(𝜘, 𝑧, 𝜎 + 𝜏) ≤ П(𝜘, 𝜗, 𝜎) ○ П(𝜗, 𝑧, 𝜏); 

(N11) П(𝜘, 𝜗, . ): (0, +∞) → [0,1] is continuous and lim
𝜎→+∞

П(𝜘, 𝜗, 𝜎) = 0. 

(N12) 𝛥(𝜘, 𝜗, 0) = 1; 

(N13) 𝛥(𝜘, 𝜗, 𝜎) = 0 if and only if 𝜘 = 𝜗; 

(N14) 𝛥(𝜘, 𝜗, 𝜎) = 𝛥(𝜗, 𝜘, 𝜎);  

(N15) 𝛥(𝜘, 𝑧, 𝜎 + 𝜏) ≤ 𝛥(𝜘, 𝜗, 𝜎) ○ 𝛥(𝜗, 𝑧, 𝜏); 

(N16) 𝛥(𝜘, 𝜗, . ): (0, +∞) → [0,1] is continuous and lim
𝜎→+∞

𝛥(𝜘, 𝜗, 𝜎) = 0. 

Then (Ƹ, Ҝ, П, 𝛥,∗,○) is called an NMS.  

3. Main Section 

In this section, we introduce the concept of NREBMS and establish some fixed point results. 

Definition 3.1: Let Ƹ be a non-empty set and Ҝ, П, 𝛥 are NSs on Ƹ × Ƹ × [0, +∞). Suppose 𝜓: Ƹ × Ƹ →

[1, +∞) be a function, ∗ and ○ are CTN and CTCN respectively. Then, a six tuple  (Ƹ, Ҝ, П, 𝛥,∗,○) is 

known as NREBMS, if the following conditions are satisfying, for all 𝜘, 𝜗, 𝑧 ∈ Ƹ and 𝜎, 𝜏, 𝑤 > 0, 

(NRE1) Ҝ(𝜘, 𝜗, 𝜎) + П(𝜘, 𝜗, 𝜎) + 𝛥(𝜘, 𝜗, 𝜎) ≤ 3; 

(NRE2) Ҝ(𝜘, 𝜗, 0) = 0; 

(NRE3) Ҝ(𝜘, 𝜗, 𝜎) = 1 if and only if 𝜘 = 𝜗; 

(NRE4) Ҝ(𝜘, 𝜗, 𝜎) = Ҝ(𝜗, 𝜘, 𝜎);  
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(NRE5) Ҝ(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≥ Ҝ(𝜘, 𝜗, 𝜎) ∗ Ҝ(𝜗, 𝔲, 𝜏) ∗ Ҝ(𝔲, 𝑧, 𝑤), ∀ distinct 𝜗, 𝔲 ∈

Ƹ\{𝜘, 𝑧}; 

(NRE6) Ҝ(𝜘, 𝜗, . ): (0, +∞) → [0,1] is continuous and lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1. 

(NRE7) П(𝜘, 𝜗, 0) = 1; 

(NRE8) П(𝜘, 𝜗, 𝜎) = 0 if and only if 𝜘 = 𝜗; 

(NRE9) П(𝜘, 𝜗, 𝜎) = П(𝜗, 𝜘, 𝜎);  

(NRE10) П(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ П(𝜘, 𝜗, 𝜎) ○ П(𝜗, 𝔲, 𝜏) ○ П(𝔲, 𝑧, 𝑤), ∀ distinct 𝜗, 𝔲 ∈

Ƹ\{𝜘, 𝑧}; 

(NRE11) П(𝜘, 𝜗, . ): (0, +∞) → [0,1] is continuous and lim
𝜎→+∞

П(𝜘, 𝜗, 𝜎) = 0. 

(NRE12) 𝛥(𝜘, 𝜗, 0) = 1; 

(NRE13) 𝛥(𝜘, 𝜗, 𝜎) = 0 if and only if 𝜘 = 𝜗; 

(NRE14) 𝛥(𝜘, 𝜗, 𝜎) = 𝛥(𝜗, 𝜘, 𝜎);  

(NRE15) 𝛥(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ 𝛥(𝜘, 𝜗, 𝜎) ○ 𝛥(𝜗, 𝔲, 𝜏) ○ 𝛥(𝔲, 𝑧, 𝑤), ∀ distinct 𝜗, 𝔲 ∈

Ƹ\{𝜘, 𝑧}; 

(NRE16) 𝛥(𝜘, 𝜗, . ): (0, +∞) → [0,1] is continuous and lim
𝜎→+∞

𝛥(𝜘, 𝜗, 𝜎) = 0. 

Example 3.1: Let (Ƹ, 𝑑) be a rectangular metric space, define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = 1 +

𝜘 + 𝜗 and define Ҝ, П, 𝛥: Ƹ × Ƹ × [0, +∞) → [0,1] by 

Ҝ(𝜘, 𝜗, 𝜎) =
𝜎

𝜎 + 𝑑(𝜘, 𝜗)
,

П(𝜘, 𝜗, 𝜎) =
𝑑(𝜘, 𝜗)

𝜎 + 𝑑(𝜘, 𝜗)
 and 𝛥(𝜘, 𝜗, 𝜎) =

𝑑(𝜘, 𝜗)

𝜎
 for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0, 

with CTN ℏ ∗ ℓ = min{ℏ, ℓ} and CTCN ℏ ○ ℓ = max{ℏ, ℓ}. Then (Ƹ, Ҝ, П, 𝛥,∗,○) is an NREBMS.  

Proof: Properties (NRE1)-(NRE4), (NRE6)-(NRE9), (NRE11)-(NRE14) and (NRE16) are easy obvious. 

Here, we prove (NRE5), (NRE10) and (NRE15). 

(NRE5) Ҝ(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≥ Ҝ(𝜘, 𝜗, 𝜎) ∗ Ҝ(𝜗, 𝔲, 𝜏) ∗ Ҝ(𝔲, 𝑧, 𝑤) for all distinct 𝜗, 𝔲 ∈ Ƹ\{𝜘, 𝑧}. 

Suppose that 

Ҝ(𝜘, 𝜗, 𝜎) ≤ Ҝ(𝜗, 𝔲, 𝜏) 

and 

Ҝ(𝜘, 𝜗, 𝜎) ≤ Ҝ(𝔲, 𝑧, 𝑤), 

which implies that 

𝜎

𝜎 + 𝑑(𝜘, 𝜗)
≤

𝜏

𝜏 + 𝑑(𝜗, 𝔲)
 

and  

𝜎

𝜎 + 𝑑(𝜘, 𝜗)
≤

𝑤

𝑤 + 𝑑(𝔲, 𝑧)
. 
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So, we obtain 

𝜎𝑑(𝜗, 𝔲) ≤ 𝜏𝑑(𝜘, 𝜗) and 𝜎𝑑(𝔲, 𝑧) ≤ 𝑤𝑑(𝜘, 𝜗). 

This implies 

                     (𝜏 + 𝑤)𝑑(𝜘, 𝜗) ≥ 𝜎[𝑑(𝜗, 𝔲) + 𝑑(𝔲, 𝑧)]                             (1) 

Now, observe that  

Ҝ(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≥ Ҝ(𝜘, 𝜗, 𝜎) 

⇔
𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)

𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝑑(𝜘, 𝑧)
≥

𝜎

𝜎 + 𝑑(𝜘, 𝜗)
 

⇔
𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)

𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝜓(𝜘, 𝑧)[𝑑(𝜘, 𝜗) + 𝑑(𝜗, 𝔲) + 𝑑(𝔲, 𝑧)]
≥

𝜎

𝜎 + 𝑑(𝜘, 𝜗)
 

⇔
𝜎 + 𝜏 + 𝑤

𝜎 + 𝜏 + 𝑤 + 𝑑(𝜘, 𝜗) + 𝑑(𝜗, 𝔲) + 𝑑(𝔲, 𝑧)
≥

𝜎

𝜎 + 𝑑(𝜘, 𝜗)
 

⇔ (𝜏 + 𝑤)𝑑(𝜘, 𝜗) ≥ 𝜎[𝑑(𝜗, 𝔲) + 𝑑(𝔲, 𝑧)]. 

Hence, 

Ҝ(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≥ Ҝ(𝜘, 𝜗, 𝜎) ∗ Ҝ(𝜗, 𝔲, 𝜏) ∗ Ҝ(𝔲, 𝑧, 𝑤). 

 (NRE10) П(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ П(𝜘, 𝜗, 𝜎) ○ П(𝜗, 𝔲, 𝜏) ○ П(𝔲, 𝑧, 𝑤)  for all distinct 𝜗, 𝔲 ∈ Ƹ\

{𝜘, 𝑧}. 

Recall that  

𝑑(𝜘, 𝑧) = 𝑑(𝜘, 𝑧)max {
𝑑(𝜘, 𝜗)

𝑑(𝜘, 𝜗)
,
𝑑(𝜗, 𝔲)

𝑑(𝜗, 𝔲)
,
𝑑(𝔲, 𝑧)

𝑑(𝔲, 𝑧)
} . 

Therefore, 

𝑑(𝜘, 𝑧) ≤ [𝜎 + 𝜏 + 𝑤 + 𝑑(𝜘, 𝑧)]max {
𝑑(𝜘, 𝜗)

𝑑(𝜘, 𝜗)
,
𝑑(𝜗, 𝔲)

𝑑(𝜗, 𝔲)
,
𝑑(𝔲, 𝑧)

𝑑(𝔲, 𝑧)
} . 

Define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = 1 + 𝜘 + 𝜗. Then 

𝑑(𝜘, 𝑧) ≤ [𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝑑(𝜘, 𝑧)]max {
𝑑(𝜘, 𝜗)

𝑑(𝜘, 𝜗)
,
𝑑(𝜗, 𝔲)

𝑑(𝜗, 𝔲)
,
𝑑(𝔲, 𝑧)

𝑑(𝔲, 𝑧)
} . 

Also observe the fact that 

𝑑(𝜘, 𝑧) ≤ [𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝑑(𝜘, 𝑧)]max { 
𝑑(𝜘, 𝜗)

𝜎 + 𝑑(𝜘, 𝜗)
,
𝑑(𝜗, 𝔲)

𝜏 + 𝑑(𝜗, 𝔲)
,
𝑑(𝔲, 𝑧)

𝑤 + 𝑑(𝔲, 𝑧)
} . 

This implies 

𝑑(𝜘, 𝑧)

𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝑑(𝜘, 𝑧)
≤ max {

𝑑(𝜘, 𝜗)

𝜎 + 𝑑(𝜘, 𝜗)
,
𝑑(𝜗, 𝔲)

𝜏 + 𝑑(𝜗, 𝔲)
,
𝑑(𝔲, 𝑧)

𝑤 + 𝑑(𝔲, 𝑧)
} . 

Then 

П(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ max{П(𝜘, 𝜗, 𝜎), П(𝜗, 𝔲, 𝜏), П(𝔲, 𝑧, 𝑤)}. 

Hence, 

П(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ П(𝜘, 𝜗, 𝜎) ○ П(𝜗, 𝔲, 𝜏) ○ П(𝔲, 𝑧, 𝑤). 

(NRE15) 𝛥(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ 𝛥(𝜘, 𝜗, 𝜎) ○ 𝛥(𝜗, 𝔲, 𝜏) ○ 𝛥(𝔲, 𝑧, 𝑤) for all distinct 𝜗, 𝔲 ∈ Ƹ\{𝜘, 𝑧}. 

Observe that, 

𝑑(𝜘, 𝑧) ≤ [𝜎 + 𝜏 + 𝑤 + 𝑑(𝜘, 𝑧)]max {
𝑑(𝜘, 𝜗)

𝜎
,
𝑑(𝜗, 𝔲)

𝜏
,
𝑑(𝔲, 𝑧)

𝑤
} . 
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Define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = 1 + 𝜘 + 𝜗. Then 

𝑑(𝜘, 𝑧) ≤ [𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝑑(𝜘, 𝑧)]max {
𝑑(𝜘, 𝜗)

𝜎
,
𝑑(𝜗, 𝔲)

𝜏
,
𝑑(𝔲, 𝑧)

𝑤
} . 

This implies 

𝑑(𝜘, 𝑧)

𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤) + 𝑑(𝜘, 𝑧)
≤ max {

𝑑(𝜘, 𝜗)

𝜎
,
𝑑(𝜗, 𝔲)

𝜏
,
𝑑(𝔲, 𝑧)

𝑤
} . 

Then 

𝛥(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ max{𝛥(𝜘, 𝜗, 𝜎), 𝛥(𝜗, 𝔲, 𝜏), 𝛥(𝔲, 𝑧, 𝑤)}. 

Hence 

𝛥(𝜘, 𝑧, 𝜓(𝜘, 𝑧)(𝜎 + 𝜏 + 𝑤)) ≤ 𝛥(𝜘, 𝜗, 𝜎) ○ 𝛥(𝜗, 𝔲, 𝜏) ○ 𝛥(𝔲, 𝑧, 𝑤). 

 

Therefore, (Ƹ, Ҝ, П, 𝛥,∗,○) is a NREBMS.  

Remark 3.1: The above example is not a NMS. But, if we let 𝜓 = 1, then it is NMS. 

Example 3.2: Let Ƹ = [0,1] and define 𝜓: Ƹ × Ƹ → [1, +∞)  by 𝜓(𝜘, 𝜗) = 1 + 𝜘2 + 𝜗3  and Ҝ, П, 𝛥: Ƹ ×

Ƹ × [0, +∞) → [0,1] by 

Ҝ(𝜘, 𝜗, 𝜎) = {
1,                    if       𝜘 = 𝜗

𝜎

𝜎 + max{𝜘, 𝜗}𝑝
, otherwise  

 П(𝜘, 𝜗, 𝜎) = {

0,           if        𝜘 = 𝜗
max{𝜘, 𝜗}𝑝

𝜎 +max{𝜘, 𝜗}𝑝
, otherwise

 

and 

𝛥(𝜘, 𝜗, 𝜎) = {

0,           if        𝜘 = 𝜗
max{𝜘, 𝜗}𝑝

𝜎
, otherwise

  for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0. 

Then (Ƹ, Ҝ, П, 𝛥,∗,○) is an NREBMS with CTN ℏ ∗ ℓ = ℏ ∙ ℓ, CTCN ℏ ○ ℓ = max{ℏ, ℓ} and  𝑝 ≥ 1.  

Example 3.3: Let Ƹ = [0, +∞) and define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = 1 +
𝜘

𝜗
 and Ҝ, П, 𝛥: Ƹ × Ƹ ×

[0, +∞) → [0,1] by 

Ҝ(𝜘, 𝜗, 𝜎) = {
1,                    if       𝜘 = 𝜗

𝜎

𝜎 + (𝜘 + 𝜗)𝑝
, otherwise  

 П(𝜘, 𝜗, 𝜎) = {

0,            if       𝜘 = 𝜗
(𝜘 + 𝜗)𝑝

𝜎 + (𝜘 + 𝜗)𝑝
, otherwise

 

and 

𝛥(𝜘, 𝜗, 𝜎) = {

0,            if       𝜘 = 𝜗
(𝜘 + 𝜗)𝑝

𝜎
, otherwise

  for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0. 

Then (Ƹ, Ҝ, П, 𝛥,∗,○) is an NREBMS with CTN ℏ ∗ ℓ = ℏ ∙ ℓ, CTCN ℏ ○ ℓ = max{ℏ, ℓ} and  𝑝 ≥ 1.  
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Example 3.4: Let Ƹ = [0, +∞) and define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = {
1,       if          𝜘 = 𝜗
1 + 𝜘 + 𝜗, otherwise

 and 

Ҝ, П, 𝛥: Ƹ × Ƹ × [0, +∞) → [0,1] by 

Ҝ(𝜘, 𝜗, 𝜎) =
𝜎

𝜎 + |𝜘 − 𝜗|𝑝
  

 П(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎 + |𝜘 − 𝜗|𝑝
 , 

and 

 𝛥(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎
  for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0. 

Then (Ƹ, Ҝ, П, 𝛥,∗,○) is an NREBMS with CTN ℏ ∗ ℓ = ℏ ∙ ℓ, CTCN ℏ ○ ℓ = max{ℏ, ℓ} and  𝑝 ≥ 1.  

Remark 3.2: The above examples 3.3 and 3.4 are also NREBMSs if we take ℏ ∗ ℓ = min{ℏ, ℓ} , and ℏ ○

ℓ = max{ℏ, ℓ}. 

Definition 3.2: Suppose (Ƹ, Ҝ, П, 𝛥,∗,○) is a NREBMS and assume {𝜘𝑛} be a sequence in Ƹ. Then  

 {𝜘𝑛} is said to be a convergent sequence if there exists 𝜘 ∈ Ƹ such that 

lim
𝑛→+∞

Ҝ(𝜘𝑛 , 𝜘, 𝜎) = 1, for all 𝜎 > 0 

lim
𝑛→+∞

П(𝜘𝑛 , 𝜘, 𝜎) = 0,   for all 𝜎 > 0. 

and  

lim
𝑛→+∞

𝛥(𝜘𝑛 , 𝜘, 𝜎) = 0,   for all 𝜎 > 0. 

 {𝜘𝑛} is said to be a Cauchy sequence if  

lim
𝑛→+∞

Ҝ(𝜘𝑛, 𝜘𝑛+𝑞 , 𝜎) = 1 for all 𝜎 > 0 

lim
𝑛→+∞

П(𝜘𝑛, 𝜘𝑛+𝑞 , 𝜎) = 0 for all 𝜎 > 0. 

and  

lim
𝑛→+∞

𝛥(𝜘𝑛 , 𝜘𝑛+𝑞 , 𝜎) = 0 for all 𝜎 > 0. 

 

 The NREBMS (Ƹ, Ҝ, П, 𝛥,∗,○) is called complete, if every Cauchy sequence is convergent in 

Ƹ. 

Example 3.5: Let Ƹ = [0, +∞) and define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = {
1,       if          𝜘 = 𝜗
1 + 𝜘 + 𝜗, otherwise

 and 

Ҝ, П, 𝛥: Ƹ × Ƹ × [0, +∞) → [0,1] by 

Ҝ(𝜘, 𝜗, 𝜎) =
𝜎

𝜎 + |𝜘 − 𝜗|𝑝
  

 П(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎 + |𝜘 − 𝜗|𝑝
  , 

and 
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 𝛥(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎 + |𝜘 − 𝜗|𝑝
  for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0, 

then (Ƹ, Ҝ, П, 𝛥,∗,○) is an NREBMS with CTN ℏ ∗ ℓ = ℏ ∙ ℓ, CTCN ℏ ○ ℓ = max{ℏ, ℓ} and  𝑝 ≥ 1.  

Let {𝜘𝑛} =
1

𝑛
 for all 𝑛 ∈ {1,2,3,⋯ } be a sequence in Ƹ, then {𝜘𝑛} converges to 0. Now  

lim
𝑛→+∞

Ҝ(𝜘𝑛 , 0, 𝜎) = lim
𝑛→+∞

𝜎

𝜎 + (
1
𝑛
)
𝑝 = 1, 

lim
𝑛→+∞

П(𝜘𝑛, 0, 𝜎) = lim
𝑛→+∞

(
1
𝑛
)
𝑝

𝜎 + (
1
𝑛
)
𝑝 = 0, 

and  

lim
𝑛→+∞

𝛥(𝜘𝑛, 0, 𝜎) = lim
𝑛→+∞

(
1
𝑛
)
𝑝

𝜎
= 0. 

 

That is, the sequence {𝜘𝑛} is convergent. 

Example 3.6: Consider the preceding example and a sequence 𝜘𝑛 =
1

𝑛
 for all 𝑛 ∈ {1,2,3,⋯ , }. Then 

for all 𝑞 ∈ {1,2,3,⋯ }, we get 

lim
𝑛→+∞

Ҝ(𝜘𝑛, 𝜘𝑛+𝑞 , 𝜎) = lim
𝑛→+∞

𝜎

𝜎 + (
1

𝑛 + 1
)
𝑝

+⋯+ (
1

𝑛 + 𝑞
)
𝑝 = 1, 

lim
𝑛→+∞

П(𝜘𝑛, 𝜘𝑛+𝑞 , 𝜎) = lim
𝑛→+∞

(
1

𝑛 + 1
)
𝑝

+⋯+ (
1

𝑛 + 𝑞
)
𝑝

𝜎 + (
1

𝑛 + 1
)
𝑝

+⋯+ (
1

𝑛 + 𝑞
)
𝑝 = 0, 

and  

lim
𝑛→+∞

𝛥(𝜘𝑛 , 𝜘𝑛+𝑞 , 𝜎) = lim
𝑛→+∞

(
1

𝑛 + 1
)
𝑝

+⋯+ (
1

𝑛 + 𝑞
)
𝑝

𝜎
= 0. 

That is, the sequence {𝜘𝑛} is Cauchy. 

Lemma 3.1: Let {𝜘𝑛}  be a Cauchy sequence in a NREBMS (Ƹ, Ҝ, П, 𝛥,∗,○)  such that 𝜘𝑛 ≠ 𝜘𝑚 , 

whenever 𝑛 ≠ 𝑚 for all 𝑚, 𝑛 ∈ ℕ. Then {𝜘𝑛} converges to at most one point in Ƹ.  

Lemma 3.2: Let 𝜘 and 𝜗 be any two points in a NREBMS (Ƹ, Ҝ, П, 𝛥,∗,○). If for any 𝜂 ∈ (0,1), we have  

Ҝ(𝜘, 𝜗, 𝜂𝜎) ≥ Ҝ(𝜘, 𝜗, 𝜎), П(𝜘, 𝜗, 𝜂𝜎) ≤ П(𝜘, 𝜗, 𝜎) and 𝛥(𝜘, 𝜗, 𝜂𝜎) ≤ 𝛥(𝜘, 𝜗, 𝜎), 

then 𝜘 = 𝜗. 

Theorem 3.1: Let (Ƹ, Ҝ, П, 𝛥,∗,○) be a complete NREBMS such that 

lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1, lim
𝜎→+∞

П(𝜘, 𝜗, 𝜎) = 0,  and lim
𝜎→+∞

𝛥(𝜘, 𝜗, 𝜎) = 0,   for all 𝜘, 𝜗 ∈ Ƹ.   (2) 

Let 𝜉: Ƹ → Ƹ be a mapping satisfying 

Ҝ(𝜉𝜘, 𝜉𝜗, 𝜂𝜎) ≥ Ҝ(𝜘, 𝜗, 𝜎), П(𝜉𝜘, 𝜉𝜗, 𝜂𝜎) ≤ П(𝜘, 𝜗, 𝜎), 

and  𝛥(𝜉𝜘, 𝜉𝜗, 𝜂𝜎) ≤ 𝛥(𝜘, 𝜗, 𝜎)        (3) 

for all 𝜘, 𝜗 ∈ Ƹ, 𝜂 ∈ (0,1). Then 𝜉 has a unique fixed point 𝔲 ∈ Ƹ. 
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Proof: Let 𝜘0 ∈ Ƹ  be an arbitrary point and let 𝑛 ∈ ℕ  then begin an iterative process such that 

𝜘𝑛+1 = 𝜉𝜘𝑛. Continuously, applying an inequality (3), we deduce that 

Ҝ(𝜘𝑛 , 𝜘𝑛+1, 𝜎) ≥ Ҝ (𝜘0, 𝜘1,
𝜎

𝜂𝑛
) , П(𝜘𝑛, 𝜘𝑛+1, 𝜎) ≤ П (𝜘0, 𝜘1,

𝜎

𝜂𝑛
)  and 𝛥(𝜘𝑛, 𝜘𝑛+1, 𝜎)

≤ 𝛥 (𝜘0, 𝜘1,
𝜎

𝜂𝑛
).                     (4) 

Since, (Ƹ, Ҝ, П, 𝛥,∗,○) is a complete NREBMS, then for the sequence {𝜘𝑛}, writing 𝜎 =
𝜎

3
+

𝜎

3
+

𝜎

3
 and 

using the rectangular inequality given in (NRE5), (NRE10) and (NRE15) on 

Ҝ(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎), П(𝜘𝑛 , 𝜘𝑛+𝑝, 𝜎) and 𝛥(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎), we have the following cases. 

Case 1: If 𝑝 is odd, then 𝑝 = 2𝑚 + 1 where 𝑚 ∈ {1,2,3, … }. So, we have 

Ҝ(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≥ Ҝ (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+2𝑚+1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+2𝑚+1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1,
𝜎

(3)𝑚𝜓(𝜘𝑛,𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2,𝜘𝑛+3)𝜓(𝜘𝑛+4,𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚,𝜘𝑛+2𝑚+1)
 )  

П(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ П (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘𝑛+2, 𝜘𝑛+2𝑚+1,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

≤ П(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 
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○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+2𝑚+1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≤ П(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ). 

and  

𝛥(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ 𝛥 (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+2𝑚+1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

≤ 𝛥 (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+2𝑚+1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≤ 𝛥 (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 
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○ 𝛥 (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ). 

Using (4) in the above inequalities, we deduce 

Ҝ(𝜘𝑛, 𝜘𝑛+2𝑚+1, 𝜎) ≥ Ҝ(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘0, 𝜘1,

𝜎

3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+4𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+5𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜂𝑛+2𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ) 

≥ Ҝ(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘0, 𝜘1,

𝜎

(3𝜂)𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)𝑚𝜂𝑛+𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ), 

П(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ П (𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘0, 𝜘1,

𝜎

3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+4𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 
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○ П(𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+5𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘0, 𝜘1,
𝜎

(3)𝑚𝜂𝑛+2𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ) 

≤ П(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘0, 𝜘1,

𝜎

(3𝜂)𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘0, 𝜘1,
𝜎

(3𝜂)𝑚𝜂𝑛+𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ), 

and  

𝛥(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ 𝛥 (𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘0, 𝜘1,

𝜎

3𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+4𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+5𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜂𝑛+2𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ) 

≤ 𝛥(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘0, 𝜘1,

𝜎

(3𝜂)𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 



Neutrosophic Systems with Applications, Vol. 9, 2023                                                 60 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Naeem Saleem, Umar Ishtiaq, Khaleel Ahmad, Salvatore Sessa, and Ferdinando Di Martino, Fixed Point Results in 

Neutrosophic Rectangular Extended b-Metric Spaces 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)𝑚𝜂𝑛+𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ). 

Case 2: If 𝑝 is even, then 𝑝 = 2𝑚;𝑚 ∈ {1,2,3,⋯ }. So, the we have 

Ҝ(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≥ Ҝ (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+2𝑚,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) ∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+2𝑚,

𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚,
𝜎

(3)𝑚−1𝜓(𝜘𝑛,𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2,𝜘𝑛+3)𝜓(𝜘𝑛+4,𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2,𝜘𝑛+2𝑚)
 )  

П(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≤ П (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ П (𝜘𝑛+2, 𝜘𝑛+2𝑚,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

≤ П(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+2𝑚,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 
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≤ П(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ), 

and  

𝛥(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≤ 𝛥 (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+2𝑚,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

≤ 𝛥(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+2𝑚,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≤ 𝛥(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝛥 (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ). 

Using (4) in the above inequalities, we deduce 
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Ҝ(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≥ Ҝ(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘0, 𝜘1,

𝜎

3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+4𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+5𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ(𝜘0, 𝜘1,
𝜎

(3)𝑚−1𝜂𝑛+2𝑚−2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ) 

≥ Ҝ(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘0, 𝜘1,

𝜎

(3𝜂)𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ (𝜘0, 𝜘1,
𝜎

(3𝜂)𝑚−1𝜂𝑛+𝑚−1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ), 

П(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≤ П (𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ П (𝜘0, 𝜘1,

𝜎

3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+4𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+5𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘0, 𝜘1,
𝜎

(3)𝑚𝜂𝑛+2𝑚−2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ) 

≤ П(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ П (𝜘0, 1,

𝜎

(3𝜂)𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 
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○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П (𝜘0, 𝜘1,
𝜎

(3𝜂)𝑚−1𝜂𝑛+𝑚−1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ), 

and  

𝛥(𝜘𝑛, 𝜘𝑛+2𝑚, 𝜎) ≤ 𝛥 (𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘0, 𝜘1,

𝜎

3𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜂𝑛+3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+4𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜂𝑛+5𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜂𝑛+2𝑚−2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ) 

≤ 𝛥(𝜘0, 𝜘1,
𝜎

3𝜂𝑛𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘0, 1,

𝜎

(3𝜂)𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)2𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)𝑚−1𝜂𝑛+𝑚−1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ). 

Therefore, from lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1, lim
𝜎→+∞

П(𝜘, 𝜗, 𝜎) = 0 and lim
𝜎→+∞

𝛥(𝜘, 𝜗, 𝜎) = 0, and cases (1),(2), we 

get 
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lim
𝑛→+∞

Ҝ(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎) = 1, lim
𝑛→+∞

П(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎) = 0  and lim
𝑛→+∞

𝛥(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎) = 0. 

That is, a sequence {𝜘𝑛} is Cauchy. Therefore, (Ƹ, Ҝ, П, 𝛥,∗,○) is a complete NREBMS, so there exists 

𝔲 ∈ Ƹ, and we have 

lim
𝑛→+∞

Ҝ(𝜘𝑛, 𝔲, 𝜎) = 1, lim
𝑛→+∞

П(𝜘𝑛, 𝔲, 𝜎) = 0 and lim
𝑛→+∞

𝛥(𝜘𝑛, 𝔲, 𝜎) = 0, for all 𝜎 > 0 and 𝑞 ≥ 1. 

Now, we show the existence of a fixed point 𝔲. 

Ҝ(𝔲, 𝜉𝔲, 𝜎) ≥ Ҝ (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜘𝑛, 𝜘𝑛+1,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜘𝑛+1, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≥ Ҝ(𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜉𝜘𝑛−1, 𝜉𝜘𝑛,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜉𝜘𝑛, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≥ Ҝ(𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜘𝑛−1, 𝜘𝑛,

𝜎

3𝜂𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜘𝑛 , 𝔲,

𝜎

3𝜂ℓ𝜓(𝔲, 𝜉𝔲)
) 

→ 1 ∗ 1 ∗ 1 = 1, as 𝑛 → +∞, 

П(𝔲, 𝜉𝔲, 𝜎) ≤ П (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜘𝑛 , 𝜘𝑛+1,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜘𝑛+1, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ П(𝔲, 𝜘𝑛 ,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜉𝜘𝑛−1, 𝜉𝜘𝑛 ,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜉𝜘𝑛 , 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ П (𝔲, 𝜘𝑛 ,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜘𝑛−1, 𝜘𝑛 ,

𝜎

3𝜂𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜘𝑛, 𝔲,

𝜎

3𝜂ℓ𝜓(𝔲, 𝜉𝔲)
) 

→ 0 ○ 0 ○ 0 = 0, as 𝑛 → +∞ 

and  

𝛥(𝔲, 𝜉𝔲, 𝜎) ≤ 𝛥 (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜘𝑛, 𝜘𝑛+1,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜘𝑛+1, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ 𝛥 (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜉𝜘𝑛−1, 𝜉𝜘𝑛 ,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜉𝜘𝑛, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ 𝛥 (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜘𝑛−1, 𝜘𝑛 ,

𝜎

3𝜂𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜘𝑛 , 𝔲,

𝜎

3𝜂ℓ𝜓(𝔲, 𝜉𝔲)
) 

→ 0 ○ 0 ○ 0 = 0 as 𝑛 → +∞. 

Uniqueness: Suppose 𝑣 ≠ 𝔲, be another fixed point, then 

Ҝ(𝑣, 𝔲, 𝜎) = Ҝ(𝜉𝑣, 𝜉𝔲, 𝜎) ≥ Ҝ(𝑣, 𝔲,
𝜎

𝜂
) = Ҝ (𝜉𝑣, 𝜉𝔲,

𝜎

𝜂
) 

≥ Ҝ(𝑣, 𝔲,
𝜎

𝜂2
) ≥ ⋯ ≥ Ҝ(𝑣, 𝔲,

𝜎

𝜂𝑛
) → 1 as 𝑛 → +∞, 

П(𝑣, 𝔲, 𝜎) = П(𝜉𝑣, 𝜉𝔲, 𝜎) ≤ П (𝑣, 𝔲,
𝜎

𝜂
) = П(𝜉𝑣, 𝜉𝔲,

𝜎

𝜂
) 

≤ П(𝑣, 𝔲,
𝜎

𝜂2
) ≤ ⋯ ≤ П(𝑣, 𝔲,

𝜎

𝜂𝑛
) → 0 as 𝑛 → +∞, 

and 

𝛥(𝑣, 𝔲, 𝜎) = 𝛥(𝜉𝑣, 𝜉𝔲, 𝜎) ≤ 𝛥 (𝑣, 𝔲,
𝜎

𝜂
) = 𝛥 (𝜉𝑣, 𝜉𝔲,

𝜎

𝜂
) 
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≤ 𝛥 (𝑣, 𝔲,
𝜎

𝜂2
) ≤ ⋯ ≤ 𝛥(𝑣, 𝔲,

𝜎

𝜂𝑛
) → 0 as 𝑛 → +∞, 

Hence, 𝔲 = 𝑣.  

 

Definition 3.3: Suppose (Ƹ, Ҝ, П, 𝛥,∗,○) be a complete NREBMS. A mapping 𝜉: Ƹ → Ƹ is known as 

neutrosophic rectangular contraction, if 

1

Ҝ(𝜉𝜘, 𝜉𝜗, 𝜎)
− 1 ≤ 𝜂 [

1

Ҝ(𝜘, 𝜗, 𝜎)
− 1] , П(𝜉𝜘, 𝜉𝜗, 𝜎) ≤ 𝜂П(𝜘, 𝜗, 𝜎)  

and 𝛥(𝜉𝜘, 𝜉𝜗, 𝜎) ≤ 𝜂𝛥(𝜘, 𝜗, 𝜎)                                   (5) 

for all 𝜘, 𝜗 ∈ Ƹ, 𝜂 ∈ (0,1) and 𝜎 > 0. 

Theorem 3.2: Suppose (Ƹ, Ҝ, П, 𝛥,∗,○) be a complete NREBMS, such that  

lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1, lim
𝜎→+∞

П(𝜘, 𝜗, 𝜎) = , and lim
𝜎→+∞

𝛥(𝜘, 𝜗, 𝜎) = 0    for all 𝜘, 𝜗 ∈ Ƹ.                 (6) 

Let 𝜉: Ƹ → Ƹ be a Neutrosophic rectangular contraction. Then 𝜉 has a unique fixed point 𝔲 ∈ Ƹ. 

Proof: Assume (Ƹ, Ҝ, П, 𝛥,∗,○) be a complete NREBMS, let an arbitrary point 𝜘0 ∈ Ƹ, and define a 

sequence {𝜘𝑛} in Ƹ by  

𝜘1 = 𝜉𝜘0 , 𝜘2 = 𝜉2𝜘0 = 𝜉𝜘1, … , 𝜘𝑛 = 𝜉𝑛𝜘0 = 𝜉𝜘𝑛−1 for all 𝑛 ∈ ℕ. 

If 𝜘𝑛 = 𝜘𝑛−1 for some 𝑛 ∈ ℕ then 𝜘𝑛 is a fixed point of 𝜉. We suppose that 𝜘𝑛 ≠ 𝜘𝑛−1  for all 𝑛 ∈

ℕ. For 𝜎 > 0 and 𝑛 ∈ ℕ, utilizing (5), we get 

1

Ҝ(𝜘𝑛 , 𝜘𝑛+1, 𝜎)
− 1 =

1

Ҝ(𝜉𝜘𝑛−1, 𝜉𝜘𝑛, 𝜎)
− 1 ≤ 𝜂 [

1

Ҝ(𝜘𝑛−1, 𝜘𝑛 , 𝜎)
− 1]. 

That is, 

1

Ҝ(𝜘𝑛, 𝜘𝑛+1, 𝜎)
≤

𝜂

Ҝ(𝜘𝑛−1, 𝜘𝑛 , 𝜎)
+ (1 − 𝜂), ∀ 𝜎 > 0, 

=
𝜂

Ҝ(𝜉𝜘𝑛−2, 𝜉𝜘𝑛−1, 𝜎)
+ (1 − 𝜂) ≤

𝜂2

Ҝ(𝜘𝑛−2, 𝜘𝑛−1, 𝜎)
+ 𝜂(1 − 𝜂) + (1 − 𝜂). 

Continuing this way, we get 

1

Ҝ(𝜘𝑛 , 𝜘𝑛+1, 𝜎)
≤

𝜂𝑛

Ҝ(𝜘0, 𝜘1, 𝜎)
+ 𝜂𝑛−1(1 − 𝜂) + 𝜂𝑛−2(1 − 𝜂) + ⋯+ 𝜂(1 − 𝜂) + (1 − 𝜂) 

≤
𝜂𝑛

Ҝ(𝜘0, 𝜘1, 𝜎)
+ (𝜂𝑛−1 + 𝜂𝑛−2 +⋯+ 1)(1 − 𝜂) 

≤
𝜂𝑛

Ҝ(𝜘0, 𝜘1, 𝜎)
+ (1 − 𝜂𝑛). 

We have, 

1

𝜂𝑛

Ҝ(𝜘0,𝜘1,𝜎)
+(1−𝜂𝑛)

≤  Ҝ(𝜘𝑛 , 𝜘𝑛+1, 𝜎), ∀ 𝜎 > 0, 𝑛 ∈ ℕ.                                     (7)  

П(𝜘𝑛 , 𝜘𝑛+1, 𝜎) = П(𝜉𝜘𝑛−1, 𝜉𝜘𝑛 , 𝜎) ≤ 𝜂П(𝜘𝑛−1, 𝜘𝑛, 𝜎) = 𝜂П(𝜉𝜘𝑛−2, 𝜉𝜘𝑛−1, 𝜎) 

                       ≤ 𝜂2П(𝜘𝑛−2, 𝜘𝑛−1, 𝜎) ≤ ⋯ ≤ 𝜂𝑛П(𝜘0, 𝜘1, 𝜎)                        (8) 

and  

𝛥(𝜘𝑛, 𝜘𝑛+1, 𝜎) = 𝛥(𝜉𝜘𝑛−1, 𝜉𝜘𝑛 , 𝜎) ≤ 𝜂𝛥(𝜘𝑛−1, 𝜘𝑛, 𝜎) = 𝜂𝛥(𝜉𝜘𝑛−2, 𝜉𝜘𝑛−1, 𝜎) 

                       ≤ 𝜂2𝛥(𝜘𝑛−2, 𝜘𝑛−1, 𝜎) ≤ ⋯ ≤ 𝜂𝑛𝛥(𝜘0, 𝜘1, 𝜎).                  (9)       
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Since (Ƹ, Ҝ, П, 𝛥,∗,○) is a complete NREBMS for the sequence {𝜘𝑛}, writing 𝜎 =
𝜎

3
+

𝜎

3
+

𝜎

3
 and using 

the rectangular inequalities given in (N5), (N10) and (N15) on 

Ҝ(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎), П(𝜘𝑛 , 𝜘𝑛+𝑝, 𝜎)and 𝛥(𝜘𝑛 , 𝜘𝑛+𝑝, 𝜎), in the following cases. 

Case 1: If 𝑝 is odd, then 𝑝 = 2𝑚 + 1 where 𝑚 ∈ {1,2,3, … }. So, we have 

Ҝ(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≥ Ҝ (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+2𝑚+1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+2𝑚+1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1,
𝜎

(3)𝑚𝜓(𝜘𝑛,𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2,𝜘𝑛+3)𝜓(𝜘𝑛+4,𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚,𝜘𝑛+2𝑚+1)
 )  

П(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ П (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘𝑛+2, 𝜘𝑛+2𝑚+1,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

≤ П(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+2𝑚+1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 
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≤ П(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ), 

and  

𝛥(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ 𝛥 (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+2𝑚+1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

≤ 𝛥 (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+2𝑚+1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≤ 𝛥 (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝛥 (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ). 

By using (7), (8) and (9) in the above inequalities, we have 
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Ҝ(𝜘𝑛, 𝜘𝑛+2𝑚+1, 𝜎)

≥
1

𝜂𝑛

Ҝ(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
)
+ (1 − 𝜂𝑛)

∗
1

𝜂𝑛+1

Ҝ(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
)
+ (1 − 𝜂𝑛+1)

∗
1

𝜂𝑛+2

Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘2, 𝜘𝑛+3)
)
+ (1 − 𝜂𝑛+2)

∗
1

𝜂𝑛+3

Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
)
+ (1 − 𝜂𝑛+3)

 

∗ ⋯∗ 
1

𝜂𝑛+2𝑚

Ҝ(𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
)
+ (1 − 𝜂𝑛+2𝑚)

, 

≥
1

𝜂𝑛

Ҝ (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
)
+ (1 − 𝜂𝑛)

∗
1

(𝜂)𝜂𝑛

Ҝ (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
)
+ (1 − (𝜂)𝜂𝑛)

∗
1

(𝜂)2𝜂𝑛

Ҝ(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘2, 𝜘𝑛+3)
)
+ (1 − (𝜂)2𝜂𝑛)

∗
1

(𝜂)2𝜂𝑛+1

Ҝ(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
)
+ (1 − (𝜂)2𝜂𝑛+1)

 

∗ ⋯∗ 
1

(𝜂)𝑚𝜂𝑛+𝑚

Ҝ (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
)
+ (1 − (𝜂)𝑚𝜂𝑛+𝑚)

, 

П(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ 𝜂𝑛П (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝜂𝑛+1П (𝜘0, 𝜘1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ 𝜂𝑛+2П(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+3П(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+4П(𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂𝑛+5П(𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝜂𝑛+2𝑚П (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ) 
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≤ 𝜂𝑛П(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝜂(𝜂𝑛)П (𝜘0, 𝜘1,

𝜎

(3)𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝜂2(𝜂𝑛)П (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂2(𝜂𝑛+1)П (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂3(𝜂𝑛+1)П (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂3(𝜂𝑛+2)П (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝜂𝑚(𝜂𝑛+𝑚)П (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ) 

and  

𝛥(𝜘𝑛 , 𝜘𝑛+2𝑚+1, 𝜎) ≤ 𝜂
𝑛𝛥 (𝜘0, 𝜘1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝜂𝑛+1𝛥 (𝜘0, 𝜘1,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)
 ) 

○ 𝜂𝑛+2𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+3𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+4𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂𝑛+5𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝜂𝑛+2𝑚𝛥 (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ) 

≤ 𝜂𝑛𝛥 (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) ○ 𝜂(𝜂𝑛)𝛥 (𝜘0, 𝜘1,

𝜎

(3)𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)
 ) 

○ 𝜂2(𝜂𝑛)𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂2(𝜂𝑛+1)𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂3(𝜂𝑛+1)𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂3(𝜂𝑛+2)𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝜂𝑚(𝜂𝑛+𝑚)𝛥 (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛, 𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚, 𝜘𝑛+2𝑚+1)
 ). 

Case 2: If 𝑝 is even, then 𝑝 = 2𝑚;𝑚 ∈ {1,2,3,⋯ }. So, we have 
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Ҝ(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≥ Ҝ (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+2𝑚,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) ∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+2𝑚,

𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≥ Ҝ(𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ∗ Ҝ (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

∗ Ҝ (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

∗ Ҝ (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 )

∗ Ҝ (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ Ҝ (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

∗ ⋯∗ 

Ҝ(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚,
𝜎

(3)𝑚−1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ), 

П(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≤ П (𝜘𝑛 , 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ П (𝜘𝑛+2, 𝜘𝑛+2𝑚,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

≤ П(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+4, 𝜘𝑛+2𝑚,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≤ П(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ П (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ П(𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ П(𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 
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○ П(𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ П(𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

П(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ), 

and  

𝛥(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≤ 𝛥 (𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+2𝑚,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

≤ 𝛥(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+2𝑚,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

≤ 𝛥(𝜘𝑛, 𝜘𝑛+1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) ○ 𝛥 (𝜘𝑛+1, 𝜘𝑛+2,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝛥 (𝜘𝑛+2, 𝜘𝑛+3,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+3, 𝜘𝑛+4,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝛥 (𝜘𝑛+4, 𝜘𝑛+5,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝛥 (𝜘𝑛+5, 𝜘𝑛+6,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝛥 (𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ). 

By using (7A), (8A) and (9A) in the above inequalities, we have 
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Ҝ(𝜘𝑛, 𝜘𝑛+2𝑚, 𝜎) ≥
1

𝜂𝑛

Ҝ (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
)
+ (1 − 𝜂𝑛)

∗
1

𝜂𝑛+1

Ҝ(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
)
+ (1 − 𝜂𝑛+1)

∗
1

𝜂𝑛+2

Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘2, 𝜘𝑛+3)
)
+ (1 − 𝜂𝑛+2)

∗
1

𝜂𝑛+3

Ҝ (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
)
+ (1 − 𝜂𝑛+3)

 

∗ ⋯∗ 
1

𝜂𝑛+2𝑚−2

Ҝ (𝜘0, 𝜘1,
𝜎

(3)𝑚−1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
)
+ (1 − 𝜂𝑛+2𝑚−2)

 

≥
1

𝜂𝑛

Ҝ(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
)
+ (1 − 𝜂𝑛)

∗
1

(𝜂)𝜂𝑛

Ҝ (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
)
+ (1 − (𝜂)𝜂𝑛)

∗
1

(𝜂)2𝜂𝑛

Ҝ(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘2, 𝜘𝑛+3)
)
+ (1 − (𝜂)2𝜂𝑛)

∗
1

(𝜂)2𝜂𝑛+1

Ҝ(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
)
+ (1 − (𝜂)2𝜂𝑛+1)

 

∗ ⋯∗ 

 
1

(𝜂)𝑚−1𝜂𝑛+𝑚−1

Ҝ(𝜘0,𝜘1,
𝜎

(3)𝑚−1𝜓(𝜘𝑛,𝜘𝑛+2𝑚+1)𝜓(𝜘𝑛+2,𝜘𝑛+3)𝜓(𝜘𝑛+4,𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚,𝜘𝑛+2𝑚+1)
)

+(1−(𝜂)𝑚−1𝜂𝑛+𝑚−1)
 

П(𝜘𝑛 , 𝜘𝑛+2𝑚, 𝜎) ≤ 𝜂𝑛П(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ 𝜂𝑛+1П(𝜘0, 𝜘1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) 

○ 𝜂𝑛+2П(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+3П(𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+4П(𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂𝑛+5П(𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝜂𝑛+2𝑚−2П(𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ) 

≤ 𝜂𝑛П(𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ (𝜂)𝜂𝑛П(𝜘0, 1,

𝜎

(3)𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 
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○ 𝜂2(𝜂𝑛)П (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂2(𝜂𝑛+1)П (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂3(𝜂𝑛+1)П (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂3(𝜂𝑛+2)П (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

(𝜂)𝑚−1𝜂𝑛+𝑚−1П(𝜘0, 𝜘1,
𝜎

(3)𝑚−1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ). 

and  

𝛥(𝜘𝑛, 𝜘𝑛+2𝑚, 𝜎) ≤ 𝜂
𝑛𝛥 (𝜘0, 𝜘1,

𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ 𝜂𝑛+1𝛥 (𝜘0, 𝜘1,

𝜎

3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝜂𝑛+2𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+3𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂𝑛+4𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂𝑛+5𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

𝜂𝑛+2𝑚−2𝛥 (𝜘0, 𝜘1,
𝜎

(3)𝑚𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ) 

≤ 𝜂𝑛𝛥 (𝜘0, 𝜘1,
𝜎

3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)
 ) ○ (𝜂)𝜂𝑛𝛥 (𝜘0, 1,

𝜎

(3)𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)
 ) 

○ 𝜂2(𝜂𝑛)𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂2(𝜂𝑛+1)𝛥 (𝜘0, 𝜘1,
𝜎

(3)2𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)
 ) 

○ 𝜂3(𝜂𝑛+1)𝛥 (𝜘0, 𝜘1,
𝜎

(3𝜂)3𝜂𝑛+1𝜓(𝜘𝑛 , 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○ 𝜂3(𝜂𝑛+2)𝛥 (𝜘0, 𝜘1,
𝜎

(3)3𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)
 ) 

○⋯○ 

(𝜂)𝑚−1𝜂𝑛+𝑚−1𝛥 (𝜘0, 𝜘1,
𝜎

(3)𝑚−1𝜓(𝜘𝑛, 𝜘𝑛+2𝑚)𝜓(𝜘𝑛+2, 𝜘𝑛+3)𝜓(𝜘𝑛+4, 𝜘𝑛+5)⋯𝜓(𝜘𝑛+2𝑚−2, 𝜘𝑛+2𝑚)
 ). 

Therefore, from lim
𝜎→+∞

Ҝ(𝜘, 𝜗, 𝜎) = 1, lim
𝜎→+∞

П(𝜘, 𝜗, 𝜎) = 0 and lim
𝜎→+∞

𝛥(𝜘, 𝜗, 𝜎) = 0,  and Cases (1), (2), 

we get 
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lim
𝑛→+∞

Ҝ(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎) = 1, lim
𝑛→+∞

П(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎) = 0 and lim
𝑛→+∞

𝛥(𝜘𝑛, 𝜘𝑛+𝑝, 𝜎) = 0. 

Hence {𝜘𝑛} is a Cauchy sequence. Since, (Ƹ, Ҝ, П, 𝛥,∗,○) is a complete NREBMS, so there exists 𝔲 ∈

Ƹ such that 

lim
𝑛→+∞

Ҝ(𝜘𝑛, 𝔲, 𝜎) = 1  lim
𝑛→+∞

П(𝜘𝑛 , 𝔲, 𝜎) = 0 and lim
𝑛→+∞

𝛥(𝜘𝑛, 𝔲, 𝜎) = 0, for all 𝜎 > 0 and 𝑞 ≥ 1. 

Now, we show the existence of a fixed point 𝔲. Utilizing (5), we have 

1

Ҝ(𝜉𝜘𝑛 , 𝜉𝔲, 𝜎)
− 1 ≤ 𝜂 [

1

Ҝ(𝜘𝑛, 𝔲, 𝜎)
− 1] =

𝜂

Ҝ(𝜘𝑛, 𝔲, 𝜎)
− 𝜂, 

1
𝜂

Ҝ(𝜘𝑛, 𝔲, 𝜎)
+ 1 − 𝜂

≤ Ҝ(𝜉𝜘𝑛, 𝜉𝔲, 𝜎), 

and 

1

Ҝ(𝜉𝜘𝑛−1, 𝜉𝜘𝑛, 𝜎)
− 1 ≤ 𝜂 [

1

Ҝ(𝜘𝑛−1, 𝜘𝑛, 𝜎)
− 1] =

𝜂

Ҝ(𝜘𝑛−1, 𝜘𝑛, 𝜎)
− 𝜂, 

1
𝜂

Ҝ(𝜘𝑛−1, 𝜘𝑛, 𝜎)
+ 1 − 𝜂

≤ Ҝ(𝜉𝜘𝑛−1, 𝜉𝜘𝑛, 𝜎). 

Using the above inequalities, we deduce 

Ҝ(𝔲, 𝜉𝔲, 𝜎) ≥ Ҝ (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜘𝑛, 𝜘𝑛+1,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜘𝑛+1, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≥ Ҝ(𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ (𝜉𝜘𝑛−1, 𝜉𝜘𝑛,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗ Ҝ ( 𝜉𝜘𝑛 , 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≥  Ҝ (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ∗

1
𝜂

Ҝ (𝜘𝑛−1, 𝜘𝑛 ,
𝜎

3𝜓(𝔲, 𝜉𝔲)
)
+ 1 − 𝜂

∗
1

𝜂

Ҝ(𝜘𝑛 , 𝔲,
𝜎

3𝜓(𝔲, 𝜉𝔲)
)
+ 1 − 𝜂

 

→ 1 ∗ 1 ∗ 1 = 1 as 𝑛 → +∞ 

П(𝔲, 𝜉𝔲, 𝜎) ≤ П (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜘𝑛 , 𝜘𝑛+1,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜘𝑛+1, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ П(𝔲, 𝜘𝑛 ,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П (𝜉𝜘𝑛−1, 𝜉𝜘𝑛 ,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ П ( 𝜉𝜘𝑛 , 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ П(𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝜂П (𝜘𝑛−1, 𝜘𝑛,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝜂П ( 𝜘𝑛, 𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

→ 0 ○ 0 ○ 0 = 0 as 𝑛 → +∞ 

and  

𝛥(𝔲, 𝜉𝔲, 𝜎) ≤ 𝛥 (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜘𝑛, 𝜘𝑛+1,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜘𝑛+1, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ 𝛥 (𝔲, 𝜘𝑛 ,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 (𝜉𝜘𝑛−1, 𝜉𝜘𝑛 ,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝛥 ( 𝜉𝜘𝑛, 𝜉𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 

≤ 𝛥 (𝔲, 𝜘𝑛,
𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝜂𝛥 (𝜘𝑛−1, 𝜘𝑛 ,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) ○ 𝜂𝛥 ( 𝜘𝑛, 𝔲,

𝜎

3𝜓(𝔲, 𝜉𝔲)
) 
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→ 0 ○ 0 ○ 0 = 0 as 𝑛 → +∞. 

That is, 𝜉𝔲 = 𝔲. 

Uniqueness: Suppose 𝑣 ≠ 𝔲 be another fixed point of 𝜉, such that Ҝ(𝔲, 𝑣, t)< 1 for some 𝜎 > 0, and 

utilizing (5), we have 

1

Ҝ(𝔲, 𝑣, 𝜎)
− 1 =

1

Ҝ(𝜉𝔲, 𝜉𝑣, 𝜎)
− 1 

≤ 𝜂 [
1

Ҝ(𝔲, 𝑣, 𝜎)
− 1] <

1

Ҝ(𝔲, 𝑣, 𝜎)
− 1 

a contradiction, 

П(𝔲, 𝑣, 𝜎) = П(𝜉𝔲, 𝜉𝑣, 𝜎) ≤ 𝜂П(𝔲, 𝑣, 𝜎) 

and 

𝛥(𝔲, 𝑣, 𝜎) = 𝛥(𝜉𝔲, 𝜉𝑣, 𝜎) ≤ 𝜂𝛥(𝔲, 𝑣, 𝜎) 

a contradiction. Therefore, we must have Ҝ(𝔲, 𝑣, 𝜎) = 1, П(𝔲, 𝑣, 𝜎) = 0 and 𝛥(𝔲, 𝑣, 𝜎) = 0 for all 𝜎 > 0, 

and hence, 𝔲 = 𝑣. 

Example 3.8: Let Ƹ = [0,1]. Define 𝜓: Ƹ × Ƹ → [1, +∞) by 𝜓(𝜘, 𝜗) = {
1,       if          𝜘 = 𝜗
1 + 𝜘 + 𝜗, otherwise

 and define 

Ҝ, П, 𝛥: Ƹ × Ƹ × [0, +∞) → [0,1] by 

Ҝ(𝜘, 𝜗, 𝜎) =
𝜎

𝜎 + |𝜘 − 𝜗|𝑝
  

 П(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎 + |𝜘 − 𝜗|𝑝
 , 

and 

 Δ(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎
  for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0. 

Defined by ℏ ∗ ℓ = ℏ ∙ ℓ, ℏ ○ ℓ = max{ℏ, ℓ} and  𝑝 ≥ 1, then (Ƹ, Ҝ, П, 𝛥,∗,○) is a complete NREBMS.  

Define 𝜉: Ƹ → Ƹ by 𝜉(𝜘) = √𝜂
𝑝

𝜘. Then 

Ҝ(𝜉𝜘, 𝜉𝜗, 𝜂𝜎) = Ҝ(√𝜂
𝑝

𝜘, √𝜂
𝑝

𝜗, 𝜂𝜎) =
𝜂𝜎

𝜂𝜎 + |√𝜂
𝑝

𝜘 − √𝜂
𝑝

𝜗|
𝑝 

=
𝜎

𝜎 + |𝜘 − 𝜗|𝑝
= Ҝ(𝜘, 𝜗, 𝜎) 

П(𝜉𝜘, 𝜉𝜗, 𝜂𝜎) = П(√𝜂
𝑝

𝜘, √𝜂
𝑝

𝜗, 𝜂𝜎) =
|√𝜂
𝑝

𝜘 − √𝜂
𝑝

𝜗|
𝑝

𝜂𝜎 + |√𝜂
𝑝

𝜘 − √𝜂
𝑝

𝜗|
𝑝 

=
|𝜘−𝜗|𝑝

𝜎+|𝜘−𝜗|𝑝
= П(𝜘, 𝜗, 𝜎), and  

𝛥(𝜉𝜘, 𝜉𝜗, 𝜂𝜎) = 𝛥(√𝜂
𝑝

𝜘, √𝜂
𝑝

𝜗, 𝜂𝜎) =
|√𝜂
𝑝

𝜘 − √𝜂
𝑝

𝜗|
𝑝

𝜂𝜎
 

=
|𝜘 − 𝜗|𝑝

𝜎
= 𝛥(𝜘, 𝜗, 𝜎). 

Also, contraction conditions of Theorem 3.2, 

1

Ҝ(𝜉𝜘,𝜉𝜗,𝜎)
− 1 ≤ 𝜂 [

1

Ҝ(𝜘,𝜗,𝜎)
− 1] , П(𝜉𝜘, 𝜉𝜗, 𝜎) ≤ 𝜂П(𝜘, 𝜗, 𝜎) and 𝛥(𝜉𝜘, 𝜉𝜗, 𝜎) ≤ 𝜂𝛥(𝜘, 𝜗, 𝜎) are satisfied.  
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Consequently, all of the assumptions of Theorems 3.1 and 3.2 are satisfied, and 0 is a unique fixed 

point. 

4. Application to Nonlinear Fractional Differential Equation 

Theorem 3.1 is used in this section to determine a solution's existence and uniqueness in nonlinear 

fractional differential equation (see [19]) given by 

𝐷𝑐
𝛼𝜘(𝜚) = 𝜓(𝜚, 𝜘(𝜚))           (𝜚 ∈ (0,1), 𝛼 ∈ (1,2]), 

with boundary conditions 

𝜘(0) = 0, 𝜘′(0) = 𝐼𝜘(𝜚)            𝜚 ∈ (0,1), 

Where 𝐷𝑐
𝛼  means caputo fractional derivative of order 𝛼, defined by 

𝐷𝑐
𝛼𝜓(𝜚) =

1

𝛤(𝑛 − 𝛼)
∫(𝜚 − 𝜛)𝑛−𝛼−1𝜓𝑛(𝜛)𝑑𝜛         (𝑛 − 1 < 𝛼 < 𝑛,   𝑛 = [𝛼] + 1)

𝜚

0

, 

and 𝜓: [0,1] × ℝ → ℝ+ is a continuous function. We suppose that Ƹ = 𝐶([0,1], ℝ), from [0,1] into ℝ 

with supremum |𝜘| = Sup
ө∈[0,1]

|𝜘(𝜚)|.  

The Riemann-Liouville fractional integral of order 𝛼 (see [20]) is given by 

𝐼𝛼𝜓(𝜚) =
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝜓(𝜛)𝑑𝜛            (𝛼 > 0)

𝜚

0

 

We first provide an acceptable form for a nonlinear fractional differential equation before 

investigating the existence of a solution. Now, we suppose the following fractional differential 

equation 

𝐷𝑐
𝛼𝜘(𝜚) = 𝜓(𝜚, 𝜘(𝜚))           (𝜚 ∈ (0,1), 𝛼 ∈ (1,2]),       (10) 

with the boundary conditions 

𝜘(0) = 0, 𝜘′(0) = 𝐼𝜘(𝜚)             (𝜚 ∈ (0,1)), 

where  

i. 𝜓: [0,1] × ℝ → ℝ+ is a continuous function, 

ii. 𝜘(𝜚): [0,1] → ℝ is continuous, 

and satisfying the following condition 

|𝜓(𝜚, 𝜘) − 𝜓(𝜚, 𝜗)| ≤ Л𝐿|𝜘 − 𝜗|, 

for all 𝜚 ∈ [0,1] and 𝐿 is a constant with 𝐿Л < 1 where 

Л =
1

𝛤(𝛼 + 1)
+

2𝜗𝛼+1𝛤(𝛼)

(2 − 𝜗2)𝛤(𝛼 + 1)
. 

Then the equation (10) has a unique solution. 

Proof: Suppose that 

Ҝ(𝜘, 𝜗, 𝜎) =
𝜎

𝜎 + |𝜘 − 𝜗|𝑝
  

 П(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎 + |𝜘 − 𝜗|𝑝
  , and 

 𝛥(𝜘, 𝜗, 𝜎) =
|𝜘 − 𝜗|𝑝

𝜎
  for all 𝜘, 𝜗 ∈ Ƹ and 𝜎 > 0, 
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defined by ℏ ∗ ℓ = ℏ ∙ ℓ, and ℏ ○ ℓ = max{ℏ, ℓ}.  Let |𝜘 − 𝜗| = Sup
𝜚∈[0,1]

|𝜘(𝜚) − 𝜗(𝜚)| , for all 𝜘, 𝜗 ∈ Ƹ. 

Then (Ƹ, Ҝ, П, 𝛥,∗,○) is a complete NREBMS. We define a mapping  𝜉: Ƹ → Ƹ by 

𝜉𝜘(𝜚) =
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝜓(𝜛, 𝜘(𝜛))𝑑𝜛

𝜚

0

+
2𝜚

(2 − 𝜗2)𝛤(𝛼)
∫ (∫(𝜛 −𝑚)𝛼−1𝜓(𝑚, 𝜘(𝑚))𝑑𝑚

𝜛

0

)𝑑𝜛

𝜗

0

       (11) 

for all 𝜚 ∈ [0,1]. Equation (10) has a solution 𝜘 ∈ Ƹ iff 𝜘(𝜚) = 𝜉𝜘(𝜚) for all 𝜚 ∈ [0,1]. Now 

Ҝ(𝜘(𝜚), 𝜗(𝜚), 𝜎) =
𝜎

𝜎 + |𝜘(𝜚) − 𝜗(𝜚)|𝑝

П(𝜘(𝜚), 𝜗(𝜚), 𝜎) =
|𝜘(𝜚) − 𝜗(𝜚)|𝑝

𝜎 + |𝜘(𝜚) − 𝜗(𝜚)|𝑝

𝛥(𝜘(𝜚), 𝜗(𝜚), 𝜎) =
|𝜘(𝜚) − 𝜗(𝜚)|𝑝

𝜎
 }
  
 

  
 

            (12) 

|𝜉𝜘(𝜚) − 𝜉𝜗(𝜚)| = |
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝜓(𝜛, 𝜘(𝜛))𝑑𝜛

𝜚

0

+
2𝜚

(2 − 𝜗2)𝛤(𝛼)
∫(∫(𝜛 −𝑚)𝛼−1𝜓(𝑚, 𝜘(𝑚))𝑑𝑚

𝜛

0

)𝑑𝜛| 

𝜗

0

|

− |
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝜓(𝜛, 𝜗(𝜛))𝑑𝜛

𝜚

0

+
2𝜚

(2 − 𝜗2)𝛤(𝛼)
∫(∫(𝜛 −𝑚)𝛼−1𝜓(𝑚, 𝜗(𝑚))𝑑𝑚

𝜛

0

)𝑑𝜛

𝜗

0

|. 

That is, 

|𝜉𝜘(𝜚) − 𝜉𝜗(𝜚)| = |
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝜓(𝜛, 𝜘(𝜛))𝑑𝜛

𝜚

0

+
2𝜚

(2 − 𝜗2)𝛤(𝛼)
∫(∫(𝜛 −𝑚)𝛼−1𝜓(𝑚, 𝜘(𝑚))𝑑𝑚

𝜛

0

)𝑑𝜛

𝜗

0

−
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝜓(𝜛, 𝜗(𝜛))𝑑𝜛

𝜚

0

−
2𝜚

(2 − 𝜗2)𝛤(𝛼)
∫(∫(𝜛 −𝑚)𝛼−1𝜓(𝑚, 𝜗(𝑚))𝑑𝑚

𝜛

0

)𝑑𝜛

𝜗

0

| 
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≤
1

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1|𝜓(𝜛, 𝜘(𝜛)) − 𝜓(𝜛, 𝜗(𝜛))|𝑑𝜛

𝜚

0

 

+
2𝜚

(2 − 𝜗2)𝛤(𝛼)
∫(∫(𝜛 −𝑚)𝛼−1|𝜓(𝑚, 𝜘(𝑚)) − 𝜓(𝑚, 𝜗(𝑚))|𝑑𝑚

𝜛

0

)𝑑𝜛

𝜗

0

 

≤
𝐿|𝜘 − 𝜗|

𝛤(𝛼)
∫(𝜚 − 𝜛)𝛼−1𝑑𝜛 +

2𝐿|𝜘 − 𝜗|

𝛤(𝛼)
∫(∫(𝜛 −𝑚)𝛼−1𝑑𝑚

𝜛

0

)𝑑𝜛

𝜗

0

𝜚

0

 

≤
𝐿|𝜘 − 𝜗|

𝛤(𝛼 + 1)
+
2𝜗𝛼+1𝐿|𝜘 − 𝜗|𝛤(𝛼)

(2 − 𝜗2)𝛤(𝛼 + 2)
 

≤ 𝐿|𝜘 − 𝜗| (
1

𝛤(𝛼 + 1)
+

2𝜗𝛼+1𝛤(𝛼)

(2 − 𝜗2)𝛤(𝛼 + 2)
) = 𝐿Л|𝜘 − 𝜗|. 

Utilizing 𝐿Л < 1 and (12), we have 

Ҝ(𝜉𝜘(𝜚), 𝜉𝜗(𝜚), 𝜂𝜎) =
𝜂𝜎

𝜂𝜎 + |𝜉𝜘(𝜚) − 𝜉𝜗(𝜚)|𝑝
≥

𝜂𝜎

𝜂𝜎 + 𝐿Л|𝜘(𝜚) − 𝜗(𝜚)|𝑝
 

≥
𝜎

𝜎 + |𝜘(𝜚) − 𝜗(𝜚)|𝑝
= Ҝ(𝜘(𝜚), 𝜗(𝜚), 𝜎) 

П(𝜉𝜘(𝜚), 𝜉𝜗(𝜚), 𝜂𝜎) =
|𝜉𝜘(𝜚) − 𝜉𝜗(𝜚)|𝑝

𝜂𝜎 + |𝜉𝜘(𝜚) − 𝜉𝜗(𝜚)|𝑝
≤

𝐿Л|𝜘(𝜚) − 𝜗(𝜚)|𝑝

𝜂𝜎 + 𝐿Л|𝜘(𝜚) − 𝜗(𝜚)|𝑝
 

≤
|𝜘(𝜚)−𝜗(𝜚)|𝑝

𝜎+|𝜘(𝜚)−𝜗(𝜚)|𝑝
= П(𝜘(𝜚), 𝜗(𝜚), 𝜎) and  

𝛥(𝜉𝜘(𝜚), 𝜉𝜗(𝜚), 𝜂𝜎) =
|𝜉𝜘(𝜚) − 𝜉𝜗(𝜚)|𝑝

𝜂𝜎
≤
𝐿Л|𝜘(𝜚) − 𝜗(𝜚)|𝑝

𝜂𝜎
 

≤
|𝜘(𝜚) − 𝜗(𝜚)|𝑝

𝜎
= 𝛥(𝜘(𝜚), 𝜗(𝜚), 𝜎). 

As a result, the conditions of Theorem 3.1 are all met. This shows that 𝜉 has unique solution. 

5. Conclusion 

In this manuscript, we introduced the notion of NREBMS and provided some non-trivial 

examples of defined space. Several fixed point results for contraction mappings are established with 

examples. Also, we provided an application to non-linear fractional differential equations to support 

the validity of main result. This is extendable in several more generalized spaces including 

neutrosophic rectangular controlled metric spaces, graphical neutrosophic metric spaces, 

neutrosophic rectangular double controlled metric-like spaces and Hausdorff neutrosophic 

rectangular metric spaces. Also, this work is extendable by increasing the number of self-mappings. 

 

6. Open Problem 

How to prove Theorem 3.1 and Theorem 3.2 (proved in this paper) in the context of graphical 

neutrosophic extended b-metric spaces? 
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Abstract: The goal of the research involves elaborating on the topics of statistical convergence, 

including statistical Cauchy sequences within non-Archimedean Neutrosophic normed spaces, as 

well as achieving specific useful conclusions. The present research shows how, within a 

non-Archimedean field, certain sections of statistically convergent sequences that could not be true 

often become true. Likewise, we created statistically complete and statistically continuous spaces 

for such regions that demonstrated certain essential facts. κ indicates a complete field of 

non-Archimedean and non-trivially valued research. 

Keywords: Neutrosophic Normed Spaces; Non-Archimedean Fields; Statistically Cauchy 

Sequence; Statistically Convergent. 

 

 

1. Introduction 

Zadeh [16] became the initial one person who creates the fuzzy set using a membership 

function. Many later researchers were adapted this idea to classical set theory. Atanassov [1] 

introduced an Intuitionistic Fuzzy (IF) set theory. Saadati along with Park proposed the notion of IF 

normed space. The study of analysis through fields of Non-Archimedean (NA) is referred to as NA 

analysis. Suja and Srinivasan [15] newly created statistically convergent along with statistically 

Cauchy sequences within NA fields. Eghbali and Ganji [3] investigated NAL-fuzzy normed spaces 

for extended statistical convergence. The research shows that statistical convergence exists in 

Non-Archimedean Neutrosophic Normed Spaces (NA-NNS) and confirms that key properties of 

statistical convergence from real sequences are still valid in NA fields [2,4-5,8-14]. The research 

article concentrates primarily upon the analysis of sequences in the field of NA 𝜅. 

    In 1998, Smarandache [12] developed the ideas of neutrosophic logic in addition to the 

Neutrosophic Set [NS]. Kirisci and Simsek establish the Neutrosophic Metric Space [NMS] 

suggestion which is associated with membership, non-membership and neutralness. Jeyaraman, 

Ramachandran and Shakila [7] established approximate fixed point theorems in 2022 regarding 

weak contractions on Neutrosophic Normed Spaces (NNS). Statistical ∆𝑚 convergence in NNS was 

recently presented by Jeyaraman and Jenifer [6]. 
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       A sequence 𝔵̿= {𝓋𝓅} is said to have been statistically convergent towards a limit 𝔏when for 

any 𝜔̃>0, lim
𝓃→∞

1

𝓃
{𝓅 ≤ 𝓃 ∶ |𝓋𝓅 − 𝔏| ≥ 𝜔̃} = 0. 

In that case above, we put stat − lim
𝓅→∞

𝓋𝓅 = 𝔏. 

Example 1.1. Consider to define the 𝔵̿= {𝓋𝓅} sequence by 

𝓋𝓅 = {

𝓅 − 1

𝓅2
,      𝓅 is a perfect square.

0,               otherwise;                    

 

Selecting the NA valuation to be 2-adic, the sequence terms become (0,0,0,1,0,0,0,0,1/8,0,0,....).  

As a result, it converges to zero statistically. 

A sequence of Statistically Cauchy (SC) when for all 𝜔̃>0, then existing a range 𝓃 ∈ ℕ such that 

                                           lim
𝓃→∞

1

𝓃
{𝒾 ≤ 𝓃 ∶ 𝓃 ∈ ℕ ∶ |𝔵̿𝒾+1 − 𝔵̿𝒾| ≥ 𝜔̃} = 0 

Consider that 𝜅 to be NA fields. A valuation on 𝜅is referred with the NA if it meets these 

three given axioms: [1] 

(i) |𝔵̿| ≥ 0 and|𝔵̿| = 0 iff 𝔵̿= 0,  

 (ii)|𝔵̿𝔶̌|  =  |𝔵̿||𝔶̌|, 

(iii) |𝔵̿ + 𝔶̌| ≤ max[|𝔵̿|, |𝔶̌|] for every 𝔵̿, 𝔶̌ ∈ 𝜅 (Ultrametric Inequality). 

 

2. Preliminaries 

Here, we will go through the notations along with definitions which will be utilized throughout this 

article in order to ensure a general understanding of the terminology and symbols used. 

Definition 2.1.The 7-tuple (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)is said to be a NA-NNS, if ∗ acts as a continuous 

 𝓉-norm, ⋄ and ⋆acts as a 𝓉-co norms which are continuous, Ξ become a vector space over a field κ 

and then 𝜍̃, 𝜑̇, 𝜓 are fuzzy sets functions on Ξ × ℝ to [0, 1], for all 𝓋, 𝒽 ∈Ξ and 𝒻,́ 𝔨̀∈ κ. 

 

(cn1) 𝜍̃(𝓋, 𝒻́) + 𝜑̇(𝓋, 𝒻́) + 𝜓(𝓋, 𝒻́) ≤ 3 

(cn2) 0 ≤ 𝜍̃(𝓋, 𝒻́) ≤ 1; 0 ≤ 𝜑̇(𝓋, 𝒻́) ≤ 1 𝑎𝑛𝑑 0 ≤ 𝜓(𝓋, 𝒻́) ≤ 1; 

(cn3) 𝜍̃(𝓋, 𝒻́) > 0; 

(cn4) 𝜍̃(𝓋, 𝒻́) = 1 ⇔ 𝓋 = 0, 

(cn5) 𝜍̃(𝛾̈𝓋, 𝒻́) = 𝜍̃ (𝓋,
𝒻́

|𝛾̈|
), for all 𝛾̈ ∈ ℝ and 𝛾̈ ≠ 0; 

(cn6) 𝜍̃(𝓋 + 𝒽, max {𝒻́ + 𝔨̀}) ≥ 𝜍̃(𝓋, 𝒻́) ∗ 𝜍̃(𝒽, 𝔨̀), 

(cn7) 𝜍̃(𝓋, . ): (0, ∞) → [0,1] and it is continuous, 

(cn8) lim
𝒻́→∞

𝜍̃(𝓋, 𝒻́) = 1 and lim
𝒻́→∞

𝜍̃(𝓋, 𝒻́) = 0; 

(cn9)𝜑̇(𝓋, 𝒻́) < 1; 

(cn10) 𝜑̇(𝓋, 𝒻́) = 0 ⇔ 𝓋 = 0, 

(cn11) 𝜑̇(𝛾̈𝓋, 𝒻́) = 𝜑̇ (𝓋,
𝒻́

|𝛾̈|
), for all 𝛾̈ ∈ ℝ and 𝛾̈ ≠ 0; 
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(cn12)𝜑̇(𝓋 + 𝒽, max {𝒻́ + 𝔨̀}) ≤ 𝜑̇(𝓋, 𝒻́) ⋄ 𝜑̇(𝒽, 𝔨̀), 

(cn13) 𝜑̇(𝓋, . ): (0, ∞) → [0,1]and it is continuous;  

(cn14) lim
𝒻́→∞

𝜑̇(𝓋, 𝒻́) = 0 and lim
𝒻́→∞

𝜑̇(𝓋, 𝒻́) = 1; 

(cn15) 𝜓(𝓋, 𝒻́) < 1, 

(cn16) 𝜓(𝓋, 𝒻́) = 0 ⇔ 𝓋 = 0, 

(cn17) 𝜓(𝛾̈𝓋, 𝒻́) = 𝜓 (𝓋,
𝒻́

|𝛾̈|
), for all 𝛾̈ ∈ ℝ and 𝛾̈ ≠ 0, 

(cn18) 𝜓(𝓋 + 𝒽, max {𝒻́ + 𝔨̀}) ≤ 𝜓(𝓋, 𝒻́) ⋆ 𝜓(𝒽, 𝔨̀), 

(cn19) 𝜓(𝓋, . ): (0, ∞) → [0,1] is continuous and  

(cn20) lim
𝒻́→∞

𝜓(𝓋, 𝒻́) = 0 and lim
𝒻́→∞

𝜓(𝓋, 𝒻́) = 1. 

Here, (𝜍̃, 𝜑̇, 𝜓) is known as a NA-NNS.  

A sequence {𝓋𝓅} is referred to be convergent in NA-NNS (𝔙, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) or simply 

(𝜍̃, 𝜑̇, 𝜓)-convergent to 𝔵̿∈Ξif for all 𝒻́>0 and 𝜔̃>0, then there exist 𝓅0∈ℕ so that 𝓅 ≥ 𝓅0, 

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ 

In this case, we write (𝜍̃, 𝜑̇, 𝜓) − lim𝓋𝓅=𝔵̿. 

Example 2.2 “Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)be a NA normed space, 𝓋∗ 𝒽=𝓋𝒽, 𝓋 ⋄ 𝒽= min {𝓋 + 𝒽, 1} and𝓋 ⋆

𝒽= min {𝓋 + 𝒽, 1} for all 𝓋, 𝒽∈ [0,1]. For every 𝔵̿∈Ξ, every 𝜉>0 and 𝓅= 1, 2,….Consider the 

following form, 

𝜍̃𝓅(𝔵̿, 𝜉) = {

𝜉

𝜉 + 𝓅‖𝔵̿‖
,       𝑖𝑓               𝜉 > 0 

0,                                         𝜉 ≤ 0; 

 

𝜑̇𝓅(𝔵̿, 𝜉) = {

𝓅‖𝔵̿‖

𝜉 + 𝓅‖𝔵̿‖
,        𝑖𝑓              𝜉 > 0 

0,                                          𝜉 ≤ 0;

 

𝜓𝓅(𝔵̿, 𝜉) = {

𝓅‖𝔵̿‖

𝜉
,                𝑖𝑓              𝜉 > 0 

0,                                           𝜉 ≤ 0; 

 

Then (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) which is a NA-NNS.” 

Definition 2.3“A {𝓋𝓅} sequence in a NA-NNS(Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)is said to be a statistically convergent 

towards a limit 𝔵̿∈Ξ relate with the NA fuzzy norm (𝜍̃, 𝜑̇, 𝜓) when for each 𝜔 ̃>0 and 𝒻́ >0, 

lim
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́)  ≤  1 − 𝜔̃  or  𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́)  ≥  𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| = 0. 

In this case, we write 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − 𝑙𝑖𝑚
𝓅

𝓋𝓅 = 𝔵̿ where 𝔵̿is the 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓− limit.”  

Example 2.4 “Let (𝒬𝑃,|. |) indicate the p-adic numbers space in the standard norm, and consider 

𝓋 ∗𝒽=𝓋𝒽 , 𝓋 ⋄ 𝒽= min {𝓋 + 𝒽, 1} and 𝓋 ⋆ 𝒽= min {𝓋 + 𝒽, 1} for every 𝓋, 𝒽∈ [0, 1]. For every 

𝔵̿ ∈ 𝒬𝑃 and all 𝜉 >0, let 𝜍0̃(𝔵̿, 𝜉) =
𝜉̂

𝜉̂+|𝔵̿| 
, 𝜑̇0(𝔵̿, 𝜉) =

|𝔵̿| 

𝜉̂+|𝔵̿| 
 𝑎𝑛𝑑𝜓0(𝔵̅, 𝜉) =

|𝔵̿| 

𝜉̂
. In this case observe that 

(𝒬𝑃,𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) is a NA-NNS. 
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Define a sequence 𝔵̿= {𝓋𝓅} the terms of which are provided by 

𝓋𝓅 = {
1,        𝑖𝑓 𝓅 = 𝓂2(𝓂 ∈ ℕ) 
0,        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒;                 

 

Then for every 0 <𝜔̃<1 and for any 𝜉>0, let  𝔎𝑛(𝜔̃, 𝜉) = 𝓅 ≤ 𝓃 ∶ 𝜍0̃(𝓋𝓅 , 𝜉) ≤ 1 − 𝜔̃ or 𝜑0̇(𝓋𝓅 , 𝜉) ≥

𝜔̃ 𝑎𝑛𝑑 𝜓0(𝓋𝓅 , 𝜉) ≥ 𝜔̃. 

Since 

𝓅𝑛(𝜔̃, 𝜉) = {𝓅 ≤ 𝓃 ∶
𝜉

𝜉 + |𝓋𝓅|
≤ 1 − 𝜔̃ or 

|𝓋𝓅|

𝜉 + |𝓋𝓅|
≥ 𝜔̃ 𝑎𝑛𝑑 

|𝓋𝓅|

𝜉
≥ 𝜔̃} 

= {𝓅 ≤ 𝓃 ∶ |𝓋𝓅| ≥
𝜔̃𝜉̂

1−𝜔̃
> 0}  =  {𝓅 ≤  𝓃 ∶  |𝓋𝓅| = 1}  =  {𝓅 ≤  𝓃 ∶  𝓅 = 𝓂2 𝑎𝑛𝑑 𝓂 ∈  ℕ}. 

We have, 

1

𝓃
|𝓅𝑛(𝜔̃, 𝜉)| =

1

𝓃
{𝓅 ≤  𝓃 ∶  𝓅 = 𝓂2 𝑎𝑛𝑑 𝓂 ∈  ℕ}  ≤  

√𝓃

𝓃
. 

This yields that”  

lim
𝓃

1

𝓃
|𝓅𝑛(𝜔̃, 𝜉)| = 0. 

Hence by the above definition, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − 𝑙𝑖𝑚 𝓋𝓅 = 0. 

 

3. Statistical Convergence on Neutrosophic Normed Spaces  

Here, that portion having the goal is to determine theorems concerning convergence and statistical 

convergence within the context of NNS over NA fields 𝜅. 

Lemma 3.1 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA-NNS. After that the given statements is equivalent for all 

𝜔̃ > 0 and 𝒻́ > 0 

(𝑖) 𝑆𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃

𝓋𝓅 = 𝔵̿. 

(𝑖𝑖) 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃}| = 𝑙𝑖𝑚

𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶ 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| 

                                                                                        = 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶ 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| = 0. 

(𝑖𝑖𝑖) 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃}| = 1. 

(𝑖𝑣) 𝑙𝑖𝑚
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃}|  = 𝑙𝑖𝑚

𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶ 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃}| 

                                                         = 𝑙𝑖𝑚
𝑛

1

𝑛
|{𝓅 ≤ 𝑛 ∶ 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃}| = 1. 

(𝑣) 𝑠𝑡𝑎𝑡 − 𝑙𝑖𝑚 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) = 1, 𝑠𝑡𝑎𝑡 − 𝑙𝑖𝑚 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) = 0 𝑎𝑛𝑑  𝑠𝑡𝑎𝑡 − 𝑙𝑖𝑚 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) = 0           

Theorem 3.2 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA-NNS. If a {𝓋𝓅} sequence is statistically convergent with 

respect to the NN(𝜍̃, 𝜑̇, 𝜓), then 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 −limit is unique. 

Proof: Assume that  𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿1  and  𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿2 . Consider a given 𝜔̃ > 0, 

select 𝜉 > 0 so that we have(1 − 𝜉) ∗ (1 − 𝜉) > 1 − 𝜔̃, 𝜉 ⋄ 𝜉 < 𝜔̃and 𝜉 ⋆ 𝜉 < 𝜔̃.  After that for any 

 𝒻́> 0, define the sets given below: 
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𝓅𝜍̃,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝓋𝓅 − 𝔵̿1, 𝒻́) ≤ 1 − 𝜉}, 𝓅𝜍̃,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝓋𝓅 − 𝔵̿2, 𝒻́) ≤ 1 − 𝜉}, 

  𝓅𝜑̇,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝓋𝓅 − 𝔵̿1, 𝒻́) ≥ 𝜉},   𝓅𝜑̇,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝓋𝓅 − 𝔵̿2, 𝒻́) ≥ 𝜉} and 

  𝓅𝜓,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝓋𝓅 − 𝔵̿1, 𝒻́) ≥ 𝜉},  𝓅𝜓,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝓋𝓅 − 𝔵̿2, 𝒻́) ≥ 𝜉}. 

Since 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿1,  we have  

lim
𝓃

1

𝓃
{𝓅𝜍̃,1 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝓇,1(𝜔̃, 𝒻́)} = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝒻́ > 0. 

Furthermore, using 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅

𝓋𝓅 = 𝔵̿2,  we get  

lim
𝓃

1

𝓃
{𝓅𝜍̃,2 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝓇,2(𝜔̃, 𝒻́)} = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝒻́ > 0. 

Now let,  

𝓅𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́) ∶= {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓,2(𝜔̃, 𝒻́)}. 

 If 𝓅𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́) = 𝓅𝜍̃,𝜑̇,𝜓, {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)} = 𝓅𝜍̃, {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)}and  

{𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓2(𝜔̃, 𝒻́)} = 𝓅𝜓, 𝑡ℎ𝑒𝑛𝓅𝜍̃,𝜑̇,𝜓 = 𝓅𝜍̃ ∩ 𝓅𝜑̇ ∩ 𝓅𝜓. 

   Then observe that, lim
𝓃

1

𝓃
{𝓅𝜍̃,𝜑̇,𝜓} = 0. which implies, lim

𝓃

1

𝓃
{𝓅𝜍̃,𝜑̇,𝜓

𝐶 } = 1. 

If 𝓅 ∈ 𝓅𝜍̃,𝜑̇,𝜓̇
𝐶 , then there are three possibilities to consider:  

Then we have to select the initial part which is 𝓅 ∈ {𝓅𝜍̃
𝐶}, the second part which is 𝓅 ∈ {𝓅𝜑̇

𝐶 } and the 

later is 𝓅 ∈ {𝓅𝜓̇
𝐶 }.  

We first consider that 𝓅 ∈ {𝓅𝜍̃
𝐶}, then we have, 

𝜍̃(𝔵̿1 − 𝔵̿2, 𝒻́) = 𝜍̃(𝔵̿1 − 𝓋𝓅 + 𝓋𝓅 − 𝔵̿2, 𝒻́) ≥ 𝜍̃(𝔵̿1 − 𝓋𝓅 , 𝒻́) ∗ 𝜍̃(𝓋𝓅 − 𝔵̿2, 𝒻́) 

                      = 𝜍̃(𝓋𝓅 − 𝔵̿1, 𝒻́) ∗ 𝜍̃(𝓋𝓅 − 𝔵̿2, 𝒻́) 

> (1 − 𝜉) ∗ (1 − 𝜉). 

Since (1 − 𝜉) ∗ (1 − 𝜉) > 1 − 𝜔̃, it follows that  

𝜍̃(𝔵̿1 − 𝔵̿2, 𝒻́) > 1 − 𝜔̃. 

Since 𝜔̃ > 0 was arbitrary, 𝜍̃(𝔵̿1 − 𝔵̿2, 𝒻́) > 1 for all 𝒻́> 0, which given 𝔵̿1 = 𝔵̿2. 

On the second hand, if  𝓅 ∈ {𝓅𝜑̇
𝐶 }, then we may write that,  

𝜑̇(𝔵̿1 − 𝔵̿2, 𝒻́) ≤ 𝜑̇(𝓋𝓅 − 𝔵̿1, 𝒻́) ⋄ 𝜑̇(𝓋𝓅 − 𝔵̿2, 𝒻́) < 𝜉 ⋄ 𝜉. 

Now using the fact𝜉 ⋄ 𝜉 < 𝜔̃,  we see that𝜑̇(𝔵̿1 − 𝔵̿2, 𝒻́) < 𝜔̃. 

Again, since 𝜔̃ > 0 was arbitrary, we have 𝜑̇(𝔵̿1 − 𝔵̿2, 𝒻́) = 0 for all 𝒻́> 0.  

This implies 𝔵̿1 = 𝔵̿2. 

And on the other side, if 𝓅 ∈ {𝓅𝜓
𝐶 }, then we put 

𝜓(𝔵̿1 − 𝔵̿2, 𝒻́) ≤ 𝜓(𝓋𝓅 − 𝔵̿1, 𝒻́) ⋆ 𝜓(𝓋𝓅 − 𝔵̿2, 𝒻́) < 𝜉 ⋆ 𝜉. 

By using𝜉 ⋆ 𝜉 < 𝜔̃, we get 𝜓(𝔵̿1 − 𝔵̿2, 𝒻́) < 𝜔̃. 

Hence 𝜔̃ > 0 is arbitrary, 𝜓(𝔵̿1 − 𝔵̿2, 𝒻́) = 0 for every 𝒻́> 0, which implies 𝔵̿1 = 𝔵̿2. 

Therefore, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − limit is unique. 

Theorem 3.3   If a sequence {𝓋𝓅} in a NA-NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) is (𝜍̃, 𝜑̇, 𝜓) −convergent to 𝔵̿ ∈ Ξ, 

then this is 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 −convergent towards 𝔵̿ ∈ Ξ. 
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Proof:  Since {𝓋𝓅} is (𝜍̃, 𝜑̇, 𝜓) −convergent towards𝔵̿ ∈ Ξ, for all 𝜔̃> 0 and 𝒻́> 0, then there exist 𝓃0 ∈

ℕ such that for all 𝓃 ≥ 𝓃0, 

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃. 

This given the set {𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃} has at the 

most a finite number of terms.  

i.e.,lim
𝓃

1

𝓃
|{

𝓅 ≤  𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃
}| = 0. 

i.e.,𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − 𝑙𝑖𝑚𝓋𝓅 = 𝔵̿. 

Note: It is interesting to note that the converse of this, which is not true classically, is true in a 

NA-NNS as shown below. 

Let {𝓋𝓅} be 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − convergent towards𝔵̿ ∈ Ξ. Then for all𝜔̃> 0 and 𝒻́> 0,  

lim
𝓃

1

𝓃
|{𝓅 ≤  𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| = 0. 

Now to prove that {𝓋𝓅} is (𝜍̃, 𝜑̇, 𝜓) − convergent to 𝓋 ∈ Ξ.  i.e., to prove that for all 𝜔̃ > 0 and  𝒻 ́ > 0 

therefore 𝓃0 ∈ ℕ exists in that way and for every 𝓃 ≥ 𝓃0,  

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) > 1 − 𝜔̃ 𝑎𝑛𝑑 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) < 𝜔̃. 

Let us assume the contrary that,  

𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃. 

This implies that the set  

{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃} 

has infinitely many terms.  

ie, lim
𝓃

1

𝓃
|{𝓅 ≤ 𝓃 ∶  𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ or 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃ and 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃}| ≠ 0  which is a 

contradiction. Therefore, {𝓋𝓅} is (𝜍̃, 𝜑,̇ 𝜓) −convergent to 𝓋 ∈ Ξ. 

Theorem 3.4 Let {𝓋𝓅 } and {𝒽𝓅 } be sequences in a NA-NNS(Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) so that 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 −

lim
𝓃→∞

𝓋𝓅 = 𝓋  and 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

𝒽𝓅 = 𝒽, where 𝓋, 𝒽 ∈ Ξ.  Then we have 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

(𝓋𝓅 +

𝒽𝓅) = 𝓋 + 𝒽. 

Proof:  Let 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

𝓋𝓅 = 𝓋  and 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓃→∞

𝒽𝓅 = 𝒽,   choose 𝜉> 0 such that (1 − 𝜉) ∗

(1 − 𝜉) > 1 − 𝜔̃, 𝜉 ⋄ 𝜉 < 𝜔̃and 𝜉 ⋆ 𝜉 < 𝜔̃for a given𝜔̃ > 0. Then, for 𝒻́> 0, define  

𝓅𝜍̃,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜉}, 

𝓅𝜍̃,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜍̃(𝒽𝓅 − 𝒽, 𝒻́) ≤ 1 − 𝜉}, 

  𝓅𝜑̇,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜉}, 

𝓅𝜑̇,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜑̇(𝒽𝓅 − 𝒽, 𝒻́) ≥ 𝜉} and 

 𝓅𝜓,1(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜉}, 

 𝓅𝜓,2(𝜉, 𝒻́) ∶= {𝓅 ∈ ℕ : 𝜓(𝒽𝓅 − 𝒽, 𝒻́) ≥ 𝜉}. 

Since 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋and 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝒽𝓅 = 𝒽,  

lim
𝓃

1

𝓃
{𝓅𝜍̃,1 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜑̇,1(𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜓,1(𝜔̃, 𝒻́)} = 0, 
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lim
𝓃

1

𝓃
{𝓅𝜍̃,2 (𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜑̇,2(𝜔̃, 𝒻́)} = lim

𝓃

1

𝓃
{𝓅𝜓,2(𝜔̃, 𝒻́)}  = 0. 

Now let,   

𝓅𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́) ∶= {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)} ∩ {𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓,2(𝜔̃, 𝒻́)} 

i.e., if 𝔎 = 𝔎𝜍̃,𝜑̇,𝜓(𝜔̃, 𝒻́), 𝔎1 = {𝓅𝜍̃,1(𝜔̃, 𝒻́) ∪ 𝓅𝜍̃,2(𝜔̃, 𝒻́)}, 𝔎2 =  {𝓅𝜑̇,1(𝜔̃, 𝒻́) ∪ 𝓅𝜑̇,2(𝜔̃, 𝒻́)} 

𝔎3 =  {𝓅𝜓,1(𝜔̃, 𝒻́) ∪ 𝓅𝜓,2(𝜔̃, 𝒻́)}. Then 𝔎 = 𝔎1 ∩ 𝔎2 ∩ 𝔎3. 

Since 𝔎𝐶is a non-empty set. Consider 𝓅 ∈ 𝔎𝐶 , then we have three possible cases. The former is 

𝓅 ∈ 𝔎1
𝐶 , the second is 𝓅 ∈ 𝔎2

𝐶and the later is 𝓅 ∈ 𝔎3
𝐶 .  First consider, 𝓅 ∈ 𝔎1

𝐶 ,  then we have,  

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) > 1 − 𝜉 𝑎𝑛𝑑 𝜍̃(𝒽𝓅 − 𝒽, 𝒻́) > 1 − 𝜉. 

Now, we have,                                                 

𝜍̃(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) > 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ∗ 𝜍̃(𝒽𝓅 − 𝒽, 𝒻́) 

> (1 − 𝜉) ∗ (1 − 𝜉). 

Since (1 − 𝜉) ∗ (1 − 𝜉) > 1 − 𝜔̃, it follows that 𝜍̃(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) > 1 − 𝜔̃. 

Since 𝜔̃  is arbitrary, 𝜍̃(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) = 1 for all 𝒻́ > 0,  

which yields,𝜍̃(𝓋𝓅 + 𝒽𝓅 − (𝓋 + 𝒽), 𝒻́) = 1.   

Similarly, if  𝓅 ∈ 𝔎2
𝐶  then,  

𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) < 𝜉 𝑎𝑛𝑑 𝜑̇(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉. 

⟹   𝜑̇(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) ≤ 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ⋄ 𝜑̇(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉 < 𝜉 ⋄ 𝜉< 𝜔̃ . 

Since 𝜔 ̃is arbitrary, 𝜑̇(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) = 0, for all 𝒻́ > 0 

⟹   𝜑̇(𝓋𝓅 + 𝒽𝓅 − (𝓋 + 𝒽), 𝒻́) = 0 

And if  𝓅 ∈ 𝔎3
𝐶  then, 

𝜓(𝓋𝓅 − 𝓋, 𝒻́) < 𝜉 𝑎𝑛𝑑 𝜓(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉 

⟹   𝜓(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) ≤ 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ⋆ 𝜓(𝒽𝓅 − 𝒽, 𝒻́) < 𝜉 < 𝜉 ⋆ 𝜉<𝜔̃. 

Since  𝜔̃ is arbitrary, 𝜓(𝓋𝓅 + 𝒽𝓅 − 𝓋 − 𝒽, 𝒻́) = 0, for all 𝒻́ > 0 

⟹   𝜓(𝓋𝓅 + 𝒽𝓅 − (𝓋 + 𝒽), 𝒻́) = 0. 

Thus, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

(𝓋𝓅 + 𝒽𝓅) = 𝓋 + 𝒽. 

Theorem 3.5 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be an NA- NNS over 𝜅. If lim
𝓅→∞

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) = 1, lim
𝓅→∞

𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) =

1 and lim
𝓅→∞

𝜓(𝓋𝓅 − 𝓋, 𝒻́) = 1 then 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋. 

Proof:  Let lim
𝓅→∞

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) = 1, lim
𝓅→∞

𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) = 1 and lim
𝓅→∞

𝜓(𝓋𝓅 − 𝓋, 𝒻́) = 1. Then for all 𝜉> 0 

and 𝜔̃ > 0,  that is a number 𝓅0 ∈ ℕ  in that way, 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃  and 

𝜓(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃ for every 𝓅 ≥ 𝓅0. Hence the set, {𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥

𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃} has a finite number of terms.  

So, lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃
}| = 0.  

Thus, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋. 

4. Statistically Cauchy Sequences on NNS 
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Definition 4.1 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)be a NA-NNS over 𝜅. Then, a {𝓋𝓅} sequence is referred to be SC 

when for each 𝜔̃ > 0 and 𝒻́> 0 therefore ℕ exists in which case for every 𝓅, 𝓂 ≥ ℕ,  

lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃
}| = 0. 

Definition 4.2 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NNS. A sequence {𝓋𝓅} is refer as a Cauchy sequence 

when for each𝜔̃ > 0 and 𝒻́> 0, that is a number𝓅0 ∈ ℕ exist that way, for every 𝓅,𝓂≥ 𝓅0,  

𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) < 𝜔̃. 

Theorem 4.3 Every Cauchy sequence with respect to (𝜍̃, 𝜑̇, 𝜓) in NA- NNS(Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  over 𝜅 is 

SC.  

Proof: If {𝓋𝓅} is a Cauchy sequence with relate to (𝜍̃, 𝜑̇, 𝜓), then there exists𝓅0 ∈ ℕ for all  𝜔̃ > 0 

and 𝒻 ́ > 0 and let 𝓉 be an arbitrary constant, we have  

𝜍̃(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) > 1 − 𝜔̃, 𝜑 ̇ (𝓋𝓅+𝓉 − 𝓋𝓅, 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) < 𝜔̃. 

The number of terms in the set {
𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃
} is limited. 

So  

lim
𝓃

1

𝓃
|{

𝓅 + 𝓉, 𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅+𝓉 − 𝓋𝓅 , 𝒻́) ≥ 𝜔̃
}| = 0. 

Theorem 4.4 If a statistically convergent sequence in a NA- NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) over 𝜅, then it is SC. 

Proof: If the sequence {𝓋𝓅} is statistically convergent to 𝔵 ̿then,  

lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ≥ 𝜔̃
}| = 0. 

Now, we get  

lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃
}| 

 = lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ∗ 𝜍̃(𝓋𝓂 − 𝔵̿, 𝒻́)  ≤ 1 − 𝜔̃

𝑜𝑟 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ⋄ 𝜑̇(𝓋𝑚 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ⋆ 𝜓(𝓋𝑚 − 𝔵̿, 𝒻́) ≥ 𝜔̃

}| = 0. 

 

5. Statistically complete and statistically continuous on NNS 

A NA- NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  is said to be complete if all(𝜍̃, 𝜑̇, 𝜓)-Cauchy is (𝜍̃, 𝜑̇, 𝜓)- convergent.  

Definition 5.1 A NA- NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  over 𝜅 is said to be statistically complete when all SC 

sequence with respect to (𝜍̃, 𝜑̇, 𝜓) is statistically convergent in relate with the (𝜍̃, 𝜑̇, 𝜓). 

Theorem 5.2 Every NA-NNS (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆)  over 𝜅 is statistically complete with relate to (𝜍̃, 𝜑̇, 𝜓). 

Proof: Let {𝓋𝓅} be SC. If it is not statistically convergent to𝔵̿ ∈ Ξ , then we get,  

lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋𝓂 , 𝒻́) ≥ 𝜔̃
}| 

  = lim
𝓃

1

𝓃
|{

𝓅, 𝓂 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝔵̿, 𝒻́) ∗ 𝜍̃(𝓋𝓂 − 𝔵̿, 𝒻́) ≤ 1 − 𝜔̃

𝑜𝑟 𝜑̇(𝓋𝓅 − 𝔵̿, 𝒻́) ⋄ 𝜑̇(𝓋𝓂 − 𝔵̿, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝔵̿, 𝒻́) ⋆ 𝜓(𝓋𝓂 − 𝔵̿, 𝒻́) ≥ 𝜔̃

}| = 0  

which is contradiction. 
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Definition 5.3 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NNS over  𝜅 . A map  𝒿 : Ξ → Ξ is called (𝜍̃, 𝜑̇, 𝜓) 

continuousat a point 𝓋 ∈ Ξ,  when the sequence with convergence in the NA-NNS implies that the 

sequence 𝒿(𝓋𝓅) to 𝒿(𝓋) convergence in the NA- NNS.  

Definition 5.4 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NNS over  𝜅 . A map  𝒿 : Ξ → Ξ is called statistically 

continuous at a point 𝓋 ∈, when 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋 implies that 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝒿(𝓋𝓅) = 𝒿(𝓋). 

Theorem 5.5 Let (Ξ, 𝜍̃, 𝜑̇, 𝜓,∗,⋄,⋆) be a NA- NN space over 𝜅. If 𝒿: Ξ → Ξ is continuous in relate to 

the (𝜍̃, 𝜑̇, 𝜓), then this is statistically continuous. 

Proof: Let  {𝓋𝓅} ∈ Ξ and  𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋.  Then for every𝜔̃ > 0 and 𝒻́> 0, the inequality, 

𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) > 1 − 𝜔̃, 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) < 𝜔̃  implies that 𝜍̃(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) >

1 − 𝜔̃, 𝜑̇(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) < 𝜔̃ 𝑎𝑛𝑑 𝜓(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) < 𝜔̃ . Since 𝒿  is continuous in relate to 

the (𝜍̃, 𝜑̇, 𝜓) at 𝓋 ∈ Ξ . Thus,  

{
𝓅 ∈ ℕ ∶ 𝜍̃(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃
} 

⊂ {
𝓅 ∈ ℕ ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃ 𝑎𝑛𝑑 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃
} 

   Since, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝓋𝓅 = 𝓋. 

We have  

lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝓋𝓅 − 𝓋, 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝓋𝓅 − 𝓋, 𝒻́) ≥ 𝜔̃
}| = 0. 

This implies that,  

lim
𝓃

1

𝓃
|{

𝓅 ≤ 𝓃 ∶ 𝜍̃(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≤ 1 − 𝜔̃ 𝑜𝑟 𝜑̇(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃

𝑎𝑛𝑑 𝜓(𝒿(𝓋𝓅) − 𝒿(𝓋), 𝒻́) ≥ 𝜔̃
}| = 0. 

This means that, 𝑠𝑡𝑎𝑡𝜍̃,𝜑̇,𝜓 − lim
𝓅→∞

𝒿(𝓋𝓅) = 𝒿(𝓋). 

Hence, 𝒿 is statistically continuous.  

 

6.  Conclusions 

The NA fields were extended from Archimedean fields with the established outcomes. In this 

article, we prove certain including relations involving statistical convergence along with SC 

sequences on the NNS regarding NA fields. 
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Abstract: In our daily life, most problems stem from wrong decisions. Similarity measures (SMs) 

are very helpful in making good decisions. In this paper, distinct similarities of Pythagorean 

Neutrosophic Hypersoft Sets (PNHSSs) and its properties are presented. Finally, the proposed SMs 

applied for converting plastic waste into energy source problems. Comparing various suggested 

similarities makes decision-making simple, easy and accurate. 

Keywords: PNHSS; SM; Tangent Similarity Measure; Cotangent Similarity Measure; Cosine 

Similarity Measure. 

 

 

1. Introduction 

Recently, many ideas have been introduced to deal with ambiguity and uncertainty (UC). Fuzzy 

set (FS) theory [1, 2], Intuitionistic fuzzy set (IFS) [3] serve different means when dealing with 

inconsistent data. However, all of the above theories fail to address the conflicting information that 

exists in belief systems. In 1998, Smarandache proposed neutrosophic set (NS) [4] theory as a 

generalization of the theories mentioned above. He considered truth, ambiguity and falsehood 

separately. Later, Yager [5] was decided to introduce the novel idea of Pythagorean fuzzy sets 

(PFSs). PFSs have a limitation that their square sum is less than or equal to 1. To overcome 

unconstrained ambiguity, Molodtsov [6] proposed the concept of soft set (SS) as a new mathematical 

method. PFSS is derived from the combination of PFS and SS. Smarandache [7] introduced a new 

technique for dealing with UC. He generalized the SS to the hypersoft set (HSS) by turning the 

function into a multi-decision function. 

In section 2, the basic definitions of Pythagorean Neutrosophic Hypersoft Sets (PNHSSs) are 

presented. In section 3, six Tangent Similarity Measure (TSM) for PNHSSs are presented. In section 

4, given resources were used to determine the accuracy of the similarity measurements.  

2. Preliminaries 

Definition 2.1: [8] Let ∆̃̀ be the universe and 𝓟(∆̃̀) be a power set of ∆̃̀. Consider 𝕬⃛̃𝟏, 𝕬⃛̃𝟐, … , 𝕬⃛̃𝛋⏞ for 

𝛋⏞ ≥ 1 be 𝛋⏞ well - defined attributes and attributive values are 𝕲⃛̃𝟏, 𝕲⃛̃𝟐, … , 𝕲⃛̃𝛋⏞ with 𝕲⃛̃
𝖎⏞̿
⋂𝕲⃛̃

𝖏⏞̿
= ∅, for 

𝖎⏞̿ ≠ 𝖏⏞̿ , 𝖎⏞̿ , 𝖏⏞̿ ∈̇ {𝟏, 𝟐, … , 𝛋⏞} and their relation 𝕲⃛̃𝟏 × 𝕲⃛̃𝟐, …× 𝕲⃛̃𝛋⏞= ℵ⃛̃, (𝛈, 𝕲⃛̃𝟏 × 𝕲⃛̃𝟐 × …× 𝕲⃛̃𝛋⏞) is said to 

be PNHSS over ∆̃̀ where 𝛈: 𝕲⃛̃𝟏 × 𝕲⃛̃𝟐 × …× 𝕲⃛̃𝛋⏞ → 𝓟(∆̃̀)  and 𝛈 (𝕲⃛̃𝟏 × 𝕲⃛̃𝟐 × …× 𝕲⃛̃𝛋⏞)  = {(ℵ⃛̃, <

𝛞⏟̌ , 𝕋́
𝛈(ℵ⃛̃)

(𝛞⏟̌) , 𝕀́
𝛈(ℵ⃛̃)

(𝛞⏟̌) , 𝔽́
𝛈(ℵ⃛̃)

(𝛞⏟̌) >) : 𝛞⏟̌ ∈̇ ∆̃̀, ℵ⃛̃ ∈̇ 𝕲⃛̃𝟏 × 𝕲⃛̃𝟐 × …× 𝕲⃛̃𝛋⏞}  where 𝕋́  is the truthiness, 𝕀́  is 

https://doi.org/10.61356/j.nswa.2023.53
https://orcid.org/0009-0002-3155-085X
https://orcid.org/0000-0003-0372-7240
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the indeterminacy and 𝔽́ is the falseness such that 𝕋́
𝛈(ℵ⃛̃)

(𝛞⏟̌),  𝕀́
𝛈(ℵ⃛̃)

(𝛞⏟̌) , 𝔽́
𝛈(ℵ⃛̃)

(𝛞⏟̌) ∈̇ [𝟎, 𝟏] also 𝟎 ≤

(𝕋́
𝛈(ℵ⃛̃)

(𝛞⏟̌))

𝟐

+ (𝕀́
𝛈(ℵ⃛̃)

(𝛞⏟̌))

𝟐

+ (𝔽́
𝛈(ℵ⃛̃)

(𝛞⏟̌))

𝟐

≤ 𝟐.    

3. Trigonometric Similarity Measures for Pythagorean Neutrosophic Hypersoft Sets 

Definition 3.1: Let 𝒲⏟̈̆ =(ℵ⃛̃, < 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀);        

𝒱⏟̈̆  = (ℵ⃛̃, < 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀)  be PNHSSs. The TSMs between𝒲⏟̈̆ , 𝒱⏟̈̆  is, 

𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 

(ℵ⃛̃, < 𝜘⏟̌ , 
1

𝑛́
∑

[
 
 
 
 

1 − 𝑡𝑎𝑛

(

 
 
𝜋(| 𝒯́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌)− 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)|+|ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌)− ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)|+|ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌)− ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)|)

12

)

 
 

]
 
 
 
 

𝑛
𝑖=1 >) (1)                       

Proposition 1: 

The TSM 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) satisfies the following properties: 

(1) 0 ≤ 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) ≤ 1 

(2) 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1 iff  𝒲⏟̈̆ =  𝒱⏟̈̆ 

(3) 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒱⏟̈̆ ,𝒲⏟̈̆ ) 

(4) If   𝔔⏟̈̆  is a PNHSS set and 𝒲⏟̈̆ ⊂ 𝒱⏟̈̆ ⊂  𝔔⏟̈̆  then 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ ,𝔔⏟̈̆)  ≤  𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆)  and 

𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒱⏟̈̆ , 𝔔⏟̈̆). 

Proof: 

(1) Since tangent values of PNHSSs are in the interval [0, 1]. Hence 0 ≤ 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) ≤ 1. 

(2) If 𝒲⏟̈̆  = 𝒱⏟̈̆  , then 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌)  = 𝒯́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌)= ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌)  = ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) . Hence 

|𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| = 0, |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| = 0, |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) −  ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| = 0. 

Thus 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1. Conversely, if 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1 then |𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| = 

0, |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| = 0, |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| = 0. Since, tan (0) = 0. 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) = 

𝒯́
𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌), ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌)=ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌), ℱ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) = ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌). Hence 𝒲⏟̈̆ =  𝒱⏟̈̆. 

(3) Proof is Straightforward. 
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(4) If 𝒲⏟̈̆ ⊂ 𝒱⏟̈̆ ⊂  𝔔⏟̈̆  , 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) ≤  𝒯́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) ≤ 𝒯́

𝜂(ℵ⃛̃)

𝔔⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) ≥  ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) ≥ ℐ́

𝜂(ℵ⃛̃)

𝔔⏟̈̆
 (𝜘⏟̌), 

ℱ́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) ≥ ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) ≥ ℱ́

𝜂(ℵ⃛̃)

𝔔⏟̈̆
 (𝜘⏟̌). 

|𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| ≤ |𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|, 

|𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)| ≤ |𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|, 

|ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)|  ≥ |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|, 

|ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|  ≥  |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|, 

|ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| ≥ |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|, 

|ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)| ≥ |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝔔⏟̈̆
2

 (𝜘⏟̌)|. 

Thus, 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) ; 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒱⏟̈̆  𝔔⏟̈̆). 

Definition 3.2: 

Let 𝒲⏟̈̆ = (ℵ⃛̃, < 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀); 

          𝒱⏟̈̆  = (ℵ⃛̃,< 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀)  be PNHSSs. The Cotangent Similarity 

Measure (CTSM) based on the co-tangent function between 𝒲⏟̈̆ , 𝒱⏟̈̆ is, 𝐶𝑇1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) =  

(ℵ⃛̃, < 𝜘⏟̌ ,  
1

𝑛́
 ∑ 𝑐𝑜𝑡 [

𝜋

4
+

𝜋

4
(|𝒯́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) −𝑛
𝔦=1

 ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)|)] -------------------------------------------------------------------------------------------      (2) 

𝐶𝑇2𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = (ℵ⃛̃, < 𝜘⏟̌ ,  
1

𝑛́
 ∑ 𝑐𝑜𝑡 [

𝜋

4
+

𝜋

12
(|𝒯́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) −𝑛
𝔦=1

 ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌)|)] ------------------------------------------------------           (3) 

Here ⋁ denotes Max Operator. 

Proposition 2: 

The CTSMs 𝐶𝑇𝑃𝑁𝐻𝑆𝑆
1,2 (𝒲⏟̈̆ , 𝒱⏟̈̆) satisfies, 

(1) 0 ≤ 𝐶𝑇𝑃𝑁𝐻𝑆𝑆
1,2 (𝒲⏟̈̆ , 𝒱⏟̈̆) ≤ 1 

(2) 𝐶𝑇𝑃𝑁𝐻𝑆𝑆
1,2 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1 iff  𝒲⏟̈̆ =  𝒱⏟̈̆ 
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(3) 𝐶𝑇𝑃𝑁𝐻𝑆𝑆
1,2 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 𝐶𝑇𝑃𝑁𝐻𝑆𝑆

1,2 (𝒱⏟̈̆ ,𝒲⏟̈̆ ) 

(4) If  𝔔⏟̈̆  is a PNHSS set and 𝒲⏟̈̆ ⊂ 𝒱⏟̈̆ ⊂ 𝔔⏟̈̆  then 𝐶𝑇𝑃𝑁𝐻𝑆𝑆
1,2 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝐶𝑇𝑃𝑁𝐻𝑆𝑆

1,2 (𝒲⏟̈̆ , 𝒱⏟̈̆); 

𝐶𝑇𝑃𝑁𝐻𝑆𝑆
1,2 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝐶𝑇𝑃𝑁𝐻𝑆𝑆

1,2 (𝒱⏟̈̆ , 𝔔⏟̈̆). 

Proof: Proof is similar to Prop 1. 

 

Definition 3.3: 

 Let 𝒲⏟̈̆ = (ℵ⃛̃,< 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀);  

 𝒱⏟̈̆ = (ℵ⃛̃,< 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀) be PNHSSs. The Cosine Similarity Measures 

(CSMs) between 𝒲⏟̈̆ ,𝒱⏟̈̆ by using A.M is given by, 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 

(ℵ⃛̃, < 𝜘⏟̌ , 
1

𝑛́
 , ∑

(𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌))(𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌))+(ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌))(ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌))+(ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌))(ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
2

 (𝜘⏟̌))

√𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
4

 (𝜘⏟̌)+ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
4

 (𝜘⏟̌)+ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
4

 (𝜘⏟̌) √𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
4

 (𝜘⏟̌)+ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
4

 (𝜘⏟̌)+ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒱⏟̈̆
4

 (𝜘⏟̌)

𝑛
𝔦=1 >)------      (4) 

 

Proposition 3: 

The CSMs 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) satisfies,  

(1) 0 ≤ 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) ≤ 1 

(2) 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1 iff  𝒲⏟̈̆ = 𝒱⏟̈̆ 

(3) 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒱⏟̈̆ ,𝒲⏟̈̆ ). 

Proof: 

(1) Value of the Cosine function lies between [0, 1]. Hence 0 ≤ 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) ≤ 1. 

(2) If  𝒲⏟̈̆ = 𝒱⏟̈̆, then  𝒯́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
(𝜘⏟̌) = 𝒯́

(𝜂(ℵ⃛̃))
𝔦

𝒱⏟̈̆
(𝜘⏟̌), ℐ́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
(𝜘⏟̌) = ℐ́

(𝜂(ℵ⃛̃))
𝔦

𝒱⏟̈̆
(𝜘⏟̌), ℱ́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
(𝜘⏟̌) = ℱ́

(𝜂(ℵ⃛̃))
𝔦

𝒱⏟̈̆
(𝜘⏟̌) 

for 𝔦 = 1,2,…n. Hence, 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1. 

(3) Proof is Straightforward. 

Definition 3.4: 

Let 𝒲⏟̈̆ = (ℵ⃛̃, < 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒲⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀); 

     𝒱⏟̈̆ = (ℵ⃛̃, < 𝜘⏟̌ , 𝒯́
𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℐ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) , ℱ́

𝜂(ℵ⃛̃)

𝒱⏟̈̆
 (𝜘⏟̌) >: 𝜘⏟̌ ∈̇ ∆̃̀) be PNHSSs.  
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The CSMs between 𝒲⏟̈̆,  𝒱⏟̈̆ based on the cosine function is  

𝐶̀2𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ ,𝒱⏟̈̆) = (ℵ⃛̃, < 𝜘⏟̌ , 
1

𝑛́
 ∑ 𝑐𝑜𝑠 [

𝜋

2
(|𝒯́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) −  𝒯́
(𝜂(ℵ⃛̃))

𝔦

 𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) −𝑛
𝔦=1

 ℐ́
(𝜂(ℵ⃛̃))

𝔦

 𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

 𝒱⏟̈̆
2

 (𝜘⏟̌)|)]  ------------------------------------------------------          (5) 

𝐶̀3𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆) = (ℵ⃛̃, < 𝜘⏟̌ ,  
1

𝑛́
 ∑ 𝑐𝑜𝑠 [

𝜋

6
(|𝒯́

(𝜂(ℵ⃛̃))
𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − 𝒯́
(𝜂(ℵ⃛̃))

𝔦

 𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℐ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) −𝑛
𝔦=1

 ℐ́
(𝜂(ℵ⃛̃))

𝔦

 𝒱⏟̈̆
2

 (𝜘⏟̌)| ⋁ |ℱ́
(𝜂(ℵ⃛̃))

𝔦

𝒲⏟̈̆
2

 (𝜘⏟̌) − ℱ́
(𝜂(ℵ⃛̃))

𝔦

 𝒱⏟̈̆
2

 (𝜘⏟̌)|)]  --------------------------------------------------             (6) 

 

Proposition 4: 

The CSMs 𝐶̀𝑃𝑁𝐻𝑆𝑆
2,3 (𝒲⏟̈̆ , 𝒱⏟̈̆)  satisfies the following properties: 

(1) 0 ≤ 𝐶̀𝑃𝑁𝐻𝑆𝑆
2,3 (𝒲⏟̈̆ , 𝒱⏟̈̆) ≤ 1         

(2) 𝐶̀𝑃𝑁𝐻𝑆𝑆
2,3 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 𝐶̀𝑃𝑁𝐻𝑆𝑆

2,3 ( 𝒱⏟̈̆ ,𝒲⏟̈̆ ). 

(3) 𝐶̀𝑃𝑁𝐻𝑆𝑆
2,3 (𝒲⏟̈̆ , 𝒱⏟̈̆) = 1 iff  𝒲⏟̈̆ =   𝒱⏟̈̆ 

(4) If  𝔔⏟̈̆  is a PNHSS set and 𝒲⏟̈̆ ⊂  𝒱⏟̈̆ ⊂ 𝔔⏟̈̆  then 𝐶̀𝑃𝑁𝐻𝑆𝑆
2,3 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝐶̀𝑃𝑁𝐻𝑆𝑆

2,3 (𝒲⏟̈̆ , 𝒱⏟̈̆) and  

𝐶̀𝑃𝑁𝐻𝑆𝑆
2,3 (𝒲⏟̈̆ ,𝔔⏟̈̆) ≤ 𝐶̀𝑃𝑁𝐻𝑆𝑆

2,3 ( 𝒱⏟̈̆ , 𝔔⏟̈̆). 

Proof: The proof is similar to Prop.1. 

4. Application of TSMs for PNHSS 

All countries have been using different types of plastic like PETE, HDPE, PVC, LDPE, PP, PS 

and Mix plastic. Few countries are converting plastic waste into energy in the form of solid, liquid 

and gaseous fuels. Also, it’s possible to convert waste plastics into Hydrogen, Methane and 

Ethylene. Both Hydrogen and Methane can be used for clean fuels. Few states are currently sending 

their collected plastic waste to cement plants for Co-Processing. The world is affected a lot due to 

usage of plastic. Plastic things are prohibited by many countries. But still we could not minimize as 

expected. Several techniques are used for converting plastic waste into energy. Pyrolysis is a 

common technique used to convert plastic waste into energy. We try to develop a mathematical 

model to overcome this world problem. 

 

4.1 Methodology 
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Assessment of Standards and Development of 

Decision grid 

 

 

                 Computation for the correlation between Standards and 

options using suggested Resemblances 

 

 

 

 

Evaluate the optimal choice by 

selecting the greatest value 

 

 

Let 𝒞⏟́  = {𝒞1⏟́ , 𝒞2⏟́ , 𝒞3⏟́ , 𝒞4⏟́ , 𝒞5⏟́ , 𝒞6⏟́ , 𝒞7⏟́ , 𝒞8⏟́ , 𝒞9⏟́ , 𝒞10⏟́ , 𝒞11⏟́ , 𝒞12⏟́}  be a set of Countries and Ρ⏟́  = 

{𝑆𝑙𝑜𝑤 Pyrolysis(𝑆𝑃), 𝐼𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖𝑎𝑡𝑒 Pyrolysis(𝐼𝑃), 𝑈𝑙𝑡𝑟𝑎 𝐹𝑎𝑠𝑡 Pyrolysis(UFP)}  be a types of M       

Pyrolysis process. 

The collection of attributes to 𝒞⏟́ & Ρ⏟́ be, 

         ℭ̈⏟ = 

{
 
 
 

 
 
 ℭ̈⏟

1
(Mean Amount of plastic usage[PU] (MT/Day))

ℭ̈⏟
2
(Typical Amount of PU (MT/ Year))

ℭ̈⏟
3
 (Average Amount of PU (Grams/ Week))

ℭ̈⏟
4
 (Typical Amount of PU(𝑘𝑔/𝑝𝑒𝑟𝑠𝑜𝑛))

ℭ̈⏟
5
 (Mean Amount of PU (𝑔/𝑝𝑒𝑟𝑠𝑜𝑛)) }

 
 
 

 
 
 

 

Sub-Attributes are ℭ̈⏟
1
 =  {<  1.5 M. T, 1.5 − 2.5 M. T, 2.5 − 3.5 M. T, >  3.5 M. T}; ℭ̈⏟

2
 = {<  10 M. T, 10 −

15 M. T, 15 − 16.5 M. T} ; ℭ̈⏟
3
 = {0.1 − 2 G, 2 − 5 G, >  5 G} ;ℭ̈⏟

4
 = {< 5 kgs, 5 − 10 kgs, 10 − 15 kgs} ;ℭ̈⏟

5
 

= {0.1 − 2 g, 2 − 5 g, >  5 g}. The PNHSS be  𝜂: (ℭ̈⏟
1
× ℭ̈⏟

2
× ℭ̈⏟

3
× ℭ̈⏟

4
× ℭ̈⏟

5́
) → 𝒫 (𝒞⏟́)  and 𝛾̈: (ℭ̈⏟

1
× ℭ̈⏟

2
×

ℭ̈⏟
3
× ℭ̈⏟

4
× ℭ̈⏟

5
) → 𝒫 (Ρ⏟́).  

Let (𝜂, 𝜁) = {2.5 M − 3.5 M, 10 − 15 M. T, 2 − 5 G, 10 − 15 kgs , > 5 g}. 

 

Now using the proposed several SMs for PNHSSs, we will decide which country is widely using 

mentioned energy techniques.  

For this purpose, we should first provide the relationship between {𝒞2⏟́ , 𝒞3⏟́ , 𝒞5⏟́ , 𝒞11⏟́} and {2.5 M −

3.5 M, 10 − 15 M. T, 2 − 5 G, 10 − 15 kgs, > 5 g } in terms of PNHSSs. 

In the 2nd step, we should provide the relationship between {2.5 M − 3.5 M, 10 − 15 M. T, 2 −

5 G, 10 − 15 kgs , > 5 g} and {(𝑆𝑃), (𝐼𝑃), (UFP)}.  

In Step 3, we should find the correlation between  {𝒞2⏟́ , 𝒞3⏟́ , 𝒞5⏟́ , 𝒞11⏟́} and {(𝑆𝑃), (𝐼𝑃), (FP), (UFP)}.  

In step 4, The association is determined with the proposed TSMs for PNHSS by Equations (1-6). 
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In step 5, Finding the best selection. 

 

 

Table 1. Relation between Regions and criteria 

Regions 𝟐. 𝟓 𝐌 − 𝟑. 𝟓 𝐌 𝟏𝟎 − 𝟏𝟓 𝐌. 𝐓 𝟐 − 𝟓 𝐆 𝟏𝟎 − 𝟏𝟓 𝐤𝐠𝐬 > 𝟓 𝐠 

𝓒𝟐⏟́ (.5, .3, .4) (.5, .4, .6) (.9, .4, .3) (.7, .3, .4) (.6, .3, .7) 

𝓒𝟑⏟́ (.6, .4, .5) (.7, .4, .5) (.8, .4, .1) (.8, .3, .5) (.8, .2, .6) 

𝓒𝟓⏟́ (.8, .3, .2) (.9, .3, .1) (.6, .7, .8) (.7, .5, .6) (.5, .4, .6) 

𝓒𝟏𝟏⏟́ (.7, .6, .1) (.5, .2, .6) (.4, .6, .7) (.4, .5, .7) (.7, .3, .6) 

 

Table 2. Relation between sources and criteria. 

Sources 𝟐. 𝟓 𝐌 − 𝟑. 𝟓 𝐌 𝟏𝟎 − 𝟏𝟓 𝐌. 𝐓 𝟐 − 𝟓 𝐆 𝟏𝟎 − 𝟏𝟓 𝐤𝐠𝐬 > 𝟓 𝐠 

SP (.6, .3, .5) (.8, .6, .4) (.7, .2, .3) (.8, .6, .5) (.7, .6, .2) 

IP (.7, .5, .3) (.7, .6, .4) (.8, .6, .1) (.6, .3, .7) (.9, .7, .2) 

UFP (.7, .2, .6) (.5, .6, .7) (.9, .1, .2) (.8, .7, .5) (.4, .2, .9) 

 

Table 3. SMs using 𝕋̀𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆). 

SMs Regions SP IP UFP 

 

𝕋̀𝑷𝑵𝑯𝑺𝑺 (𝓦⏟̈̆ , 𝓥⏟̈̆) 

𝒞2⏟́ .85229 .82273 .88249 

𝒞3⏟́ .88170 .87670 .70570 

𝒞5⏟́ .82234 .79836 .75526 

𝒞11⏟́ .78589 .82361 .76558 
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Table 4. SMs using𝐶𝑇1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆). 

SMs Regions SP IP UFP 

 

𝑪𝑻𝟏𝑷𝑵𝑯𝑺𝑺 (𝓦⏟̈̆ , 𝓥⏟̈̆) 

𝒞2⏟́ .61163 .62552 .71484 

𝒞3⏟́ .72953 .66488 .63983 

𝒞5⏟́ .60579 .56037 .50495 

𝒞11⏟́ .53976 .62016 .51110 

 

Table 5: SM using 𝐶𝑇2𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆). 

SMs Regions SP IP UFP 

 

𝑪𝑻𝟐𝑷𝑵𝑯𝑺𝑺 (𝓦⏟̈̆ , 𝓥⏟̈̆) 

𝒞2⏟́ .85186 .85851 .87225 

𝒞3⏟́ .90033 .87437 .86319 

𝒞5⏟́ .84881 .82829 .80667 

𝒞11⏟́ .82248 .85499 .78950 

 

Table 6. SM using 𝐶̀1𝑃𝑁𝐻𝑆𝑆 (𝒲⏟̈̆ , 𝒱⏟̈̆). 

SMs Regions SP IP UFP 

 

𝑪̀𝟏𝑷𝑵𝑯𝑺𝑺 (𝓦⏟̈̆ , 𝓥⏟̈̆) 

𝒞2⏟́ .86637 .82112 .94452 

𝒞3⏟́ .92401 .89219 .85379 

𝒞5⏟́ .79727 .80323 .71249 

𝒞11⏟́ .67766 .77675 .66510 
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Table 7: SM using 𝑪̀𝟐𝑷𝑵𝑯𝑺𝑺 (𝒲⏟̈̆ , 𝒱⏟̈̆) 

SMs Regions SP IP UFP 

 

𝑪̀𝟐𝑷𝑵𝑯𝑺𝑺 (𝓦⏟̈̆ , 𝓥⏟̈̆) 

𝒞2⏟́ .87026 .88792 .94036 

𝒞3⏟́ .94101 .90718 .88230 

𝒞5⏟́ .86286 .79998 .82065 

𝒞11⏟́ .82876 .87008 .74815 

 

Table 8: SM using 𝑪̀𝟑𝑷𝑵𝑯𝑺𝑺 (𝒲⏟̈̆ , 𝒱⏟̈̆). 

SMs Regions SP IP UFP 

 

𝑪̀𝟑𝑷𝑵𝑯𝑺𝑺 (𝓦⏟̈̆ , 𝓥⏟̈̆) 

𝒞2⏟́ .98518 .98724 .99328 

𝒞3⏟́ .99335 .98943 .98651 

𝒞5⏟́ .9842 .97647 .97527 

𝒞11⏟́ .98039 .98511 .97056 

 

The Highest Measure (Table values 3,4,5,6,7,8) reflects Region 𝒞2⏟́  should be selected for UFP, 

Region 𝒞3⏟́ should be selected for SP, Region 𝒞5⏟́ should be selected for SP, Region 𝒞11⏟́ should be 

selected for IP. 

5. Conclusions 

The aim of this paper is to establish Tangent, Cotangent and Cosine SMs of PNHSSs. The 

extension is very applicable to decision-making problems. We introduced six TSMs for PNHSSs with 

properties. Also, applied them to Energy source selection problem. 
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Abstract: We introduce Pura Vida Neutrosophic Algebra, an algebraic structure consisting of 

neutrosophic numbers equipped with two binary operations namely addition and multiplication. 

The addition can be calculated sometimes with the function min and other times with the max 

function. The multiplication operation is the usual sum between numbers. Pura Vida Neutrosophic 

Algebra is an extension of both Tropical Algebra (also known as Min-Plus, or Min-Algebra) and 

Max-Plus Algebra (also known as Max-algebra). Tropical and Max-Plus algebras are algebraic 

structures included in semirings and their operations can be used in matrices and vectors. Pura Vida 

Neutrosophic Algebra is included in Neutrosophic semirings and can be used in Neutrosophic 

matrices and vectors. 

Keywords: Tropical Algebra; Max-Plus Algebra; Pura Vida Neutrosophic Logic; Neutrosophic 

Number. 

 

 

1. Introduction 

Uncertain, indeterminacy, imprecise, and vague are common characteristics of data in real-life 

problems like decision-making, engineering, computer science, finance, etc. Several theories have 

been proposed to deal with these data characteristics, fuzzy set theory [1], intuitionistic fuzzy sets [2], 

rough set theory [3], Soft set [4], and Neutrosophy theory [5]. Since Smarandache introduced 

Neutrosophy to study the basis, nature, and range of neutralities as well as their contact with 

ideational spectra in the 1990s, we have seen the emergence of neutrosophic algebraic structures [6], 

neutrosophic probability and statistics [7, 8] neutrosophic numbers [8], single-valued neutrosophic 

sets (SVNSs) [9, 21], and several algebraic structures such as neutrosophic semirings [10], among 

others theoretical advances [11] and also applications [12]. 

Through neutrosophic semirings, we introduce Pura Vida (PV) Neutrosophic Algebra, an 

algebraic structure consisting of neutrosophic numbers equipped with two binary operations namely 

addition and multiplication. Pura Vida Neutrosophic Algebra is an extension of both Tropical 

Algebra (also known as Min-Plus) [13] and Max-Plus Algebra [14]. Both Tropical and Max-Plus 

algebra are algebraic structures included in semirings and were discovered independently by several 

researchers [13, 14]. They were defined on the real number domain and for the first time, we extended 

them to the neutrosophic domain. 

2. Preliminaries 

2.1. Semiring 

A semiring [15] denoted (V, ⊕, ⊗, 0, 1 ) is a set V equipped with two binary operations, 

addition: 

⊕ : V x V  → V 

And multiplication: 

https://doi.org/10.61356/j.nswa.2023.68
https://orcid.org/0000-0001-5202-941X
https://orcid.org/0000-0002-5560-5926
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⊗: V x V  → V 

Which satisfies the following axioms for any u, v, w ∈ V: 

1. (V, ⊕, 0) is a commutative monoid and (V, ⊗, 1) is a monoid. 

2. u ⊗  (v ⊕  w) = (u ⊗  v) ⊕  (u ⊗  w) and (v ⊕  w) ⊗  u = (v ⊗ u) ⊕  (w ⊗ u) 

(distributivity). 

3. 0 annihilates V: v ⊗ 0 = 0 ⊗ v = 0. 

When (V, ⊗,  1) is a commutative monoid, the semiring (V, ⊕ , ⊗ , 0, 1 ) is said to be a 

commutative semiring. 

 

2.2 Tropical algebra 

The tropical algebra is also referred to as tropical semiring T, which consists of the set of real 

numbers, R, extended with infinity, equipped with the operations of taking minimums (as semiring 

addition) and addition (as semiring multiplication) [14, 16]. Tropical algebra is also known as min-

plus algebra. With minimum replaced by maximum, we get the isomorphic max-plus algebra [17]. 

According to [17], the adjective "tropical" was coined by French mathematicians to honor their 

Brazilian colleague Imre Simon [16], who pioneered the use of min-plus algebra in optimization 

theory. 

T = (R ⋃ { ∞ }, ⊕, ⊗ ) 

Addition operation:  

a ⊕ b = min (a, b) 

Multiplication operation:  

a ⊗ b = a + b 

the operations of R, are extended to T in the usual way and the identities of ⊕ and ⊗ are, 

respectively, ∞ and 0. The element ∞ represents plus-infinity [13]. Given a real number, x ∈ T, its 

addition and multiplication identity are given, respectively: 

x ⊕ ∞ = x 

x ⊗ 0 = x 

Michaleck points out the following equations involving the two identity elements: 

x ⊗ ∞ = ∞     and    x ⊕ 0 = {
0, 𝑖𝑓  𝑥 ≥ 0
𝑥, 𝑖𝑓  𝑥 < 0

 

Michaleck said there is no subtraction in tropical arithmetic. Tropical division ⊘ is defined to 

be classical subtraction. 

Tropical division, x ⊘ y = x, exists if and only if y ⊗ z = x [20]. 

 

In Tropical algebra the pairs of operations (⊕,⊗) is extended to matrices and vectors similarly 

as in linear algebra. That is if A = (aij), B = ( bij ) and C = (cij) are matrices with elements from R of 

compatible sizes, we write: 

C = A ⊕ B if cij = aij ⊕ bij for all i, j 

C = A ⊗ B if cij =∑  ⊕
𝑘 aik ⊕ bkj = maxk (aik + bkj) for all i, j 

α ⊗ A = A ⊗ α = ( α ⊗ aij ) for all α ∈ R. 

 

2.3 Max-Plus algebra 

The Max-Plus algebra is an algebraic structure semiring MP, which consists of the set of real 

numbers, R, extended with infinity, equipped with the operations of taking maximums (as semiring 

addition) and addition (as semiring multiplication) [14]. 

MP = (R ⋃ { − ∞ }, ⊕ ′, ⊗) 

Addition operation:  

a ⊕ ′ b = max (a, b) 

Multiplication operation:  

a ⊗ b = a + b 



Neutrosophic Systems with Applications, Vol. 9, 2023                                                 103 

An International Journal on Informatics, Decision Science, Intelligent Systems Applications 

 

Ranulfo Paiva Barbosa and Florentin Smarandache, Pura Vida Neutrosophic Algebra 

the operations of R, are extended to MP in the usual way and the identities of ⊕ ′ and ⊗ are, 

respectively, -∞ and 0. 

In max-plus algebra the pairs of operations (⊕ ′,⊗) is extended to matrices and vectors similarly 

as in linear algebra. That is if A = (aij), B = (bij) and C = (cij) are matrices with elements from R of 

compatible sizes, we write: 

C = A ⊕ ′ B if cij = aij ⊕ ′ bij for all i, j 

C = A ⊗ B if cij =∑  ⊕′
𝑘 aik ⊕ bkj = maxk (aik + bkj) for all i, j 

α ⊗ A = A ⊗ α = ( α ⊗ aij ) for all α ∈ R. 

 

2.4 Neutrosophic Set 

Smarandache [5] defined Neutrosophic set as a set of elements composed of tripart structure: a 

Truth membership (T), an Indeterminacy membership (I) and a False membership (F). These parts 

are independent each other and can be represented by different functions. Together, <T, I, F>, these 

parts compose an element of Neutrosophic set. 

 

2.5 Neutrosophic Number 

According to [18] the neutrosophic number (NN) is a number which structure is given by “X = a 

+ bI”, where I represents the indeterminacy component of X, and ‘a’ and ‘b’ are real or complex 

numbers [19]. 

 

2.6 Neutrosophic Semiring 

 An algebraic structure (S∪I, ⊕, ⊗) is called neutrosophic semiring [10] if ⊕ and ⊗ are the closed 

and associative binary operations and ⊗ is distributive over ⊕, where S is semiring with respect to 

⊕ and ⊗ and I is the neutrosophic element (I = I2) and < S∪I> = { a + bI; a, b ∈ S}. 

 

2.7 Neutrosophic field [6]  

Let K be the field of reals. We call the field generated by K ∪ I to be the neutrosophic field for it 

involves the indeterminacy (I) factor in it. We define I2 = I, I + I = 2I, i.e., I + … + I = nI, and if k ∈ K 

then kI = Ik, 0I = 0. We denote the neutrosophic field by K(I). 

 

2.8 Neutrosophic matrix [6] 

 Let Mnxm = {(aij) / aij ∈ K(I) }, where K(I), is a neutrosophic field. We call Mnxm to be the neutrosophic 

matrix. 

 

3. Pura Vida Neutrosophic Algebra 

The Pura Vida Neutrosophic Algebra, PV, is an extension of the Tropical algebra and Max-Plus 

Algebra.  

Pura Vida Neutrosophic Algebra is included in a Neutrosophic semiring, i.e., it has both 

associative binary operations, addition ⊕ and multiplication ⊗ where ⊗ is distributive over ⊕, 

and S is semiring with respect to ⊕ and ⊗ and I is the neutrosophic element (I = I2) and < S∪I> =   

{ a = bI; a, b ∈ S}. The addition operation can use either the min function, ⊕, or the max function, 

⊕ ′, depending on the situation. 

PV = (S∪I { - ∞, + ∞ }, ⊕, ⊕ ′, ⊗) 

Pura Vida Neutrosophic Algebra operations addition (⊕, or, ⊕ ′) and multiplication (⊗) are 

given: 

 

3.1 Addition operation⊕, or, ⊕ ′ 

Depending on the real-life applications, the addition operation can use the min or max function. 

Given two neutrosophic numbers x = a + bI, and z = c + dI ∈ S, the addition of x and z: 

3.1.1.      x ⊕ z = ( a ⊕ c ) + ( b ⊕ d )I = min(a, c) + min(b, d)I 
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or, 

3.1.2.      x ⊕ ′ z = ( a ⊕ ′ c ) + ( b ⊕ ′ d )I = max(a, c) + max(b, d)I 

 

3.2 Multiplication operation ⊗ 

Given two neutrosophic numbers x = a + bI, and z = c + dI ∈ S, the multiplication of x and z: 

x ⊗ z = a⊗c + ( b⊗d )I = (a + c) + (b + d)I 

 

3.3 Identities 

In Pura Vida Neutrosophic Algebra, PV, the identities of the operators ⊕, ⊕ ′ and ⊗ are, 

respectively, ∞, -∞ and 0. 

 

3.4 Properties 

Next, we show that the PV attends the closure property and distributive and associative laws. 

We use min for the addition operation, but, one could use the max function to show that PV verifies 

the mentioned properties. 

3.4.1 Closure property:  

Let (a + bI) and (c + dI) ∈ S∪I then, 

(a + bI) ⊕ (c + dI) = (a ⊕ c) + ( b ⊕ d )I = min(a, b) + min(c, d)I, ∈ S∪I. The addition operation 

verifies the closure property. 

(a + bI) ⊗ (c + dI) = a⊗c + (b⊗d)I = (a + c) + (b + d)I ∈ S∪I. Which shows that the closure 

property is satisfied for the multiplication operation. 

3.4.2 Distributive law: 

Let (a + bI), (c + dI) and (e + fI) ∈ S∪I, then: 

(a + bI) ⊗ [ (c + dI) ⊕ (e + fI)] = (a + bI) ⊗ [ min(c, e) + min(d, f)I] = 

= [ a + min(c, e) ] + [ b + min(d, f) ]I. 

And [ (a + bI) ⊗ (c + dI) ] ⊕ [ (a + bI) ⊗ (e + f)I] =  

= [ (a + c) + (b + d)I ] ⊕ [ (a + e) + (b + f)I ] =  

= min {(a + c), (a + e)} + min {(b + d) + (b + f)}I = 

= [ a + min(c, e) ] + [ b + min(d, f) ]I. 

3.4.3 Associative law: 

Let (a + bI), (c + dI) and (e + fI) ∈ S∪I, then: 

[(a + bI) ⊕ (c + dI)] ⊕ (e + fI) = 

[ min(a, c) + min(b, d)I ] ⊕ (e + fI) = min[min(a, c), e] + min[min(b, d), f]I = 

= (a ⊕ c ⊕ e) + (b ⊕ d ⊕ f)I. 

(a + bI) ⊕ [ (c + dI) ⊕ (e + fI) ] =  

(a + bI) ⊕ [ min(c, e) + min(d, f)I ] = min[a, min(c, e)] + min[b, min(d, f)]I = 

= (a ⊕ c ⊕ e) + (b ⊕ d ⊕ f)I.   

Again: 

[(a + bI) ⊗ (c + dI)] ⊗ (e + fI) = [ a⊗c + (b⊗d)I ] ⊗ (e + fI) =  

[ (a + c) + (b + d)I ] ⊗ (e + fI) =  (a + c) ⊗e + [(b + d) ⊗f]I = 

(a + c + e) + (b + d + f)I. 

(a + bI) ⊗ [(c + dI)] ⊗ (e + fI)] = (a + bI) ⊗ [(c + e) + (d + f)I] = 

= a⊗(c + e) + b⊗(d + f)I = (a + c + e) + (b + d + f)I. 

 

3.5 Pura Vida Neutrosophic Algebra on Matrices 

In Pura Vida Neutrosophic Algebra the pairs of operations (⊕, ⊕ ′, ⊗) is extended to matrices 

and vectors similarly as in linear algebra. That is if A = (aij ), B = ( bij ) and C = ( cij ) are matrices with 

elements from R of compatible sizes, we write: 

C = A ⊕ ′ B if cij = aij ⊕ ′ bij for all i, j 

C = A ⊗ B if cij =∑  ⊕′
𝑘 aik ⊕ bkj = maxk (aik + bkj) for all i, j 
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α ⊗ A = A ⊗ α = ( α ⊗ aij ) for all α ∈ R. 

3.5.1 Matrices Addition using ⊕ operator 

Given P and Q, both square neutrosophic matrices 2x2, their sum is D = P⊕Q. 

 

P =        and    Q =  

 

 

 

D =  

Min(-8,3)+Min(1,2)I = -8+I Min(5,13)+Min(-1,3)I = 5-I 

Min(3,7)+Min(8,9)I = 3+8I Min(23,3)+Min(-2,5)I = -2+3I 

 

3.5.2 Matrices Addition using ⊕ ′ operator 

Given X and Z, both square neutrosophic matrices 2x2, their sum is W = X⊕ ′Z. 

 

X =        and    Z =  

 

 

W =  

Max(-8,3)+Max(1,2)I = 3+2I Max(5,13)+Max(-1,3)I = 13+3I 

Max(3,7)+Max(8,9)I = 7+9I Max(23,3)+Max(-2,5)I = 23+5I 

 

3.5.3 Matrices Multiplication using ⊗ operator 

Given A and B, both rectangular neutrosophic matrices, their multiplication is C = A⊗B. 

 

A =         and   B =  

 

 

 

 

C = A ⊗ B =  

C11 C12 C13 C14  

C21 C22 C23 C24  

 

Where, 

C11 = ( -1  2  -I ) ⊗ ( I  1  5 ) =  ( -1⊗I  + 2⊗1 + -I⊗5 ) = ( -1+I + 2+1 + -I+5 ) = 7 

C21 = ( 3 I 0 ) ⊗ ( I 1 5 ) = ( 3⊗I + I⊗1 + 0⊗5 ) = ( 3 + I + 1+ I + 5 ) =  9 + 2I. 

C12 = ( -1  2  -I ) ⊗ ( 1 I  -2 ) =  ( -1⊗1 + 2⊗I + -I⊗-2 ) = ( 0 + 2 + I -I -2 ) = 0. 

C22 = ( 3 I 0 ) ⊗ ( 1 I  -2 ) =  3 + 1 + I + I -2 = 2 + 2I. 

C13 = ( -1  2  -I ) ⊗ (2  0  3I ) = 1 + 2 + 2I = 3 + 2I. 

C23 = ( 3 I 0 ) ⊗ (2  0  3I ) = 5 + I + 3I = 5 + 4I. 

C14 = ( -1  2  -I ) ⊗ ( 4 2 -I ) = 3 + 4 -2I = 7 – 2I. 

C24 = ( 3 I 0 ) ⊗ ( 4 2 -I ) = 7 + I + 2 -I = 9. 

C = A ⊗ B =  

7 0 3 + 2I 7 – 2I 

9+2I 2 + 2I 5 + 4I 9 

 

4. Conclusion 

We introduced Pura Vida Neutrosophic Algebra through neutrosophic numbers and explored 

some its properties and applied to neutrosophic matrices. 

-1 2 -I 

3 I 0 

 

I 1 2 4 

1 I 0 2 

5 -2 3I -I 

 

-8+I 5-I 

3+8I 23-2I 

 

 3+ 2I 13+3I 

7+9I 3+5I 

 

-8+I 5-I 

3+8I 23-2I 

 

 3+ 2I 13+3I 

7+9I 3+5I 
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