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Abstract: The purpose of this article is to study some covering properties in neutrosophic
topological spaces using neutrosophic b -open sets. We define neutrosophic b -open cover,
neutrosophic b -compactness, neutrosophic countably b -compactness neutrosophic b -
Lindeléfness, neutrosophiclocal b-compactness and study various properties entangled with them.
We study some covering properties involving neutrosophic continuous, neutrosophic b-continuous
and neutrosophic b*-continuous functions. Lastly, we define neutrosophic base, neutrosophic
subbase, neutrosophic second countability via neutrosophic b-open sets and investigate some
properties.

Keywords: Neutrosophic b-open cover; Neutrosophic b-compact space; Neutrosophic countably
b-compact space; Neutrosophic local b-compact space; Neutrosophic b-base.

1. Introduction

In 1965, Zadeh [30] introduced the concept of a fuzzy set. K. Atanassov [1], in 1986, extended
this notion to intuitionistic fuzzy set. After that, the idea of a neutrosophic set was developed and
studied by Florentin Smarandache [20-22]. Later, the theory was studied and taken ahead by many
researchers [9,12,26,28]. It had been proved by Smarandache [22] that a neutrosophic set was a
generalized form of an intuitionistic fuzzy set. Various applications [4,5,15,29] in different fields were
done in a neutrosophic environment.

In the year 1968, C. L. Chang [7] created the notion of a fuzzy topological space and then, in 1997,
D. Coker [8] gave the idea of intuitionistic fuzzy topological space. In the year 2012, Salama & Alblowi
[23] introduced neutrosophic topological space as a generalization of intuitionistic fuzzy topological
space. Afterwards, many studies were done by the researchers [2,3,6,11,16-19,24,25,27] to develop
various aspects of neutrosophic topological spaces. The concept of neutrosophic b-open sets was
given by Ebenanjar et al.[14]. Recently Dey & Ray [10] studied compactness in neutrosophic
topological spaces. But compactness via neutrosophic b-open sets has not bee studied so far. In this
write-up, we study covering properties using neutrosophic b-open sets.

The article is organized by stating some basic concepts in section 2. In section 3, we define
neutrosophic b -open covering, neutrosophic b -compactness, neutrosophic countably b -
compactness and neutrosophic b-Lindeldfness and study various properties associated with them.
In section 4, we define neutrosophic local b-compactness and try to establish some properties. We
define neutrosophic b -base, neutrosophic b -subbase, neutrosophic b-second countability and
investigate some covering properties in section 5 and lastly, in section 6, we confer a conclusion.

2. Preliminaries

In this section, we state some basic concepts which will be helpful in the later sections.
2.1. Definition: [20] Let X be the universe of discourse. A neutrosophic set A over X is defined as
A = {{x, T,(x),14(x),F4(x)): x € X}, where the functions T,,1,, F4 are real standard or non-standard
subsets of ]70,17[, i.e.,, T;: X - 170,11, 1;:X > 170, 1*[, F: X > ]70,17[ and ~0 < T,(x) + [, (x) +
T, (x) < 3*.
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The neutrosophic set A is characterized by the truth-membership functionT,, indeterminacy-
membership function I, falsehood-membership function F,.

2.2. Definition: [28] Let X be the universe of discourse. A single valued neutrosophic set A over X
is defined as A = {{x, Ty(x), [4(x), F4(x)): x € X}, where T,,14,F, are functions from X to [0,1] and
0<T,(x)+I,(x)+T,(x) <3.

The set of all single valued neutrosophic sets over X is denoted by N (X).
Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set.
2.3. Definition: [16] Let A, B € V' (X). Then
i) (Inclusion): If T,y(x) < Tg(x),I4(x) = I5(x),F4(x) = Fz(x) forall x € X then A is said to be
a neutrosophic subset of B and which is denoted by A € B.
i) (Equality):If AS B and B € A then A =B.
iii)  (Intersection): The intersection of A and B, denoted by AN B, is defined as ANB =
{06 Ta(x) A Tp(x), 1o (x) VI (x), F4(x) V Fp(x)): x € X}
iv)  (Union): The union of A and B, denoted by AUB, is defined as AUB = {(x, Ty(x) v
Tp(x), 14 (x) Al (), Fo(x) AFp(x)): x € X3.
v) (Complement): The complement of the NS A, denoted by A¢, is defined as A=
{6 Fa(x), 1 =1, (x), Ty(x)): x € X}
vi)  (Universal Set): If T;(x) =1,14(x) =0,F4(x) =0 for all x €X then A is said to be
neutrosophic universal set and which is denoted by X.
vii)  (Empty Set): If Tu;(x) =0,I;(x) =1,F,(x) =1 for all x€X then A is said to be
neutrosophic empty set and which is denoted by @.

2.4. Definition: [18] Let N(X) be the set of all neutrosophic sets over X. An NS P =
{(x, Ty(x), I4(x), F4(x)): x € X} is called a neutrosophic point (NP, for short) iff for any element y € X,
Tp(¥) =a,lp(y) =B,Fp(y) =y for y=x and Tp(y) =0,1p(y) = L,Fp(y) =1 for y#x, where
0<a<10<pB<10<y<1. A neutrosophic point P = {{x, T,(x),1,(x), F4(x)):x € X} will be
denoted by x,p,. For the NP x,5,, x will be called its support. The complement of the NP x4,
will be denoted by xg 5, or (xa,ﬁ,},)c.

2.5. Definition: [16] Let 7 € NV (X). Then t is called a neutrosophic topology on X if

i) @ and X belong to 7.
i)  An arbitrary union of neutrosophic sets in 7 isin .

iii)  The intersection of any two neutrosophic sets in 7 isin 7.

If 7 is a neutrosophic topology on X then the pair (X, 1) is called a neutrosophic topological space
(NTS, for short) over X. The members of 7 are called neutrosophic open sets in X. If for a
neutrosophic set A, A° € T then A is said to be a neutrosophic closed set in X.

2.6. Definition:[14] Let (X,7) be an NTS and G be a NS over X. Then G is called a

i) Neutrosophic b-open (NBO, for short) set iff G < [int(cl())] U [cl(int(G))].
i)  Neutrosophic b-closed (NBC, for short) setiff G 2 [int(cl(G))] U [cl(int(G))].

If G is an NBO (resp. NBC) setin (X,7) then we shall also say that G isa 7-NBO (resp. 7-NBC) set.
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2.7. Theorem: [14] Let (X,7) be an NTS.
i) If G € N(X) then G is an NBO setiff G is an NBC set.

i) If GeN(X) then G is an NBC setiff G¢ is an NBO set.

2.8. Theorem: [13] Let (X,7) be an NTS and A € V' (X). Then
i)  Every neutrosophic open set in an NTS is an NBO set.

i)  Every neutrosophic closed set in an NTS is an NBC set.

2.9. Definition: [27] Let f be a function from an NTS (X,7) to the NTS (Y, o). Then
i) f is called a neutrosophic open function if f(G) € o forall G €t

i) f is called a neutrosophic continuous function if f~*(G) € T forall G € o.

2.10. Definition: [13] Let f be a function from an NTS (X,7) to the NTS (Y,0). Then f is called a
neutrosophic

i) b-open functionif f(G) isan NBOsetin Y for every neutrosophic open set ¢ in X.
i) b-continuous function if f~*(G) is an NBO setin X for every o-open NS G in Y.
i) b*-continuous function if f71(G) isan NBO setin X for every NBOset G in Y.

2.11. Proposition: [13] Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X, 7). Then
i) G ly isa 7 |y-NBOsetin Y for every -NBOset G in X.
i) Glyisa t|y-NBCsetin Y forevery T-NBCset G in X.

2.12. Definition: [10] Let (X,7) be an NTS. A collection {G;:1 € A} of neutrosophic sets of X is said
to have the finite intersection property (FIP, in short) iff every finite subcollection {G;,:k = 1,2,---,n}
of {Gy: 1 € A} satisfies the condition NE_,G,, # @, where A is an index set.

*For neutrosophic function and its properties, please see [25].

3. Neutrosophic b-compactness

3.1. Definition: Let (X,7) be an NTS and A € NV (X). A collection C = {G;:i € A} of NBO sets of X
is called a neutrosophic b-open cover (NBOC, in short) of A iff A SU;ea G;. In particular, € is said
to be an NBOC of X iff X = U;ea G;.

Let C be an NBOC of the NS A and C' € C. Then C’ is called a neutrosophic b-open subcover
(NBOSC, in short) of C if C' is also a NBOC of A.

AnNBOC C of an NS A4 is said to be countable (resp. finite) if C consists of a countable (resp. finite)
number of NBO sets.

3.2. Definition: An NS A inan NTS (X, 1) is said to be a neutrosophic b-compact set iff every NBOC
of A has a finite NBOSC.

An NS A inan NTS (X, 1) is said to be a neutrosophic b-Lindeldf (resp. neutrosophic countably b-
compact) set iff every NBOC (resp. countable NBOC) of A has a countable(resp. finite) NBOSC.

An NTS (X,1) is said to be a neutrosophic b-compact space iff every NBOC of X has a finite
NBOSC.
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An NTS (X, 1) is said to be a neutrosophic b-Lindeldf (neutrosophic countably b-compact) space iff
every NBOC (countable NBOC) of X has a countable(finite) NBOSC.

3.3. Proposition: Every neutrosophic b-compact space is a neutrosophic countably b-compact space.
Proof: Obvious.

3.4. Proposition: In an NTS, every neutrosophic b-compact set is a neutrosophic compact set.

Proof: Let A be a neutrosophic b-compact set of an NTS (X, 1). Let C = {G;:i € A} be an NOC of A.
Since every neutrosophic open set is an NBO set[by 2.9], so G; is an NBO set for each i € A. Therefore
C is an NBOC of A. Since A is b-compact, so there exists a finite subcollection {G},G?,..., GI"}, say,
of C such that A € G} UG? U...U G™. Thus the NOC C of A has a finite NOSC {G},GZ,...,G"}.
Hence A is a neutrosophic compact set.

3.5. Example : Converse of the prop. 3.4 is not true. We establish it by the following example.

Let X ={a,b}, B = {(a,0,1,1),(h,1,0,0)}, Gy, = {{a,0,1,1),(h,——,~,—)}n € N={123,} and 7 =
X, o, B}. Clearly (X,7) is an NTS and G, is an NBO set for each n € N. Obviously B is a
neutrosophic compact set. We observe that {G,:n € N} is an NBOC of B but it has no NBOSC.
Therefore B is not a neutrosophic b-compact set.

3.6. Proposition: Every neutrosophic b-compact space is a neutrosophic compact space.

Proof: Obvious from prop. 3.4.

3.7. Remark: Converse of prop. 3.6 is not true. We establish it by the following example.

Let us consider the NTS (N,7), where 7 = {5, N},N=1{1,2,3,-}. Clearly (N, 7) is a neutrosophic
compact space. We show that (N, ) is not a neutrosophic b-compact space. For n € N, we define
Gn = {{x, T, (%), I, (x),Fg, (x):x €N} , where Tg (x) =11 (x) =0,F; (x)=0 if x=n and
Tg,(x) = 0,15,(x) = 1,Fg (x) =1 if x # n. Clearly, for each n €N, G, is an NBO set in (N,1).
Obviously the collection € = {G,:n € N} is an NBOC of N but it has no finite NBOSC. Therefore
(N, 1) is not a neutrosophic b-compact space. Thus (N, ) is a neutrosophic compact space but not a
neutrosophic b-compact space.

3.8. Proposition: In an NTS, union of two neutrosophic b-compact sets is neutrosophic b-compact.
Proof: Let A and B be two neutrosophic b-compact sets of an NTS (X, t). Let C = {G;:i € A} be an
NBOC of AUB. Then AU B SU;, G;. Since AS AUB, so C is an NBOC of A. Again since A is
neutrosophic b-compact, so there exists a finite subcollection {Gil,Gl-z,...,G[n} of C such that A ©
G} UG} u...U G™. Similarly, since B is neutrosophic b-compact, so there exists a finite subcollection
{H},H?,...,H!'} of C such that B € H} UH? U...U H'. Therefore AUB C G} UG? U...UG" UH} U
HZ? U...U HP*. Thus there exists a finite subcollection {G},G?,...,G", H},H?,...,H'} of C such that U
BCS G} UG?U..UG"UH UH? U...UH® . Therefore AUB is neutrosophic b -compact. Hence
proved.

3.9. Proposition: In an NTS, finite union of neutrosophic b-compact sets is neutrosophic b-compact.
Proof: Immediate from the prop. 3.8.

3.10. Proposition: In an NTS, union of a neutrosophic b-compact set and a neutrosophic compact set
is a neutrosophic compact set.

Proof: Obvious.

3.11. Definition: Let (Y, 7 ly) be a neutrosophic subspace of the NTS (X, 7). Then the set of all NBO
sets G |y in Y for which G is an NBO set in X will be denoted by NBO(Y), i.e,, NBO(Y) = {G IyS
Y:G |y, isanNBOsetin Y and G € X is an NBO setin X}.

3.12. Proposition: Let (Y,7 |y) be a neutrosophic subspace of the NTS (X,7) and A €Y. Then 4 is
neutrosophic b-compactin X iff every cover of A by the sets in NBO(Y) has a finite subcover.
Proof: Necessary part: Let C = {G; |y:i € A} be a cover of A, where G; |y€ NBO(Y) for each i € A.
Then A SUjep G; ly= A SUjep G;. Clearly G; is an NBO set in X [by 3.11] for each G; Iy€ C and so,
C* ={G;:G; ly€ NBO(Y)} is an NBOC of 4 in X. Since A is b-compact in X, so there exists a finite
subcollection  {G;,:k =1,23,...,n} of C* such that ACUy_, G, >AC (Ui, Gik) ly=>Ac
Uk—q (Gik Iy). Thus the cover C of A has a finite subcover {G; :k =1,2,3,...,n}.
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Sufficient part: Let B = {G;:i € A} be an NBOC of A in X, where G; isan NBOsetin X foreach i €
A. Then A SU;ep G; = A S (Ujep G;) ly= A SUiep (G; ly). Since G; |y€ NBO(Y) for each G; € B[by
2.12], so B* = {G; ly:i € A} is a cover of A by the NBO sets in NBO(Y). Therefore, by hypothesis,
there exists a finite subcollection {G;, ly:k = 1,2,3,...,n} of B* such that A SUj_, (Gik ly)=>Ac
(Upz1 Gi) ly= A SUR_, G;, . Thus the NBOC B of A has a finite NBOSC {G;:k =1,23,...,n}.
Therefore, A is neutrosophic b-compactin X.

3.13. Proposition: Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and A €Y. Then 4 is
neutrosophic countably b-compactin X iff every countable cover of A by the setsin NBO(Y) has a
finite subcover.

Proof: Obvious from the prop. 3.12.

3.14. Proposition: Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and A €Y. Then 4 is
neutrosophic b-Lindeldf in X iff every cover of A by the setsin NBO(Y) has a countable subcover.
Proof: Obvious from the prop. 3.12.

3.15. Proposition: Let (Y,7ly) be a neutrosophic subspace of the NTS (X,7) and ACY. If 4 is
neutrosophic b-compactin X then A is neutrosophic compactin Y.

Proof: Let C = {G; ly:i € A} be an NOC of A in Y, where G; |y€ 7|y for each i € A. Then A S
Uiea (G; ly) = A SUjep G;. Obviously G; € T and so, G; isan NBO setin X for each i € A. Therefore,
C*={G;:G; lye C} is an NBOC of 4 in X. Since A is b-compact in X, so there exists a finite
subcollection  {G;,:k =1,23,...,n} of C* such that ACU;_, G, >AC (Upy G,-k) ly=>Ac
Ulk—1 (Gik IY). Thus the NOC C of A has a finite NOSC {G;,:k =1,23,...,n}. Therefore A is
neutrosophic compact in Y.

3.16. Proposition: Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and ACY.If 4 is b-
compactin ¥ then A is b-compactin X.

Proof: Obvious.

3.17. Proposition: If G is an NBC subset of a neutrosophic b-compact space (X,7) suchthat G N G¢ =
@ then G is a neutrosophic b-compact.

Proof: Let C = {H;:i € A} be an NBOC of G.Then A SU;cp H;. Since G¢ is an NBO set and since G N
GS=0,ie, GUG =X, so D={H;:i €A}U{G} is an NBOC of X. As X is neutrosophic b-
compact, so there exists a finite subcollection D' = {H, ,H;,,...,H; } U{G°} of D suchthat X € H; U
H;, U...UH; UG°. Therefore G € H; UH;,U...UH; UG®. But GNG° =9, so G S H; UH;,U...U
H;,. Thus the NBOC C of G has a finite NBOSC {H;, H;

iys---, Hi }. Hence G is a neutrosophic b-
compact set.

3.18. Proposition: If G is an NBC subset of a neutrosophic b-compact space (X,t) such that G N
G¢ =@ then G is neutrosophic compact.

Proof: Immediate from the prop. 3.17 as b-compactness implies compactness.

3.19. Proposition: If G is a neutrosophic closed subset of a neutrosophic b-compact space (X,t)
such that G N G° = @ then G is neutrosophic h-compact.

Proof: Immediate from the prop. 3.17 as every neutrosophic closed set is an NBC set.

3.20. Proposition: If G is a neutrosophic closed subset of a neutrosophic b-compact space (X, 1)
such that G N G° =@ then G is neutrosophic compact.

Proof: Immediate from the prop. 3.19.

3.21. Proposition: Let (X,7) be an NTS. An NS A = {(x, T4(x),[4(x),F4(x)):x € X} over X is
neutrosophic b-compact iff for every collection C = {G,;: 1 € A} of NBO sets of X satisfying T,(x) <

VaeaTg, (%), 1 —14(x) < Vjea (1 - IGA(x)) and 1—F,(x) < Vjea (1 - FGA(x)), there exists a finite
subcollection {6y, k = 123,...,m} such that T,(¥) < VieyTe, (9, 1= L) < Viey (1- 14, @)
and 1— Fy(x) < VI, (1 ~Fe,, (x)).

Proof: Necessary Part: Let C = {G;: 1 € A} be any collection of NBO sets of X satisfying T,(x) <
VieaTe, (), 1= 1400 < Vaea (1-16,(0)) and 1= F(@) < Vaea (1 Fg, () . Now 1-1L,(x) <
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Viea(1-16,(0) = 1= 1,() S 1-1g,(x) for some €A = L(x) 2 Ig,(x) = Li(x) = Aeals, () .
Similarly 1 —F,(x) < Vjen (1 - FGl(x)) = Fy(x) = AjeaFg, (x). Therefore A CUjcp Gy, ice., C is an
NBOC of A.Since A isneutrosophic b-compact, so € has a finite NBOSC {Gaki k=123,--,n}, say.
Therefore A CUR_, Gy, . Then T,(x) < V}é:lTle (), Li(x) = /\7(1=1IG,1k(x) and F,(x) = /\2=1FG/1,( (x).

Now I,(x) = /\’,Ezllclk(x) = ,(x) = Iclm(x) for some m,1<m<n =1-I[x)<1- IGam(x) for
some m,1<m<n =1-1I(x) <Vi, <1 - Ile (x)). Similarly F,(x) = /\LlFGak (x)=1—-F,x) <
v, (1 - F%(x)) L Thus Ty(0) < Vi Te, (1), 1- L) < Vie, (1 I, (x)) and 1-F,(x) <

s (1= Fo, @)
Sufficient Part: Let C = {G;:4 € A} be an NBOC of A. Then A SUjep Gy, ie., Ty(x) < VieaTg, (%),
La(x) = Ajealg, (x) and Fu(x) = ApeaFq, (x). Now 14(x) = Ajeals, (x) = 14(x) = 1g,(x) forsome € A
= 1-L0) <1-16,®) =2 1- L@ < Vi (1-16,() . Similarly  Fu(x) = AgeaFo, (x) = 1 -
Fa(x) < Vjen (1 — FGl(x)). Thus the collection C satisfies the condition T,(x) < VjeaTg, (%), 1—
I,(x) < Vien (1 — Icl(x)) and 1—F4(x) < Vjen (1 - FGA(x)). By the hypothesis, there exists a finite
subcollection {G;,:k =1,2,3,...,n} such that T,(x) < V7cl=1TG/1k (), 1-1L(x) <Vig (1 — Ile (x))

and 1—F,4(x) < Vi, (1 - FGAk(x)). Now 1 —1I,(x) < Vi, (1 — Iclk(x)> =>1-Lx)<1- Iclm(x)
for some ,1<m<n =I(x) = IGlm(x) = 1,(x) = /\z=116,1k (x). Similarly, we shall have F,(x) >
/\,’;lele (x) . Therefore A CUj., G, , ie, the NBOC C of A has a finite NBOSC {G, :k =

1,2,3,-++,n}. Therefore, A is neutrosophic b-compact set.
Hence proved.
3.22. Proposition: Let (X,7) be an NTS. Then X is neutrosophic b-compact iff for every collection

C ={G;: 4 € A} of NBO sets of X satisfying VjeaTs,(x) =1, Vjen (1 - IGA(x)) =1 and Vjep (1 -
FGl(x)) =1, there exists a finite subcollection {Gyik=123,...,n} such that Vﬁ=1TGAk(x) =1,

n_ (1 - I%(x)) =1 and VI_, (1 - FGAk(x)> -1
Proof: Immediate from the prop. 3.21.
3.23. Proposition: An NTS (X, 1) is neutrosophic b-compact iff every collection of NBC sets with FIP
has a non-empty intersection.
Proof: Necessary part: Let A = {N;:i € A} be an arbitrary collection of NBC sets with FIP. We show
that Nyep N; # @. On the contrary, suppose that N;ea N; = @. Then (N;ea Np)€ = (6)C SUjen Nf = X.
Therefore B = {N{:N; € A} is an NBOC of X and so, B has a finite NBOSC {Nfl,N,-CZ,...,NL-i}, say.
Then UK, NE = X =0k, N;, = @, which is a contradiction as A has FIP. Therefore N;cp N; # @.
Sufficient part: Suppose that X is not neutrosophic b-compact. Then there exists an NBOC C =
{Gi:i € A} of X which has no finite NBOSC. Then for every finite subcollection {G; ,G;,,..., Gy} of
C, we have UJ, G, # X =0/, Gf, # @. Therefore, {Gf: G; € C} is a collection of NBC sets having the
FIP. By the assumption, N;ep Gf # @ =U;cp G; # X. This shows that C is not an NBOC of X, which is
a contradiction. Therefore, the NBOC C of X must have a finite NBOSC. Therefore X is
neutrosophic b-compact.
Hence proved.
3.24. Proposition: Let f be a neutrosophic b-open function from an NTS (X,t) to the NTS (Y, 0)
and A € V(Y).If A is neutrosophic b-compactin Y then f~*(4) is neutrosophic compactin X.
Proof: Let B = {G;: 1 € A} be an NOC of f~1(4). Then f1(A) SUycp G4 2 A S f(Ujen G) > AC
Ujsea f(Gy). Since G, is t-open set, so f(G;) is 0-NBO set for each 1 € A as f isa b-open function.
Therefore, C = {f(G,): G, € B} is an NBOC of A. Since A is neutrosophic b-compact, so C has a
finite NBOSC  {f(Gy,),f(G1,), f(Ga,),---.f(Gy,)} , say. Therefore ACUL, f(Gy,)=>AC
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f(UL1Gy) = fH(A) SUL, Gy, . Thus the NOC B of f'(A) has a finite NOSC
{G,ll, Gy Gagreee G,ln}. Therefore f~1(4) is neutrosophic compact in X. Hence proved.

3.25. Proposition: Let f be a neutrosophic b-open function from an NTS (X, t) onto the NTS (Y, 0).
If (Y,0) is neutrosophic b-compact (resp. neutrosophic countably b-compact, neutrosophic b-
Lindeldf) then (X,t) is neutrosophic compact (resp. neutrosophic countably compact, neutrosophic
Lindelof).

Proof: Immediate from the prop. 3.24 as f is onto.

3.26. Proposition: Let f be a neutrosophic open function from an NTS (X, 1) onto the NTS (Y, 0). If
(Y,0) is neutrosophic b-compact (resp. neutrosophic countably b -compact, neutrosophic b -
Lindeléf) then (X,t) is neutrosophic compact (resp. neutrosophic countably compact, neutrosophic
Lindelof).

Proof: Obvious as every neutrosophic open set is an NBO set.

3.27. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) to the NTS
(Y,0).If A isneutrosophic b-compact setin X then f(A4) is neutrosophic compact setin Y.

Proof: Let B = {G;: 1 € A} be an NOC of f(A4). Then f(A) SUjcp G = fFH(f(A)) € fF 1 (Upen G) =
FHf(A)) SUzpen f71(GL) = A SUpea f1(Gy). Since G, is o-open NSin Y, so f71(Gy) is T-NBO set
in X as f is b-continuous. Therefore C = {f~1(G;):G; € B} is an NBOC of A. Since A is
neutrosophic b-compact, so C has a finite NBOSC {f~*(Gy,), f"*(Gy,), ., f 7*(G,,)}, say. Therefore
ACUL, fY(Gy,) = Ac fY (UL, Gy,) = f(A) SUL, Gy,. Thus the NOC B of f(A) has a finite
NOSC. Therefore f(A) is neutrosophic compact. Hence proved.

3.28. Proposition: Let f be a neutrosophic continuous function from an NTS (X,t) to the NTS
(Y,0).If f isneutrosophic b-compactin X then f(A4) is neutrosophic compactin Y.

Proof: Obvious from the prop. 3.27 as every neutrosophic open set is an NBO set.

3.29. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) onto the NTS
(Y,0).If (X,1) is neutrosophic b-compact then (Y, o) is neutrosophic compact.

Proof: Since f is onto, so f(X) =Y. Let B ={G;:A €A} be an NOC of Y. Then Uzep Gy =V =
Usea G = F(X) = f1(Usea G1) = X ®VUjen f71(Gy) = X. Since G, is o-open NS in Y, so f~1(G)) is
t-NBOsetin X as f is b-continuous. Therefore C = {f~1(G,): G, € B} is an NBOC of X. Since X is
b -compact, so C has a finite NBOSC {f~(Gy,),f *(Gy,) ..f*(Gy,)} , say. Therefore
UL, f7H(Gy,) =X = (UL, Gy) = X 22U, Gy, = f(X) UL, G, = V. Thus the NOC B of Y has
a finite NOSC. Therefore Y is neutrosophic compact. Hence proved.

3.30. Proposition: Let f be a neutrosophic continuous function from an NTS (X,t) onto the NTS
(Y,0).If (X,1) is neutrosophic b-compact then (Y, o) is neutrosophic compact.

Proof: Obvious from the prop. 3.29 as every neutrosophic open set is an NBO set.

3.31. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) onto the NTS
(Y,0).If X isneutrosophic countably b-compact then Y is neutrosophic countably compact.

Proof: Since f isonto, so f(X) =7¥.Let B ={G,:1 € A} be a countable NOC of Y. Then U;cs G; =
Y 2Usep G = f(X) = f1(Uzen G1) = X 2Ujpea £71(Gy) = X. Since G, is o-openNSin Y, so f71(G,)
is T-NBO set in X as f is b-continuous. Therefore C = {f (G,;): G, € B} is an NBOC of X.
Obviously C is countable as B is countable. Again since X is neutrosophic countably b-compact,
so C has a finitt NBOSC {f~'(G,,),f *(Ga,), ... f"*(Gy,)}, say. Therefore UL, f71(G;)=X=
fH (UL, Gy,) = X =2UL, Gy, = f(X) UL, Gy, =Y. Thus the countable NOC B of Y has a finite
NOSC. Hence Y is neutrosophic countably compact.

3.32. Proposition: Let f be a neutrosophic continuous function from an NTS (X, 1) onto the NTS
(Y,0).If X isneutrosophic countably b-compact then Y is neutrosophic countably compact.

Proof: Immediate from the prop. 3.31 as every neutrosophic open set is an NBO set.

3.33. Proposition: Let f be a neutrosophic b-continuous function from an NTS (X, 1) onto the NTS
(Y,0).If X isneutrosophic b-Lindeldf then Y is neutrosophic Lindelof.

Proof: Since f is onto, so f(X)=7V. Let C ={G;:i € A} be an NOC of Y. Then U;ep G; =V =
Uiea Gi = F(X) = f(Uiea G) = X 2Uiep f71(G) = X = {f1(G)): G; € C} isan NBOC of X. Since X
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is neutrosophic b- Lindel6f so {f *(G):G; € C} has a countable NBOSC B = {f~*(G; ):k =
1,2,3,..}, say. Therefore, X = f~*(G,,) U f(G1,) U f™*(Gs,) U ... . This gives X = f7(G,, UG, U
G, U..)=f(X) =G, UGUG,U..>¥ =G, UG, UG, U..=>{G,:k=123,..} is an NOC
of Y.Since B is countable so, {G;,:k =1,2,3,...} isalso countable. Therefore, the NOC C of Y has
a countable NOSC {Gik: k=123,..} and so, Y is neutrosophic Lindeldf.

3.34. Proposition: Let f be a neutrosophic continuous function from an NTS (X, t) onto the NTS
(Y,0).If X isneutrosophic b-Lindeldf then Y is neutrosophic Lindeldf.

Proof: Immediate from the prop. 3.33 as every neutrosophic open set is an NBO set.

3.35. Definition: Let f be a neutrosophic function from an NTS (X,t) to the NTS (V,0). Then f
is called a neutrosophic b*-open function if f(G) is an NBO setin Y for every NBO set G in X.
3.36. Proposition: Let f be a neutrosophic b*-open function from an NTS (X, 1) to the NTS (¥,0)
and 4 € N(Y).If A is neutrosophic b-compactin Y then f~'(A) is neutrosophic b-compactin X.
Proof: Let B ={G;:i € A} be an NBOC of f~1(4). Then f~1(A) SUjep G; > AC f(Ujen G)) =
A C Ui f(G;). Since G; is a t-NBO set, so f(G;) is a 0-NBO set for each i €A as f is a
neutrosophic b* -open function. Therefore, C = {f(G;):G; € B} is an NBOC of A. Since A is
neutrosophic b -compact, so € has a finite NBOSC {f(Gll),f(Glz),f(G,13),...,f(G,ln)} , say.
Therefore, A CULL, f(G,) = A € (UL, G3,) = f*(A) SUL, G,,. Thus the NBOC B of f~*(A) has
a finite NBOSC {Gh'G/lz'GAg'-'-'Gln}- Therefore f~1(4) is neutrosophic b-compact in X. Hence
proved.

3.37. Proposition: Let f be a neutrosophic b*-open function from an NTS (X,t) onto the NTS
(Y,0).1f (Y,0) isneutrosophic b-compact in then (X, t) is also neutrosophic b-compact.

Proof: Immediate from the prop. 3.36 as f is onto.

3.38. Proposition: Let f be a neutrosophic b*-open function from an NTS (X,t) onto the NTS
(Y,0). If (Y,0) is neutrosophic countably b-compact (neutrosophic b-Lindeléf) then (X, T) is also
neutrosophic countably b-compact (neutrosophic b-Lindeldf).

Proof: Obvious.

3.39. Definition: Let f be a neutrosophic function from an NTS (X, t) to the NTS (¥, 0). Then f is
called a neutrosophic b*-continuous function if f7*(G) is an NBO set in X for every NBO set G in
Y.

3.40. Proposition: Let f be a neutrosophic b*-continuous function from an NTS (X, t) to the NTS
(Y,0).If A isneutrosophic b-compactin X then f(A) is also neutrosophic b-compactin Y.

Proof: Let B = {G,: A € A} be an NBOC of f(A). Then f(A) SUjen Gy = A S f1(Upea G1) 2 AC
Uzea f71(Gy). Since G, is 0-NBO set in Y, so f71(G,) is T-NBO set in X as f is neutrosophic b*-
continuous function. Therefore € = {f~(G;): G, € B} is an NBOC of A. Since A is neutrosophic b-
compact in X, so C has a finite NBOSC {f~*(Gy,),f*(Ga,), -, f"*(Gy,)}, say. Therefore A
UL, f7H(Gy,) =2 A S fH(UL, G,) = f(A) SUL, Gy,. Thus the NBOC B of f(A) has a finite NBOSC
{G1,,Ga,, Gay)- -+, Gy, }.. Therefore f(A) is neutrosophic b-compact.

3.41. Proposition: Let f be a neutrosophic b*-continuous function from an NTS (X,t) onto the NTS
(Y,0).If (X, 1) is neutrosophic b-compact then (Y, o) is also neutrosophic b-compact.

Proof: Since f is onto, so f(X) =Y. Let B ={G;:1 € A} be an NBOC of Y. Then Uycp G =V =
Usea Gi = F(X) = f1(Usea G) = X =Uen f71(Gy) = X. Since G, is 0-NBO set in Y, so f~1(Gy) is
T-NBOsetin X as f is neutrosophic b*-continuous function. Therefore, C = {f "*(G,): G, € B} isan
NBOC of X . Since X is neutrosophic b -compact, so C has a finite NBOSC
{f~(G1,), f*(Gay)s -, f7H(Gy,,)}, say. Therefore, X =UL, f71(Gy,) = X = f*(UL, Gy,) = f(X) =
Ui, Gy, = Y =ul, Gy,- Thus the NBOC B of Y has a finite NBOSC {G;,, Gy,, Gy, ---, Gz, }- Therefore
Y is neutrosophic b-compact.
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3.42. Proposition: Let f be a neutrosophic b*-continuous function from an NTS (X,t) onto the NTS
(Y,0). If (X,1) is neutrosophic countably b-compact (resp. neutrosophic b-Lindeldf) then (Y,0) is
also neutrosophic countably b-compact (resp. neutrosophic b-Lindeldf).

Proof: Obvious.

4. Neutrosophic local b-compactness

4.1. Definition: An NTS (X, 1) is said to be a neutrosophic locally b-compact space iff for every NP
Xqpy in X, there exists an NBO set Gin X such that x, 4, € G and G is neutrosophic b-compact in
X.

4.2. Proposition: Every neutrosophic b-compact space is a neutrosophic locally b-compact space.
Proof: Let (X,t) be a neutrosophic b-compact space and let x,z, be an NP in X. Since X is
neutrosophic b-compact and since X is an NBO set such that x, 4, € X, so, (X,T) is a neutrosophic
locally b-compact space.

4.3. Proposition: Let f be a neutrosophic b*-open and b*-continuous function from an NTS space
(X,t) to the NTS (Y, 1). If (Y, 1) neutrosophic locally b-compact then (X,t) is also a neutrosophic
locally b-compact space.

Proof: Let x, 43, be any NP in X. Also let y,,, be the NP in Y such that f(x,p,) = ¥4, Since
Yp.qr €Y and Y neutrosophic locally b-compact, so there exists a -NBO set G such that y, . € G
and G is neutrosophic b-compactin Y.Now y,,, € G = f(x4p5,) € G = x4z, € f*(G). Since f is
neutrosophic b*-open and G is neutrosophic b-compact in Y, so by the prop. 3.36, f~1(G) is
neutrosophic b-compactin X.Againsince f isaneutrosophic b*-continuous function, so f~*(G) is
a 7-NBO set. Thus for any any NP x, 4, in X, there exists a 7-NBO set f~'(G) such that x,4, €
f7X(G) and f'(G) is neutrosophic b-compact in X. Therefore (X,t) is neutrosophic locally b-
compact space.

4.4. Proposition: Let f be a neutrosophic b*-open and b*-continuous function from an NTS space
(X,t) onto the NTS (Y,t). If (X,T) neutrosophic locally b -compact then (Y,0) is also a
neutrosophic locally b-compact space.

Proof: Let y,,, be any NP in Y. Since f is onto, so there exists an NP x5, in X such that
f(Xapy) = Ypqr Since x,5, € X and X neutrosophiclocally b-compact, so there exists a T-NBO set
G suchthat x5, € G and G isneutrosophic b-compactin X.Now X4z, € G = f(x4p,) € f(G) =
Yp.qr € f(G). Since f is neutrosophic b*-continuous and G is neutrosophic b-compact in X, so by
3.40, f(G) is neutrosophic b-compact in Y. Again since f is a neutrosophic b*-open function, so
f(G) is a 0-NBO set. Thus for any any NP y, ., in Y, there exists a 6-NBO set f(G) such that
Ypqr € f(G) and f(G) is neutrosophic b-compact in Y. Therefore (Y, 0) is neutrosophic locally b-
compact space.

5. Covering properties via neutrosophic b-base

5.1. Definition : Let (X,T) be an NTS and NBO(X) be the collection of all NBO sets in X. A
subcollection B of NBO(X) is called a neutrosophic b-base (Nb-base, for short) for X iff for each
A € NBO(X), there exists a subcollection {A;:i € A} of B such that A =U {4;:i € A}, where A is an
index set.

A subcollection B, of NBO(X) is called a neutrosophic b-subbase (Nb-subbase, for short) for X iff
the finite intersection of members of B, forms a neutrosophic b-base for X.

5.2. Definition: An NTS (X, 1) is said to be a neutrosophic b-second countable or neutrosophic b —
C;; space iff X has a countable neutrosophic b-base.

5.3. Proposition: Let B be an Nb-base for an NTS (X, t). Then X isneutrosophic b-compact iff every
NBOC of X by the members of B has a finite NBOSC.

Proof: Necessary Part: Obvious.

Sufficient Part : Let B = {B,: a € A} be the Nb-base. Alsolet C = {G;: 1 € A} be an NBOC of X. Then
each member G, of C is the union of some members of B and the totality of such members of B is
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evidently an NBOC of X. By the hypothesis, this collection of members of B has a finite NBOSC D =
{Baj:j =1,2,3,---,n}, say. Clearly for each Baj in D, there is a Gaj in C such that Baj c G,1j.
Therefore the finite subcollection {G,lj:j =1,2,3,:-,n} of C isan NBOC of X, i.e., the NBOC C of X

has a finite NBOSC. Therefore X is neutrosophic b-compact.

5.4. Proposition: Let (X, 1) be a neutrosophic countably b-compact space. If X is neutrosophic b —
C;; then X neutrosophic b-compact.

Proof: Let D = {4;:i € A} be any NBOC of X. Since X is neutrosophic b — C;;, so there exists a
countable Nb-base B = {B,:n = 1,2,3,---} for X. Then each A; € D can be expressed as a countable
union of members of B, i.e., for each A; € D, we have A; = Uﬁc°=1Bnk, where B, € B and i, may be
infinity. Clearly B, = {B,,} is an NBOC of X. Also B, is countable as B, < B. Therefore, B, is a
countable NBOC of X. Since X is countably b-compact, so B, has a finite NBOSC B’, say. Since by
construction, each member of B’ is contained in one member A; of D, so these A;’s form a finite
NBOC of X. Thus the NBOC D of X has a finite NBOSC. Therefore X is neutrosophic b-compact.
Hence Proved.

5.5. Remark: From the propositions 3.3 and 5.4, it is clear that if an NTS (X,t) is neutrosophic b —
C;; then neutrosophic b-compactness and neutrosophic countably b-compactness are equivalent.
5.6. Proposition: If an NTS (X,t) is neutrosophic b — C;; then it is neutrosophic b-Lindeldf.
Proof: Let D = {4;:i € A} be any NBOC of X. Since X is neutrosophic b — C;;, so there exists a
countable Nb-base B = {B;:n=1,23,--} for X. Then each A; € D can be expressed as the
countable union of members of B, i.e., for each A; € D, we have A; = U?:ank/ where B, € B and
lp may be infinity. Let B, = {By,}. Then B, is an NBOC of X. Also B, is countable as B, < B.
Therefore, B, is a countable NBOC of X. By construction, each member of B, is contained in one
member A; of D. So, these A;’s of D form a countable NBOSC of X. Thus the NBOC D of X has a
countable NBOSC. Therefore X is neutrosophic b- Lindeldf.

5.7. Proposition: Let § be an Nb-subbase of an NTS (X, 1). Then X isneutrosophic b-compact iff for
every collection of NBC sets taken from (¢ having the FIP, there is a non-empty intersection.

Proof: Necessary part: Immediate from the prop. 3.23.

Sufficient Part: On the contrary, let us suppose that X isnot b-compact. Then by the prop. 3.23, there
exists a collection C = {G;:i € I} of NBC sets of X having FIP such that N, G; = @. The collection
F = {C} of all such collections C can be arranged in an order by using the classical inclusion(€) and
therefore, the collection F will have an upper bound. By Zorn’s lemma, there will be a maximal
collection of all these collections C. Let P = {K;:j € J} be the maximal collection. Clearly, this
collection P has the following properties:

(i) @egP (i) A€P,ASB=BEP (ili) ABEP=>ANBEP (iv) n (PN L) = @.
Clearly the property (iv) creates a contradiction to the hypothesis. Therefore X is neutrosophic
b-compact.

Hence proved.

6. Conclusions

In this article, we have defined neutrosophic b-open cover with the help of neutrosophic b-open
sets and then we have defined neutrosophic b -compact, neutrosophic countably b -compact,
neutrosophic b-Lindeldf spaces and investigated various covering properties. We have proved that
every neutrosophic b-compact space is a neutrosophic compact space but the converse is not true.
We have shown that if f is a neutrosophic continuous or a b -continuous function from a
neutrosophic b-compact (resp. countably b-compact, b-Lindeldf) space (X, 1) onto a neutrosophic
topological space (Y,0) then (Y,0) is a neutrosophic compact (resp. countably compact, Lindeldf)
space. In 3.41 (resp. 3.42), we have established that neutrosophic b-compactness (resp. countably b-
compactness, b-Lindeldfness) is preserved under a neutrosophic b*-continuous function. We have
then defined and studied a few properties of neutrosophic local b-compactness. At last, in section 5,
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we have defined neutrosophic b-base, b-subbase, neutrosophic b-C(;; and investigated some
properties. We have set up that if a neutrosophic topological space is neutrosophic b-C;; then
neutrosophic b-compactness and neutrosophic countably b-compactness are equivalent. In 5.7, we
have stated and proved “Alexander subbase lemma” in case of a neutrosophic b-compact space.
Hope that the findings in this article will assist the research fraternity to move forward for the
development of different aspects of neutrosophic topology.
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Abstract: There has been an increasing tendency for the generation of energy from diverse renewable
resources because of the application of contemporary pollution mitigation and justification
regulations. Precisely a consequence, choosing the best renewable energy source might be considered
a challenging issue given the complexity of the future conditions in any society. Environmental,
economic, social, and technical aspects are merely some of the factors that are taken into consideration
while evaluating renewable energy sources (RnESs). The suitable RES selection problem, which relies
on ambiguous and imprecise data, is also influenced by a variety of circumstances. Hence, this study
constructs multi-stages intelligent decision-making model (MsIDMM) based on multi-criteria
decision making (MCDM) with support with neutrosophic theory especially, interval valued
neutrosophic sets to rank the sources of renewable energy. Ultimately, combinative distance-based
assessment (CODAS) method under interval-valued neutrosophic sets is used to rank the sources of
renewable energy.

Keywords: Renewable Energy; CODAS; MCDM,; Interval Valued Neutrosophic Set; Sustainability.

1. Introduction

Given the ongoing rise in energy demand and the potential depletion of fossil fuels, academics
and energy producers alike should focus more on the sustainability of renewable energy sources
(RnESs) [1]. Arguably based on [2] the most serious issues the world is currently facing are the
enormous and rapid growth of the population reaching 9 Billion by 2050, innovation, growth, and
cultural advancement, which is related to the enormous demand and excessive consumption patterns
of energy, water, and food resources compared to the generation of energy and the limited natural
land, water, materials, and fuels resources. Therefore, changes in energy usage have a substantial
impact on economic activity and the determination of income [3]. Hence sustainable Energy (SusE) is
crucial for a nation's economic and social development as well as for improving people's quality of
life [4].

In order to ensure that everyone has access to cheap, dependable, sustainable, and contemporary
energy, one of the global goals of the 2030 Agenda for Sustainable Development (SusD) is to promote
SE [4]. The goals of SusD are threatened by conventional energy-generating techniques such as those
that rely on fossil fuels. According to [5] utilizing fossil fuels not only harms the environment and
produces harmful pollutants, not only damage the environment and emit hazardous gases, but also
their energy sources are not sustainable. From the researchers' point of view in [6], the problem raised
in [5] can be controlled by offering substitute and cleaner sources, and the nation's level of living may
raise. The solution of [6] is represented in RnESs which play an essential role in guaranteeing
the cleanest possible energy that is sustainable. In a similar vein, [7] emphasized that to fulfill the
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energy demand, combat climate change, and fulfill the need for clean and sustainable development,
the continued growth of RnESs has become a crucial strategy.

Making the best choice for a renewable energy source would benefit sustainability in other
aspects as social, and environmental in addition to the economic one. Contrariwise [8], the wrong
choice of RnES might have negative effects on aspects of sustainability as the environment and the
economy as exhibited in Figure 1.

Environmental Economical
Hazardous chemical pollutants, The depletion of funds
greenhouse gases like CO2, regarding both the

. Improper 4
other air pollutants that may generation of energy
contribute to climate change, Renewable and rising demand
and other air pollutants Ener gy
Source

Social Institutional/Regulatory

Environmental issues . .
The matter necessitates thinking

through the variables and energy
sources that influence energy
management in order to generate
possible strategies to address the
energy Crisis.

would negatively affect
human health and the
ordinary living

Figure 1. Consequences of adopting an undesirable renewable energy source.

Wherefore, selecting optimal or suitable RnES is a critical process. In order to reduce environmental
pollution, usage of traditional resources, and improve economic growth, [6] affirmed that the
selection process need to be strategically chosen.

For the purpose of planning for sustainable energy, [9] indicated that there are a number of
aspects including environmental, social, economic, technological, and institutional considerations,
should be utilized as benchmarks. Consequently [10] contributed multi-criteria decision-making
(MCDM) methods in choosing an optimal RnES candidate. Nevertheless, there is a further
perspective on the application of these methods. For instance, [6] MCDM methods are insufficient for
handling the ambiguous information that frequently arises during energy planning procedures. So,
scholars as Zadeh [11] resorted to using Fuzzy Sets (FSs). Its adaptability and efficiency in resolving
circumstances where the information at hand is ambiguous or insufficient are remarkable. Ditto the
generalization of (FSs) is Intuitionistic fuzzy sets (IFSs) which take into consideration measurements
of truth and non-truth otherwise FSs which concerns truth.

Nonetheless, herein the study is followed suit Smarandache [12] through volunteering
neutrosophic theory. This is a result of having a significant aptitude for developing approaches using
vague and erratic information. The neutrosophic theory is distinguished by three separate
membership functions that represent the roles of truth, indeterminacy, and falsity.

Interval valued neutrosophic theory is inspired by neutrosophic theory. Therefore, in this study
SVNS combined with MCDM methods, especially CODAS method for handling the multi-criteria
RnESs to choose optimal one.

This study is organized into a set of sections; each one plays a certain role. Whereas the motives
on where the study was based are illustrated in Section 2. Through prior studies we aggregated
essential sources of renewable energy in Section 3. These sources need to be analyzed and evaluated,
hence we constructed hybrid model for evaluating these sources in Section 4. After that we are
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applying this model to verify it through evaluating 6 sources based on 22 criteria. Finally, we exhibit
synopsis for the study.

2.

Motivations of the Study
This section represents motivations for conducting this study. These motivations are illustrated

through set of aspects as following;:

3.

Societal Aspect: According to [13], utilization of fossil fuels or improper RnESs leads to
environment problems; i.e. global warming is caused by greenhouse gas (GHG) emissions such
as carbon dioxide, methane oxide, and nitrous oxide in the atmosphere. Which in turn affects
human life and threatens health.

Technical/Practical Aspect: Selecting suitable and optimal RnES is vital to lessen the hazards
associated with selecting renewable energy incorrectly, which jeopardizes sustainability.
Therefore, it is important to utilize flexible and efficient techniques which can analyze various
alternatives of RnESs based on a set of criteria. Herein, the study uses MCDM methods to rank
the sources of renewable energy with support of neutrosophic theory especially Interval valued
neutrosophic to strength CODAS of MCDM to generate robust hybrid intelligent model.
Experimental Aspect: We are applying constructed hybrid intelligent framework for ranking six
renewable energy sources as alternatives based on 22 criteria. Herein, the utilized alternatives
(An) are solar energy, wind energy, hydro energy, biomass energy, geothermal energy, and wave
energy.

Essential Principles of Renewable Energy Sources
This section exhibits the different RnESs based on prior studies which related to our interested

scope. For instance, [14]-[15] exhibited set of RnESs where aggregated in Figure 2.
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Figure 2. Various sources of renewable energy.
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4. Multi-stages Intelligent Decision-Making Model (MsIDMM)

In our constructed model, we use two elements to determine which options are preferable. Both
the Euclidean and Taxicab distances of options to the cost-ideal are used as indicators of
attractiveness, the greater the distance means the more desirable the option. The CODAS method is
integrated with the neutrosophic method to deal with vague data. We evaluate the criteria and
alternatives according to [16]- [21].

In this study, the first stage included determining 22 criteria which contribute to selection
process for RnESs. After that the second stage is evaluating the determined criteria by formed expert
panel. Third stage represented in analyzing process for expert’s evaluations through MsIDMM based
on neutrosophic theory combined with MCDM methods. The result of MsIDMM is ranking and
selecting optimal RnES. Figure 3 summarizes the stages of model.

Step 4.1 Determine The Criteria of Renewable Energy

In the first stage, the process aim is established, and the relevant criteria for assessing the options are
selected.

Step 4.2 Formulate the Matrix Between Criteria and Resources of Renewable Energy.

The matrix is built by the criteria { = 1,2,3....m;j = 1,2,3 ...n, and the element of matrix is k;;.

Step 4.3 Normalize the Decision Matrix.

mlax kij
rij = miin kij (1)
kij
Step 4.4 Determine the Weighted Normalized Matrix.
qij = €Tij 2)

Where e; refers to the weights of criteria.
Step 4.5 Compute the Point of Cost Ideal Solution.

cqj = miin qij 3)
Step 4.6 Compute the Taxicab and Euclidean Distances.
A= YT qi; — cqj 4)
2

D; = \[Z;’nzl(qij - cq) ()]
Step 4.7 Compute the Matrix of Comparative Assessment.
Assy, = (D; = Dy ) + (a(D; — D) x (4; — A,)) (6)
Where y = 1,2,3,..n, and a refers to the function of threshold.

_(Lif lkl =B
) ={y/if 1] < 7

Where [ between 0.01 and 0.05 refers to the expert’s threshold.

Step 4.8 Compute the Evaluation Score.

U= Xy-14ssy, 8)
Step 4.9 Rank the Sources of Renewable Energy

The renewable energy resources are ranked according to the Maximum value of U;
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Figure 3. Various stages of Multi-stages Intelligent Decision-Making Model.
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5. Validation of Renewable Energy Resources based on MsIDMM

Herein, the study validates the constructed MsIDMM for assessing determined RnESs. It
computes the weights of criteria for determined RnESs highlighted by earlier studies as [14] ,[5].
Whereas there are 22 criteria. There are six renewable energy sources like solar, wind, hydro, biomass,
geothermal, and wave energy. Figure 4 reveals the utilized criteria and alternatives.

Figure 4. Selection alternatives of renewable energy sources based on criteria.

Decision makers (DMs) and experts evaluate the renewable energy criteria and sources to create
decision matrix between criteria and alternatives by using interval valued neutrosophic numbers.
Then the decision matrix is normalized as shown in Table 1 by using Eq. (1). After that the weights
of renewable energy criteria are computed. Then the weights of the criteria are multiplied by the
normalization matrix using Eq. (3).

Then the point of cost for the ideal solution is computed using Eq. (3). Then the taxicab is
computed as shown in Table 2 and Euclidean distances using Eqs. (4-5) as shown in Table 3. After
that the matrix of comparative assessment is computed using Egs. (6-7). Then the evaluation score is
computed using Eq. (8) as shown in Figure 5. The second renewable energy source is the best and the
third renewable energy source is the worst.
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Table 1. The normalization matrix between renewable energy criteria and sources.
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Table 2. The taxicab distance from cost ideal solution.
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Table 3. The Euclidean distance from cost ideal solution.
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Figure 5. Evaluation score of each renewable energy sources.

6. Conclusions

There is no doubt that the quick advancement of energy is enticing owing to the growth in
population and production firms, as well as the rise in air pollution and greenhouse gas emissions,
which has resulted in significant advancements in renewable energies and the technologies that are
related to them.

The overall objectives of this study are fulfilling two aims. Firstly, MCDM methods (i.e., CODAS)
have been strengthened by neutrosophic theory as supporter in uncertainty situations and
incomplete data. Secondly, hybrid techniques of CODAS based Interval value neutrosohic have been
employed for analyzing RnESs alternatives based on a set of determined criteria from earlier studies.
For achieving such objective, we constructed MsIDMM.

DMs are formed and volunteered for rating determined 6 alternatives of RnESs which being in
wind energy, solar energy, hydro energy, biomass energy, geothermal energy, and wave energy.
While 22 criteria are determined based on conducted survey for prior studies. These criteria have
been rated by DMs. Consequently, MsIDMM analyzes DMS’ rating of 6 alternatives and 22 criteria in
order to produce the optimum solution that overcomes all environmental and local challenges in real-
time application. Finally, the optimal and suitable RnES is obtained by constructed MsIDMM to
sustain sustainability and its aspects. According to evaluation score for 6 RnESs in Figure 5, solar
energy (A1) is the most appropriate and sustainable one with score value 0.88 followed by biomass
energy (A4) with score value 0.509. Otherwise, hydro energy is the worst and least sustainable
renewable energy resource with a score value -0.946.
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Abstract: The objective of this research is to examine the perception that school children with
obesity, when excluded from organized academic performance and constrained to their residences
during the coronavirus epidemic 2019 will reveal negative consequences in health behaviors. To
meet the objective, the concept of Plithogenic Single valued fuzzy sets (PSES) and their aggregation
operators were introduced. Based on the proposed theory, an analysis is presented with the case
study to highlight its practicality and preciseness.

Keywords: Fuzzy Set; Plithogenic Set; Plithogenic Single Valued Fuzzy Set; PSFS Operators.

1. Introduction

Global health analysts predict that school closures have worsened the epidemic of childhood
obesity rates due to the COVID-19 pandemic. Analysts believe that school shutdowns associated with
COVID-19 will double out-of-school time for several children worldwide the previous year and could
increase hazard factors involved with a summer break for gaining weight [1-3].

Plithogeny which was introduced in 2017 by Florentine Smarandache [4, 5, 6] is the origination,
existence, development, growth, and emergence of various entities from technologies and organic
combinations of old objects that are conflicting and/or neutral and/or non-contradictory. A
plithogenic set P is a set whose members are characterized by one or more attributes and there may
be several values for each attribute. Moreover, it is the generalization of Crisp, Fuzzy, Intuitionistic
fuzzy, and Neutrosophic sets.

In this research work, we study how the Plithogenic Single valued fuzzy sets (PSES) [7-10] and
their aggregation operators help in analyzing the main factors for an increase in obesity among school
children during the pandemic COVID-19 lockdown with the analyst’s fuzzy degree.

The uniqueness of this technique is its effectiveness, as the learner does not have to engage with
complex operators based on lengthy calculations. The proposed method also has a realistic approach
to the need for a broad spectrum that can penetrate alterations according to the need for the social
structure provided.

2. Plithogenic Single valued fuzzy sets and its Operators

Definition 3.1: Let U be a universal set and P is the subset and X P be an element. P is called a
Plithogenic set which has the form (P, A,A,DE,Cg ) where A is the attribute Values, A is the set
of all attributes values that helps in solving an application, D is the degree of appurtenance and Cfg

is the dissimilarity degree.
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Let us assume two Analyst A & B each evaluating the PSFS degree of appurtenance of A of x to the
Plithogenic set P with some given constraints

DF A(1)=a<[01] and DF g(1)= s <[0]]

Also A ¢ bethe fuzzyrpom and v ¢ bethe fuzzy rggnorm correspondingly

3.1.1 PSFS Intersection

anp ﬂ=CO*(anﬂ)+(l—Co)*(a/\fﬁ) (1)

3.1.2  PSFES Union
avpB=Cox*lant pl+U-Co)xlavs B)  (2)

3.1.3  PSFS Negation

Denying the attribute Value
—p (1)=anti(1), ie. the opposite of A , where anti(/l) eA or

anti(4) e Re fined A(refined setof A).
So we get D Fx (anti(1))= x.
Results:
(i) When more emphasis is allocated to 7pom (a, B ): ang f when compared to
teonorm (@, B)=av B for C(Ag,4)=Co e [O, 0.5) is called an accurate plithogenic

intersection.
(i) When more emphasis is allocated to Tconorm(av ,B):an £ when compared to

thorm(a@. B)=a ¢ B for C(1g,1)=Cpoe [O, 0.5)is called an accurate plithogenic union.
(iii) When more emphasis is allocated to 7pom (a, B ) =anf ff when compared to

teonorm (@, B)=av ¢ B for C(1g,4)=Cqoe(0.5,1]is called an inaccurate plithogenic union.
(iv)When more emphasis is allocated to zconorm(@,8)=avi f when compared to

thorm (. B)=a ~t B for C(/ld ,1) =Cpe (0.5, 1] is called an inaccurate plithogenic

intersection.
(V) Tconorm (a, ,B) =ani B and 7Tpom (a, ,B) =a v f hasallocated the same emphasis 0.5 for

C(44,4)=Co €05

3. Proposed Method to Find the Optimum Solution Using PSFS Operators.

Step 1: Classify the problem with the attributes and its corresponding values of attribute.

Step 2: Find the dissimilarity degree according to the Experts X and Y fuzzy degrees.

Step 3: Compute the optimum solution using Eq. (1).

Note: We have used the intersection operator. But the alternative is free for the reader to work with
other operators also.

4. Application

Consider the primary attribute “Reason for obesity in school children during lockdown” which has
the attribute values.

Food Habits- whose refined values are- less vegetable intake, sugary drinks, junk food and meat
consumption which is represented by {gl, 02,93, g4} .
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Screen time - whose refined values are-mobile, television and computer which is symbolized by

. 2135

Sleeping pattern - whose refined values are- increase in day time sleep and decrease in night time
sleep which is denoted by {y, hy} .

Sports- whose refined values are- More Indoor games and lack of outdoor games which is signified
by {r, r2}.

The multi attribute of dimension 4 is,

Ry =1gi.tj.he.n) forall 1<i<4,1<j<31<k<21<I<2f

The dominant attribute values are g3,t1,hy, rp respectively for each corresponding uni-dimensional

attribute.
The unit dimensional attribute contradiction degrees are:

1 2
C(gl,gz)=510(92,93)=§,C(91,93)=1,

1
Clit2)=3,Clta)=1
C(h,hp)=1andC(ly,l)=1 .
Letususe fuzzyrpom =aAg b=ab& fuzzy reoporm =avp b=a+b—ab

e  Four-dimensional PSFS Intersection

Let xa={da(x gi.tj.h.n)forall 1<i<4,1<j<31<k<21<1<2j

and xg ={dg (%, gi tj.hc.n )forall 1<i<4,1< j<31<k<21<1<2f

Then
Xa(Qi-tj. b, m)Ap xg (9.t he.n) =
{c(9p,gi)*[da(x,gp) v ¢ dp(X,gi)+@-c(gp,9i)) *[da(X,gD) A f dB (X, Gj)]1<i < 4;
c(tp.tj)*[daxtp) vidg(xtj)+@A-c(tp.tj))*[da(xtp) Afdp(xtj)]1< j<3;
c(hp,hg)*[da(x,hp) v £ dg (X, hg )+ (@—c(hp,hg)) *[da(x,hp) A £ dg (X, hg )] 1<k <2;
c(rp,n)*[daxrp)vsdg(xn)+@A-c(rp.n)) *[dalx,rp) A dp(x,n)]1<I <2}

According to Analyst (A & B) fuzzy degrees the following Table 1 and Figure 1 represents the
optimum solution.
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Table 1. Analysis Table for obesity in school children during pandemic Covid-19 lockdown using PSFS.

) ] . Sleeping
Attribute Food Habits Screen time Sports
Pattern
2z =
i) 0 - v Q 5 )
s 1l = | B .| s ls|E |[E |22,
alues of 9 5 S sy = - S| ol 2ol 58| 38
v SEl TS | 25| B £ BEE |2 |5E Q¢
Attribute = 5 = = B = @ £ 2 E 2% S8 58
° 80 =] S o S = 0 = ~
% = —_ 8 = O o) o o 3]
S n b= — p= _S
Dissimilarity
0 1/3 | 2/3 1 0 1/2 1 0 1 0 1
degree
Analyst A
04 | 04 | 08 0.6 0.8 06 | 05| 07 0.8 0.3 0.8
Fuzzy degree
Analyst B
05 | 07 | 09 0.7 0.6 05 | 07 | 06 0.7 0.4 0.9
Fuzzy degree
XA NpXp 07 | 07 | 08 0.4 0.9 06 | 04 | 09 0.6 0.6 0.7

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

values of Attribute

Analysis Chart for obesity in school children during
pandemic Covid-19 lockdown using PSFS
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Figure 1. Analysis chart for obesity in school children during the pandemic Covid-19 lockdown using PSES.

5. Conclusion

Based on the fuzzy degrees of Analyst’s (A & B) it is clearly shown that the major reasons for the
obesity in children during Covid-19 lockdown is the consumption of more junk food and the time
spending on using mobile phones, more day time sleep along with the lack of outdoor sports which

reduces all their physical activities and in turn results in the obesity. In future, we can extend this

PSEFS concept to interval valued and also learn its applications in decision making.
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Abstract: This study introduces a B-spline curve interpolation model based on the neutrosophic set
technique. To begin, the neutrosophic notion is used to define the neutrosophic control point relation.
After that, the neutrosophic control point is combined with the B-spline basis function. Besides, the
neutrosophic B-spline curve interpolation model is illustrated using the interpolation method.
Furthermore, an example and the methods are shown for creating the right curve.

Keywords: Neutrosophic Set; Curve of B-Spline; Method of Interpolation; Neutrosophic Control
Points.

1. Introduction

The link between a curve created from control polygon vertices and the curve is technically
dependent i on some interpolation or approximation approach [1]. Basis function determines this
scheme. Bézier curves are generated via the Bernstein basis. Piegl and Tiller [1] also noted that two
Bernstein basis features restrict curve flexibility. The curve's polynomial order depends on the
number of polygon vertices supplied. A four-vertex, three-span polygon defines a cubic curve. Six-
vertex polygons always generate fifth-degree curves. Decrease the number of vertices to decrease the
curve degree, and vice versa.

According to Piegl and Tiller [1], the second limiting feature of the Bernstein foundation is
globality. For all parameter values along the curve, the blending function is nonzero. Because each
point is formed by mixing all control vertices, a change in one control vertex affects the entire
Bézier curve. This avoids local alterations to the curve. The end slopes of a Bézier curve are
defined by the orientations of the first and last polygon spans, so changing the center vertex of a
five-point polygon has no effect. The Bernstein basis modifies the curvature of the curve worldwide.
A lack of local control could be problematic. As a result, Bernstein basis is a subset of B-spline basis.
This foundation does not operate on a global scale [1]. Since each vertex has a basis function, B-spline
curves are non-global. Thus, each vertex only influences curve shape in the parameter range where
its basis function is nonzero . The B-spline basis allows user to change the order of the Basis
functions and the degree of the curve without changing the control polygon vertices . B-splines
were invented by Schoenberg [2]. Cox [3] and De Boor [4] each created their own definition of
recursive numerical computing. The B-spline basis was used by Gordon and Riesenfeld [5] to define
curves.

Data points, according to Hoschek and Lasser [6] require curves. Data analysis and
representation are complicated by noise and ambiguity. This problem is addressed by fuzzy set
theory and geometric modelling. Tuohy and Patrikalakis [7] proposed using regionally scattered
geophysical data to rebuild ambiguous surfaces. Their technique has been extended to describe
volume data with periodic B-spline volume function [8,9]. Based on Tuohy and Patrikalakis [7], they
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developed enclosing or gap specific B-spline geometry [10] to describe underwater geophysical data
and sensor measurement error. Tuohy and Patrikalakis [11] depicted functions with uncertainty
defining an observed geophysical parameter using interval B-spline.

Anile et al. extended the techniques presented in [12] to data modelling and data reduction
difficulties [13-15]. Anile et al. [16] improved on the modelling of Patrikalakis et al. [10]. They begin
by reducing a big data set to fuzzy integers with suitable membership functions . They created
fuzzy B-splines to interpret fuzzy data and rapid algorithms to calculate spline alpha values. Anile
and Spinella [17] created the fuzzy B-splines methodology and used fuzzy arithmetic concepts to
uncertain sparse data caused by measurement mistakes, data reduction issues, and modelling flaws.
Using rigorous procedures, fuzzy B-splines that fit uncertain sparse data were generated and
examined.

To address uncertainty problems, Wahab et al. [18] employ fuzzy numbers and Zadeh's [19]
fuzzy set theory. The ideas of instability in data, fuzzy numbers, implementation of control measures,
B-spline, and Bézier were employed. In CAGD, the approaches are used to construct fuzzy Bézier
and B-spline curves. Each crisper control point is composed of left and right vague control points,
each of which has a different degree of similarity to the initial control points (crisp control points). Its
membership function is left and right continuous in a closed interval at each alpha value.

Fuzzy set theory (FST) only takes into account membership data, but not non-membership data
and uncertainty. In 1986, Krasimir Atanassov expanded EST to include truth, falsehood, and
uncertainty degrees [20]. It is best to accept ambiguity. As FST only accepts full membership data,
Intuitionistic Fuzzy Sets (IFS) can be used when the data for categorization and processing is
insufficient [21]. Florentin Smarandache, on the other hand, proposed mathematical theory, and
neutrosophy advocates equality [22]. Neutrophil sets might be members, non-members, or
undecided. Transdisciplinary challenges are addressed and described using Neutrosophic Set (NS)
approaches. A true, incorrect, or ambiguous NS theory element can exist. This allows for more
nuanced doubt and ambiguity, for as when two statements contradict each other. Geometric
modelling has been employed by certain academics to build neutrosophic set procedures [23,24].

The Neutrosophic B-spline Curve Interpolation (NB-SCI) Model will be the primary focus of this
project's creation of a geometric model that can deal with uncertainty data. The Neutrosophic Control
Point Relation (NCPR) must be determined using neutrosophic set theories and the qualities it holds
before generating the B-spline interpolation. These control points, together with the B-spline basis
function, are used to build NB-SCI models, which are subsequently displayed using an interpolation
method. The following section shows how to use the format of this paper. The initial part of this paper
gave background information on the issue. Section 2 introduces the reader to the basic concept of
Neutrosophic Set (NS), followed by Neutrosophic Point Relation (NPR) and Neutrosophic Control
Point Relation (NCPR). The third section discusses how to calculate the NB-SCI using NCPR. The
fourth section includes a numerical example, a graphical representation of NB-SCA, and the model-
creation algorithm. The fifth and final segment will conclude the probe.

2. Preliminaries

The intuitionistic set in fuzzy systems can accommodate imperfect information but not
indeterminate or inconsistent information [25]. A NS has three membership functions. With the
addition of the "indeterminacy" parameter to the NS specification [25], there are three sorts of
membership functions: a membership function (denoted by the letter T), an indeterminacy
membership function (denoted by the letter I), and a non-membership function (denoted by the letter
F).

Definition 1: [22] Let Z be the main of conversation, with element in Z denoted as z. The NS is an
item in the form below and N denoted as NS.
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N =(2 T i Fugy ) 22 23 (1)

where, the degrees T,I,F:Z —]70,1'[ the meaning of accordingly, the degree to which an element is
a member of the truth, the degree to which it is indeterminate, and the degree to which it is a member
of the false 1€Z totheset Z with the condition;

0O <T. D+, (D)+F,(2) <3 ()

There is no restriction to values of T (z),1,(z)and F(z)
NS will pick a value from either one of the actual standard subsets or one of the non-standard
subsets 0of]°0,1°[. The actual value of the interval[0,1], on the other hand, ] 0,1°[ will be utilized in

technical applications since its utilization in real data such as the resolution of scientific challenges,
will be physically impossible. As a direct consequence of this, membership value utilization is
increased.

N ={<z :TN.(Z), IN(Z), FN(Z)>| zeZ}and

3)
T (@, 1,(2).F (1) e[01]
There is no restriction on the sum of T (z),1(2),F,(z) -Therefore,
0<T (D)+1,(D)+F(2)<3 4)
Definition 2: [23, 24] Let N:{<Z:TN(Z) i Fic >| 7¢7} and M {<y Taor Yt Fay >| yeY} be

neutrosophic elements. Thus, NR = {<(Z V) Ty by F >| zeN, ye |V|}1s a Neutrosophic Relation
(NR)on N and M.

Definition 3: [23,24] NS of N in space Z is Neutrosophic Point (NP) and K ={N,} where
i=0,..,n is a collection of NPs where the existences T,:Z—[01] as truth degree, I,:Z—[01] as

indeterminacy degree and F:Z —[0,1] as false degree with

>

0o ifNeN
T, (N)=4ae(02)if N, &N
1 |fl\A|iel\A|
0 ifNieN
1 (N)={be(0,Dif N, &N (5)
1 'fNieN
o ifN;eN
F,(N)=1ce(0)ifN, &N
1 ifN eN

2.1 Neutrosophic Point Relation (NPR)
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The concept of the NS, which was discussed in the previous section, serves as the cornerstone
for NPR. If is a group of Euclid eternal space points and then, the following is how NPR is described:

Definition 4: Let N, M be a grouping of elements in global area that are part of a set that is not null
and N,M,0eRxRxR, then the term "NPR" refers to

B <(ni,mj),TR(ni,mj),IR(ni,mj),FR(ni,mj)>
|TR(ni’mj)’|R(niimj)i FR(ni,mj)e |

(6)

Where(ni,mj)isasetoforderedpositionsand (ni,mj)GNXM while T, (n,m)), 1, (n;,m;),F.(n,,m,)

are the truth membership, the indeterminacy membership, and the false membership that follows the
condition of the neutrosophic set which is respectively, 0<T (z)+1,(z)+F,(2) <3.

2.2 Neutrosophic Control Point Relation (NCPR)

The geometry of a spline only be determined by all of the data required to form the curve. The
word "control point" relates to this. The control point is essential in the design, control, and
production of smooth curves. In this section, the neutrosophic control point relationship (NCPR) is
defined by first employing the concept of fuzzy control point from the research published in Wahab
et al. [26] in the following:

Definition 5: Let R be a NPR, then NCPR is viewed as a group of points N+1 that denotes a
locations and coordinates and is used to describe the curve and is indicated by

B = {00, pl ) o)
AF oF

R ={p{. P By )

Where 7, B' and PF are NCP for membership truth, indeterminacy and I is one less than n.

3. Neutrosophic B-Spline Curve Interpolation (NB-SCI)

This section may be divided by subheadings. It should provide a concise and precise description
of the experimental results, their interpretation as well as the experimental conclusions that can be
drawn.

The NB-5Cl is defined as follows after combining NCPR with a B-spline basis function:

Definition 6: Let FA?T ={f)§, f)lT,---, p;}ﬁ,l Z{f)é, f)ll yeens f);},lffF z{r)gF ) ﬁlF peesy f’:} where i =1,2,...,n+1is
NCPR and NB-SCI denoted by BSC with the vector along curve as parameter {. As a result of
combining, it with the blending function, NB-SCl is described as

n+l

BSC(t) =Y RN/ (®) (8)

Where t

vertices and N/ as the B-spline basis function. The N/ (t) is describe as

<t<t, and 2<k<n+l when P are the position vector of N+1 as control polygon

min
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1 0f ¢ <t<g
Nl 1) = i i+1
' {O otherwise ©)

and

i+1

i+k-1 " N i+k i+1

nE0 = e B (10)

The parametric function NB-SCI in (8) is defined as follows and is made up of three curves: a member
curve, a non-member curve, and an indeterminacy curve.

n+l

BSC(t)' = RN/ (t) (11)
BSC()F = 3 BFNI () (12)
BSC()' = 3 BN (1) (13)

Assuming the data points are in the NB-SCI range, then the data point should be (8). For each data
point indicated by M, , equation (8) has been modified as follows:

Q) = M (t)S, + M5 (t)S, +...+ MY, ()S,..
Q,(t,) = M (t,)S, + M} (t,)S, +...+ M, (t,)S

n+l

(14)

Qj (tj) = Mlk(tj)§1 +M;(tj)§2 +"'+M:+1(tj)§n+l

When 2<k<n+1< j.Equation (14) is expressed as a matrix as

[Q]=(m][8] (15)

where

(6] =[at) &) — &)
M) - e Maa(t)
[M]= ; (16)
MI(E) e e M)
[ST-[s s = 8]
The measurement of data points along NB-SCI is the metric value t; for each output. The parametric

value on data point to | for data pointis j as follows.
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t,=0
t_I:;Qr_Qr—l ,|>2 (17)
mex ZQAr_QAr—l

The greatest parameter is indicated by t_, , which is usually considered as the greatest value for the

max /

knot vector. If 2<k<n+1=j, then [M] is a square matrix, and the control polygon is derived

immediately using an inverse matrix, such as

[Q}Z[M]_I[SA} 2<k<n+l=j (18)
As a result, NB-SCI can be acquired using (18).

3.1. Properties of Neutrosophic B-Spline Curve Interpolation (NB-SCI)

Since a B-spline basis is utilized to define a B-spline curve, numerous features, in addition to
those already described, are easily understood:

e  For any parameter value t, the sum of the B-spline basis functions is [4, 5]

n+l

2N =1 (19)

e  For all values of parameters, each basis functional is either positive or zero. Thus, N} >0

e Each basis function, k=1 with the exception of first-order basis functions with, has a single
highest value.

e  Thehighest order of the curve matches the number of control polygon vertices. The highest value
is one degree less.

e  The curve demonstrates the variation-diminishing characteristic. As a result, the curve does not
oscillate more frequently around any straight line than its control polygon.

e In general, the curve follows the shape of the control polygon.

e  Any affine transformation is applied to the curve by transforming the control polygon vertices,
which transforms the curve.

e  The control polygon's convex hull contains the curve.

4. Numerical Example and Visualization

This section will go over the application of NB-SCAI and visualization. The examples will only
use a numerical example at random and will employ an interpolation method. A NB-SCI will be
shown that consists of NCPR with a degree of polynomial of fourN=4 .

4.1. Application of Neutrosophic B-Spline Curve Interpolation (NB-SCI)

To illustrate NB-SCA, let’s consider NB-SCA with five neutrosophic control point relation as in
Table 1.
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Table 1. The NCPRs

NCPR Truth False Indeterminacy

P Membershi pT Membership pF Membership p!
P =(2.2) 0.7 0.4 0.2
P, =(7.8) 0.5 0.5 0.3
P, = (11,13) 0.8 0.3 0.2
P, =(17,18) 0.6 0.2 0.5
R, =(25,23) 0.3 0.4 0.6

From Figure 1 through Figure 3, the planned interpolation curve is presented on its own with its
matching data points (black dots) and NCP (red dots) utilizing (18). A neutrosophic control polygon
connects the control points and is made up of truth degree, false degree, and indeterminacy control
polygons. Figures 1-3 are also known as "truth membership," "false membership," and "indeterminacy
B-spline curve interpolation.” The NCP and controlling polygon governed the curve and ensured that
the data points were interpolated.

0.0 %0

v 20

Figure 1. NB-SCI for Truth Membership with its Data Points, NCPs and Control Polygon.
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0.6

00,

Figure 2. NB-SCI for False Membership with its Data Points, NCPs and Control Polygon

1.0 [
I

T T
10 N =10

Figure 3. NB-SCI for Indeterminacy Membership with Data Points, NCPs and its Control Polygon

Figures 4 through 6 depict NB-SCI as true membership, false membership, and indeterminacy
curves with data points and connected data points, separately.
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0.8

Figure 4. NB-SCI for Truth Membership with its Data Points

0.2 -

15

Figure 5. NB-SCI for False Membership with its Data Points

Figure 6. NB-SCI for Indeterminacy Membership with its Data Points
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Figures 7 and 8 depicted NB-SCI from various points of view. Figure 7 depicted NB-SCI using
data points, NCPs, and control polygons. Finally, Figure 8 depicts NB-SCI with data points. The NB-
SCI for blue curve represents truth membership, green curve represents false membership and pink
curve represents indeterminacy membership. All the memberships are demonstrated in an axis as

Figures 7 and 8 shown.

0.5 =

0.0

-0.5

e a0
. 15

T.FIc(v;w))

v 20

i

Figure 7. NB-SCI for All Membership with its Data Points only.

Following that, the algorithm for obtaining NB-SCI is summarized below:
Step 1: The knot vector and the neutrosophic data point relation are computed using Q = {(jj}

n+l
=
n+l

and k :{kj}

=
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Step 2: Determine the parametric value along the neutrosophic B-spline curves that corresponds to
each NCPR by using (17).
Step 3:
1. Calculate the chord lengths between each point.
‘Qz _61‘1‘63 —QZ‘,...,

2. The parameter is computed as.

Qr _Qr—l

g(ér —Q,_l) and tltt—ztt—'

max max

Step 3: Determine the B-spline basis function based on the knot vector in Step 1 by creating the [Mm ]

matrix using (15) and (16).

Step 4: Following that, NCPR can be obtained by using (18).

Step 5: Lastly, the NCPR is combined with the B-spline basis function as shown in (8) - (13) to produce
NB-SCI.

5. Conclusions

This paper provides an introduction to NB-SCI as well as some of its characteristics. NB-SCI is
an extremely useful methodology that has the potential to be implemented in a broad variety of
business sectors, such as real civil engineering concepts, shipbuilding, designs for architecture,
aerospace, manufacture and a great deal more besides. Due to the availability of truth degree, false
degree, and indeterminacy degree, the neutrosophic approach may solve a greater variety of
challenges. This neutrosophic set approach, when combined with tools based on the B-spline, can
construct a continuously differentiable smooth curve that is capable of providing a comprehensive
description of any explored subject. This technique can be made more effective by utilizing the
surface of interpolation or approximation for B-spline and NURBS.
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Abstract: An important method for finding the optimal solution for linear and nonlinear models is
the graphical method, which is used if the linear or nonlinear mathematical model contains one,
two, or three variables. The models that contain only two variables are among the most models for
which the optimal solution has been obtained graphically, whether these models are linear or
non-linear in references and research that are concerned with the science of operations research,
when the data of the issue under study is classical data. In this research, we will present a study
through, which we present the graphical method for solving Neutrosophical nonlinear models in
the following case: A nonlinear programming issue, the objective function is a nonlinear function,
and the constraints are linear functions. Note that we can use the same method if (i) the objective
function follower is a linear follower and the constraints are nonlinear; (ii) the objective function is
anon-linear follower and the constraints are non-linear. In the three cases, the nonlinear models are
neutrosophic, and as we know, the mathematical model is a nonlinear model if any of the
components of the objective function or the constraints are nonlinear expressions, and the
nonlinear expressions may be in both. At the left end of the constraints are neutrosophic values, at
least one or all of them. Then, the possible solutions to the neutrosophic nonlinear programming
problem are the set of rays NX € R"that fulfills all the constraints. As for the region of possible
solutions, it is the region that contains all the rays that fulfill the constraints. The optimal solution is
the beam that fulfills all constraints and at which the function reaches a maximum or minimum
value, depending on the nature of the issue under study (noting that it is not necessary to be alone).

Keywords: Nonlinear Models; Neutrosophic Logic; Neutrosophic Nonlinear Models; Graphical
Method.

1. Introduction

Problems of mathematical examples search for maximizing or minimizing a certain quantity
that we call the objective function, and this quantity depends on a number of decision variables, as
these variables may be independent of each other or linked to each other through a set of constraints.
Studying the methods of solving nonlinear programming problems that we encounter in many
practical issues, for example when we want to determine the cost of producing or purchasing goods,
as well as the cost of storing manufactured or unprocessed materials - and so on. It led to the
creation of a basic structure used to find these solutions from these methods, the graphical solution
method that was presented in many references using classical data, and due to the great interest in
the research that was published in many international journals, which dealt with some topics of
operations research using the concepts of science neutrosophic [1-11] The science that laid the
foundations of the American scientist and mathematical philosopher Florentin Smarandache, which
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explains the stages of its development. What was mentioned in the research [1], we will present in
this research the graphic method used to find the optimal solution for nonlinear neutrosophic
models, models that take data neutrosophic values of indefinite values A complete determination is
not certain, and in reality it belongs to any neighborhood of the classical values and is given as
follows: Itis Na =a+ ¢ where ¢ is the indeterminacy and takes one of the forms & = [1;,4,] or
£ ={A1,A,} or €€ [A4,1,]- otherwise, which is any neighborhood of the value a that we get
during data collection.

2. Discussion

The importance of nonlinear models comes from the fact that many practical issues lead to
nonlinear models, which prompted many researchers and scholars to search for ways to solve these
models. Many methods were presented that helped the great development of computer science to
find them and were presented according to classical logic, i.e. data were specific values. Appropriate
for the time period in which they were collected, and since the purpose of any study of such issues is
to develop plans for the course of work in the future, the decision makers faced great difficulty
because of the instability of the conditions surrounding the work environment and in order to
control all conditions and provide ideal decisions for the issues that turn into models In two
previous researches, we presented a formulation of some concepts of nonlinear programming, and
one of the ways to solve it is the method of Lagrangian multiplication for models constrained by
equal constraints using the concepts of neutrosophic science [12,13].

The neutrosophic mathematical model [12]:
In the problem of examples where the objective and constraints are in the form of neutrosophic
mathematical functions, then the neutrosophic mathematical model is written in the following form:

Nf = Nf(xy,x,,—,x,) = (Max )or (Min)

According to the following restrictions:
<

Ng;(xy, x5, —, %) (2) Nb; ;i=12,———m

x1 ,xZ,__,xn 2 0

In this model, the examples of the variables in the objective function and in the constraints are
neutrosophic values, as well as the other side of the relations that represent the constraints.

Based on the information provided in the reference [14]:

The graphic method to find the optimal solution for nonlinear problems:

This method is suitable for simple problems that contain only two variables, it is impractical for
problems that contain more than one variables or in which the objective function is complex in
addition to the presence of restrictions that we cannot express in simple forms, so to find the optimal
solution for a nonlinear model in a graphic way we represent the constraints among the coordinate
axes, we define the common solution area for these constraints, so that it is the area of the accepted
solutions for the mathematical model, then we represent the objective function in order to determine
the optimal solution.

We have the following example using classic values [14]:

Maxf (xy,%2) = (x; — 2)* + (0, — 3)?
Xy +2x, <12
X +x,<9

Xq1,%X, 20
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Co-solution region D

X2
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6
3
E B X.
2 9 12

Figure 1. The first figure represents the solution to Example No (1).

From the Figure 1, itis clear f* = Minf =(2-2)2+(3-3) =0

Whereas, the smallest value reached by the function is in the center M (2, 3)

As for if it is required to find Maxf it will be on point E(9,0) and therefore
f*=Maxf=(9-2)2+(0-3)%>=58

Neutrosophical formula for the previous example:

Finding the optimal solution for a nonlinear programming problem, where the objective function is a

nonlinear function, and the constraints are linear functions:

Find the minimum value of the function:
MinNf (x; ,%5) = (x; — 2)* + (xp — 3)?

Within the restrictions:
X1+ 2x, <12+ &
X1 +x,<9+¢

X1,%, =0
Where & and ¢, Itisthe indeterminacy and we take it as follows.
Then the restrictions will look like this:
In this example, we take €, € [0,3] and &, € [0,2] , and then the problem is written as follows:

X, + 2x, € [12,15]
x +x, €[9,11]

X1,%, =0
Clarification: The second term of the constraints expresses the available potentials taken as

Neutrosophical values.
We need to find the vector NX* = (x7,x;) So that the inequality is fulfilled:

Nf(NX™) < Nf(X)
VNX €D

The solution:

1. We define the solution area D This is done by representing the constraints in the coordinate
plane ox;x,
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First constraint:
X, + 2x, € [12,15]
We draw the straight line represented by the equation x; + 2x, € [12,15]

X, = 0= 2x, € [12,15] = x, € [6,7.5]
A(0,[6,7.5])
x, =0>x, €[12,15] =

B([12,15],0)
We define the region where the first constraint is satisfied:
We know that the line represented by equation x; + 2x, € [12,15] the plane defined by the first
quadrant is divided into two halves of a plane. We take a point, not on the specificity, from one of the
two halves of the plane, and let the point be (0,0) we substitute in the constraint, we note that it
achieves the inequality that represents the first constraint, that is, half of the plane to which this point
belongs is half of the solution plane.

The second constraint:
x; +x, €[9,11]
We draw the straight line represented by the equation x; + x, € [9,11]
x,=0=>x, €[9,11]
€(0,[9,11])
x=0>x€[9,11] =

E([9,11],0)
We define the region where the second constraint is satisfied:
The line represented by equation x; + x, € [9,11], the plane defined by the first quarter is divided
into two halves of a plane. We take a point, not to be determined, from one of the two halves of the
plane, let the point be (0,0) and substitute in the constraint. We note that it achieves the inequality
representing the second constraint, meaning that half of the plane to which this point belongs is half
of the solution plane.
To find the optimal solution, we draw the objective function, which is a circle with a point center
M(2,3) radius r = \/N_f
From the figure, it is clear that Min Nf = 0 the minimum value reached by the objective function is
at the center of the circle, i.e. at the point M(2, 3).
If required, find the maximum value of the function:

Maxf (x;,%;) = (% — 2)* + (x, — 3)?
Within the restrictions:
Xy +2x, <12+ &
X +x,<9+¢

X1,%, =0
In this case, we know that the optimal solution is located on the vertices of the common solution
region, i.e. on the vertices of the polygon O0ADE , we have the coordinates of these points 0(0,0) «
A(0,[6,7.5]) « E([9,11],0) for the coordinates of the point D , and we determine it from the

study of the intersection of the two lines represented by the following equations:
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X, + 2x, € [12,15]

x +x, €[9,11]
Solving the two equations, we get D([6,7],[3,4]) then we calculate the value of the function at
these points

(000,0))=(0— 2)2+(0— 3)2=13
f(A(0,[6,7.5])) = (0— 2)2+([6,7.5] — 3)®2 =4+ ([3,4.5])? € [13,24.25]
fF(E([9,11],0)) = ([9,11] = 2)*+ (0 — 3)* = ([7,9])* + 9 € [58,90]
f(D([6,71,[3,4]1 ) = ([6,7] — 2)? + ([3,4] — 3)? € [19,24]
The Maximum value the function takes at point E([9,11],0) and is

R =./[58,90] € [7.6,9.5]

Therefore, the optimal solution is a circle centered at point M(2,3) and whose radius is one of the
domain values [7.6,9.5].
For clarification, we draw the Figure 2, for one of the values we find:

_ & Cosmos  Graphng Caataor % _

& C 0 & desmoscom/calaulator e v & 0 % :

= Untitled Graph ‘Logln ‘ur signlp 2 @ ®
+ Lo £
1
N =12 w7
N R

x+2y =15
Q ol
3
@ xty=9
4
aY, x+y=11
b

20 25

E] a
u G~ C @ ~omo e O

Figure 2. Determination of the joint solution region of neutrosophic constraints.

For the Neutrosophical objective function, it represents a set of circles whose center M(2,3) and
radius are one of the domain values [7.6,9.5].
The following Figure 3 shows one of these circles:
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1
@ x4+ 2 = 12 *
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NI ERE
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3
@ x+y=9
4
@ xty=11
A (x-2)%+ (v-3)%=6s ' (10,1)
B

=10 5/'0 15 20 25
i \
T G~ €@ d ciE s B

Figure 3. The graphical representation of one of the solutions of the example neutrosophical values.

We note that for both sides of the domain in both constraints is the optimal solution f* = Maxf =
68 € [58,90], wear[58,90], the field that represents the maximum optimal solution of the
neutrosophic model.

3. Conclusions

The graphical method is one of the important methods for finding the optimal solution for
linear and nonlinear models. Therefore, it was necessary to present this study, which explains the
difference between dealing with classical values and Neutrosophical values, and as we noticed from
the results of the solution in the example, Neutrosophical values give us optimal solutions that are
close to the optimal solution in the case of classical values, that is, they are in line with the conditions
surrounding a work environment The system that this mathematical model represents, so it
provides a safe environment that protects the systems from falling into losses and making greatest
profits from them.
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Abstract: In this manuscript, we establish the notion of neutrosophic rectangular extended b-metric
spaces and derive some fixed point results for contraction mappings. Also, we provide several non-
trivial examples. Our results are more generalized with respect to the existing ones in the literature.
At the end of the paper, we provide an application to non-linear fractional differential equations to
test the validity of the results.

Keywords: Neutrosophic Metric Spaces; Fixed Point; Graphical View; Non-Linear Fractional
Differential Equations.

1. Introduction

In 1965, Zadeh [1] developed the "fuzzy notion" to contrast imprecise terms. Fuzzy sets (FSs)
presented in [1] and metric spaces presented in [2] are combined to establish the concept of fuzzy
metric spaces (FMSs), in which membership function is used. The notion of FMSs first introduced by
Kramosil and Michalak [3] in 1975 and then George and Veeramani [4, 5] updated in 1994. Garbiec
[6] established the fuzzy version of the Banach fixed point result. The notion of FSs only deals with
membership functions, so there is a gap that FSs did not deal with non-membership functions.
Atanassov [7] filled this gap to establish the concept of intuitionistic fuzzy sets (IFSs), in which, he
used both degrees, the degree of membership and the degree of non-membership. But, there is still a
gap that IFSs did not deals with naturalness. Smarandache [30] filled this gap to propose the concept
of neutrosophic sets (NSs), as a generalization of IFSs. By combining the concepts of NSs and metric
spaces, Kirisci and Simsek [32] presented the notion of neutrosophic metric spaces (NMSs).

Fuzzy rectangular metric spaces and fuzzy rectangular b-metric spaces (FRBMSs) were
introduced by Mehmood et al. [9], who also demonstrated the Banach contraction principle in the
context of FRBMSs. The concept of orthogonal FMSs was developed by Hezarjaribi [10], who also
demonstrated several fixed point theorems. The authors in [11-14, 33-38] established several
interesting fixed point results. Park and Jeong [15] established fixed point results for fuzzy mappings.
An intuitionistic fuzzy b-metric space was presented by Konwar [16]. The authors in [17-18,]
demonstrated a number of fixed point results for in the context of an IFMS. Nice work was done on
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fractional differential equations by the authors in [19-20]. Several fixed point results were proven by
Javed et al. [21] in the setting of fuzzy b-metric-like spaces. Uddin et al. [22] presented a number of
fixed point theorems for contraction mappings in the context of orthogonal controlled fuzzy metric
spaces. Numerous algebraic structures have been used by mathematicians to apply several novel
fuzzy set models [23-27, 32-35]. The idea of pentagonal controlled FMSs was recently given by Aftab
et al. [28], who also demonstrated various fixed point theorems. Kattan et al. [29] established some
fixed point results in a generalization of an IFMS.

Jeyaraman et al. [39] proved common fixed point theorems in intuitionistic generalized fuzzy
cone metric spaces. Ishtiaq et al. [40] derived several a fixed point results in the context of generalized
neutrosophic cone metric spaces. Gupta et al. [41] examined the uniqueness of solution by employing
CLR-property on V-fuzzy metric spaces. Chauhan et al. [42] examined the existence and uniqueness
of fixed points in modified intuitionistic fuzzy metric spaces. Gupta et al. [43] solved some fixed point
theorems for contraction mappings and investigate the xistence of fixed points for J-{-fuzzy
contractions in fuzzy metric spaces endowed with graph.

In this manuscript, we aim to introduce the concept of neutrosophic rectangular extended b-
metric spaces (NREBMSs) and to establish several fixed point results for contraction mappings. Also,
we provide some non-trivial examples and an application to non-linear fractional differential
equations to show the validity of results herein. An open problem is also raised after the conclusion
section.

2. Preliminaries

In this section, we provide some basic notions that are helpful for readers to understand the main
results.
Definition 2.1: [8] A binary operation *:[0,1] x [0,1] = [0,1] is a continuous t-norm (CTN) if it
satisfies the following conditions:

(1) * is associative and commutative;

(ii) * is continuous;

(iii) hx1=nh forall A e[0,1];

(iv) h*¥f <c+dwheneverh <c and ¥ <d, forall h,¢c,d € [0,1].

Example 2.1: [8] f * £ = hf and i * £ = min{h, £} are CTN.
Definition 2.2: [8] A binary operation © : [0, 1] x [0, 1] = [0, 1] is called a continuous t-conorm
(CTCN) if it meets the below assertions:

T1. o is associative and commutative;

T2. o is continuous;

T3. ho0 =0, forall A €[0,1];

T4. hof < codwheneverh<c and ¢ <d, forall h,¥,c,d € [0,1].
Example 2.2: [8] h 0 ¢ = max{h, £} is CTCN.
Definition 2.3: [4] Let € is nonempty set, K is a FS on & X & X (0, +), and * is a CTN. Then a
triplet (&, K,*) is known as FMS, if it verifies the following conditions, for all »,9,z € & and o,7 > 0:

F1. K(¢,9,0) > 0;

F2. K(,9,0) =1 ifand only if » = 9;

F3. K(Gt,9,0) = K@, x,0);

F4. K(x,9,0) *K@,z,1) < K(x,2,0 + 7);

F5. K(t,9,.):(0,+ 4+ o) = (0,1] is continuous.
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Definition 2.4: [9] Let & is nonempty set, K isaFSon & x & X [0,4+00), and * isa CTN. Then (T, K*
,¥) is known as FRBMS, if it verifies the following conditions, for all »,9,z € &€ and o,7,w = 0:

S1. K(x¢,9,0) = 0;

S2. K(x,9,0) =1 ifand only if » = 9;

S3. K(%,9,0) = K@, x,0);

S4. K(x,9,0) * KM, u,1) * K(u,z,w) < K(%, z,{(c+1+ w));

S5. K(x%,9,.):(0,+) > (0,1] isleft continuous and lim K(ix,9,0) = 1.
o—+ 00

Definition 2.5: [32] Let € be a non-empty set and K, II, 4 are NSs on & x & X [0, +0). Suppose 3: & X
&> [1,4o) be a function, * and © are CTN and CTCN respectively. Then, a six tuple
(& K I1,4,%0) is known as NMS, if the following conditions are satisfying, for all »,9,z € & and
o,1T,w>0,

(N1) K(x,9,0) + 1106, 9,0) + 40, 9,0) < 3;
(N2) K(x,9,0) = 0;

(N3) K(¢,9,0) =1 if and only if » = ¥;
(N4) K(¢,9,0) = K@, %, 0);

(NB) K(¢t,z,0 + 1) =2 K(%,9,0) * K, 2,7);

(N6) K(x,9,.):(0,+00) - [0,1] is continuous and lim K(x,9,0) = 1.

o—+00

(N7) T(%,9,0) = 1;

(N8) (2, 9,0) = 0 if and only if » = ¥;
(N9) TI(%,9,0) = 113, %, 0);

(N10) (3¢, z,0 + 1) < (%,9,0) 0 1Y, z,7);

(N11) I1(>,9,.): (0, +00) - [0,1] is continuous and lirP M(x,9,0) = 0.
o—+00

(N12) A(x,9,0) = 1;

(N13) A4(x,9,0) = 0 if and only if » = 9;
(N14) A(x,9,0) =AY, %, 0);

(N15) A(s,z,0 + 1) < A(%,9,0) 0 A, z,7);

(N16) A(x,9,.): (0,+) - [0,1] is continuous and lirP A(x,9,0) = 0.
o—+400
Then (g, K II, 4,%,0) is called an NMS.

3. Main Section

In this section, we introduce the concept of NREBMS and establish some fixed point results.
Definition 3.1: Let & be a non-empty set and K, II,4 are NSson & X & x [0, 400). Suppose ¢:E X & -
[1,400) be a function, * and © are CTN and CTCN respectively. Then, a six tuple (&, K,II,4,%,0) is
known as NREBMS, if the following conditions are satisfying, for all »,9,z € € and o,7,w > 0,

(NRE1) K(¢,9,0) + (x,9,0) + A(3¢,9,0) < 3;
(NRE2) K(x,9,0) = 0;

(NRE3) K(x,9,0) =1 if and only if » = 9;
(NRE4) K(x,9,0) = K(I,x,0);
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(NRES5) K(}{, z,2 Y, z)(c+ 1+ w)) > K@, 9,0) * K@, u, 1) * K(u, z,w),V distinct 9,u €
E\{x, z};

(NRE6) K(3,9,.): (0,+2) - [0,1] is continuous and lir+n K(x¢,9,0) = 1.
o—+00

(NRE?7) I1(3,9,0) = 1;

(NRE8) M(3,9,0) = 0 if and only if » = 9;

(NRE9) I1(3,9,0) = I(Y, %, 0);

(NRE10) H(}{, 2,0, z)(c + T+ W)) <IM(,9,0) cI(Y,u,7) ol(y,z,w),V distinct 9,u €
E\{x, z};

(NRE11) I1(3,9,.): (0, +%) - [0,1] is continuous and lim II(x,9,0) = 0.

g+

(NRE12) A(x%,9,0) = 1;

(NRE13) A(x,9,0) = 0 if and only if » = ¥;

(NRE14) A(x,9,0) = A(Y, %, 0);

(NRE15) A(}{, z,p(,z)(c + T+ W)) < A(x,9,0) 0 A, u,7) 0 A(n,z,w),V distinct 9,u €
E\{x, z};

(NRE16) A(x,9,.): (0,+) - [0,1] is continuous and lirP A(x,9,0) = 0.
o—+00

Example 3.1: Let (E,d) be a rectangular metric space, define : & x & = [1,+) by ¥(x,9) =1+
x4+ 9 and define K,II,4:& X € x [0, +0) — [0,1] by

o
K(H;ﬁva) - o +d(}1’,l9)’
d(x,9) d(x,9)
(%,9,0) =————— and 4(»,9,0) = forallx,9 € Eand o > 0,
o+ d(x,9) o

with CTN #f * £ = min{A, £} and CTCN # o £ = max{h, £}. Then (&, K,II, 4,%,0) is an NREBMS.
Proof: Properties (NRE1)-(NRE4), (NRE6)-(NRE9), (NRE11)-(NRE14) and (NRE16) are easy obvious.
Here, we prove (NRE5), (NRE10) and (NRE15).
(NRE5) K(%, 2,0, z) (0 + T+ W)) > K0, 9,0) * K@,u, 1) * K(u, z,w) for all distinct 9,u € E\{x, z}.
Suppose that

K(,9,0) < K®,u,1)
and

K(,9,0) < K(u,z,w),
which implies that

o - T
o+d(,9) " t+d®,u)

and
o < w
c+d(,9) " w+d@,z)
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So, we obtain
od(@,u) < td(%,9) and od (1, z) < wd(,9).
This implies
(T+w)d(,9) = ald®,u) + d(u,z)] ¢Y)
Now, observe that
K(, 2,90, 2)(0 + T+ w)) = K(¢,9,0)

Yo, z)(e+T+w) - o
Y0,z)(c+T+w)+d(,2) — o+dx9)
- Y, z)(e+T+w) - o
Yo, z2) (o +T1+w) + Y0, 2)[d0G9) +d@,0) +dw, 2)] — o +d(,9)
o+T+w g

>
C ettt w+dnd) +d@w) +dwz) — o +dGe )

S (T4+w)d(e,9) = o[d®,u) + d(y,z)].
Hence,
K(x, 2,90, 2)(0 + T+ w)) = K(t,9,0) * K, 1u,7) * K(u, z, w).
(NRE10) (%, 2,90, 2)(0 + T+ w)) < (,9,0) 0 (¥, u,7) 0 M(1,z,w) for all distinct 9,u € &\

{», z}.
Recall that
d(»,9) d@®,u) d(u,z)
d(x,z) = d(%'z)max{d(%,ﬁ)'d(ﬁ,u)'d(u,z) .
Therefore,

d(¢,z) < [0+ 1+ w+d(x z)] max {d(}f,ﬁ) d@®,u) d(u, z)}.

d(,9) d(9,u) d(u,z)
Define :E X & = [1,400) by ¥(3,9) =1+ x + 9. Then

d(x,z) < [Y(,z)(o + T+ w) + d(x,2z)] max {d(%'ﬁ) d(®,u) dlu, Z)}.

d(x,9) d(9,u) d(u,z)

Also observe the fact that

d(e,z) < [Yoe,z)(o + 1+ w) +d(x, 2)] max{ d(,9) d@,u) d(w,z) }

oc+d0o,9)’ t+d@®,0)'w+d(u,z)

This implies
d(x%,z) < x{ d(x,9) , d(9,u) ' d(u,z) }
Y, z) (e +T+w)+d(x,2) c+d(,9)' 1+d®,n)’'w+d(y, z)
Then
M(x, 2,90, 2)(0 + T+ w)) < max{Il(%,9,0), 1(9,1,7), (1, z,W)}.
Hence,

H(}f, z,Y(n,z)(c + 1+ W)) <IM(,9,0) o I(Y,u,7) oy, z, w).
(NRE15) A(J{, z, (¢, z2)(c+ 1+ w)) < A(x,9,0) 0 4(9,u,7) © A(u,z,w) for all distinct 9,u € E\{x, z}.
Observe that,

d(t,z) <o+ 1+ w+d(, z)] max {d(}; ﬁ),d(i' u)'d(l‘:;z)}.
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Define :& X & = [1,400) by ¥(3,9) =1+ x + 9. Then

d(t,z) <Y, z) (o + T+ w) + d(, z)] max {d(}: 19),d(19,u),d(u,z)}.

T w
This implies
d(x,z) < d(,9) d@,u) d(u,z)
Yo, z) (o +T1+w)+dG,z) ~ T T Tw |
Then
A(}{, 2, Y0, 2) (0 + T+ W)) < max{4(»,9,0),49,1,7),4(1,z,w)}.
Hence

A(%,Z,l/)(%,z)(a +71+ W)) < A(x,9,0) 0 A9, u,7) 0 A(y, Zz, w).

Therefore, (&, K11, 4,%,0) is a NREBMS.

Remark 3.1: The above example is not a NMS. But, if we let ¢ = 1, then it is NMS.

Example 3.2: Let & = [0,1] and define :E X & - [1,+0) by (¢, 9) =1+ x?+ 9> and KII,4: & x
T x [0,+) = [0,1] by

1, if x=9

,otherwise

K(#,9,0) = {

o + max{x, 9}

0, if =17
M(x%,9,0) ={ max{x,9}P

W otherwi
p— max{x,ﬁ}P'Ot erwise
and
0, if =19
A(%,9,0) = {max{x, 9} ~ forall»,9 €Eand o > 0.
— Y otherwise

Then (T, K,II,4,%0) is an NREBMS with CTN A * £ = h-£, CTCN A © £ = max{h,f}and p = 1.
Example 3.3: Let & = [0,400) and define ¢:& X & = [1,400) by (¢, 9) =1 +§ and K, I1,4: & x & X

[0, +0) — [0,1] by

1, if »=9
K¢, 9,0) = {76 ,otherwise
o+ (x+9)P
0, if =9
MG, 9,0)={ (c+9)P :
m, otherwise
and
0, if =9
A(x,9,0) = [(M + 9)P ~ forall»,9 €Eando > 0.
———, otherwise

Then (T, K,II,4,%0) is an NREBMS with CTN A *¥€ = h-#, CTCN A 0 £ = max{h,¥}and p = 1.
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1, if =139

1+ » + 9, otherwise and

Example 3.4: Let & = [0, +0) and define ¢: & X & —» [1,4) by (¢, 9) = {
K,II,4: & X € x [0,400) = [0,1] by

o
K(x, 9, =
G0 9,0) = e —op
NG, 0,0) = 2"
O e =0
and
| — 9P
A(x,9,0) = — forall »#,9 € Eand o > 0.

Then (T,K,II,4,%0) is an NREBMS with CTN #A* € = h-#, CTCN A © £ = max{h,¥}and p = 1.
Remark 3.2: The above examples 3.3 and 3.4 are also NREBMSs if we take f * £ = min{h, €}, and A ©
£ = max{h, £}.
Definition 3.2: Suppose (E,K,II, 4,%,0) isa NREBMS and assume {3,} be a sequence in & Then
> {x,} is said to be a convergent sequence if there exists » € & such that
ngrpm K(¢t,, #,0) = 1,forallg > 0
nl_l)IPOO (3,,#,0) =0, forallg > 0.
and

lirP A(xy,n,0) =0, forallog > 0.
n—-+oo

» {x,} issaid to be a Cauchy sequence if

ngrpm K(%n, J{n+q,0') =1 forallo >0

nl_1>r+r100 H(}{n, un+q,a) =0 forallo > 0.

and
lim A(un, un+q,a) =0 forallo > 0.

n-+oo

> The NREBMS (&, K,I1,4,%,0) is called complete, if every Cauchy sequence is convergent in
c.

1, if =7~

Example 3.5: Let € = [0, +0) and define :& X & - [1,+) by (¢, 9) = {1 + 3 + 9. otherwise and

K I,4:& X & x [0,400) - [0,1] by

o
K(,9,0) = —————
(6.9, 0) o+ |x—9P
10t 9, 0) = [ —I|P
v o+ k=0’

and
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| — 9P
A(x,9,0) =——— forallx,9 € Eando > 0,
o+ |x—9P

then (T,K,II,4,%,0) is an NREBMS with CTN A *# = h-£, CTCN A © £ = max{h,f}and p = 1.

Let {sx,} = % forall n € {1,2,3,---} be a sequence in &, then {i,} converges to 0. Now

] ] o
nl—1>r-+1:100 K(%nl 0! O-) - nl—1>r-poo 1 P 1;
o+ (H
1)”
n _
nl_l)moo M(x,,0,0) = nl—l>IPoo 7= 0,
o+ (ﬁ
and
3)
lim A(x,,0,0) = lim A2 —o.
n—-+oo n—-+oo g

That is, the sequence {x,}is convergent.

Example 3.6: Consider the preceding example and a sequence »x, = % for all n € {1,2,3,---,}. Then

forall q € {1,2,3,--}, we get

lim_ K(3p, #p4q,0) = lim 5 ? 5 =1,
" - U+(nL+1) +“'+(n}-q)
1 \° 1 \°

lim. N0t %nsqr @) = lim. (n + 1) : + (n + z) o,
0+(n+1) +m+(n+q)

and

p p
(nL-I-l) toe (n}-q)

11m Alx,, n = lim = 0.
Nt ( n’ n+qr ) N—+00 o

That is, the sequence {»,} is Cauchy.

Lemma 3.1: Let {»,} be a Cauchy sequence in a NREBMS (E,K,II,4,%0) such that s, #x,,,

whenever n # m for all m,n € N. Then {»,} converges to at most one point in &.

Lemma 3.2: Let » and 9 be any two pointsina NREBMS (g, K, 1, 4,%,0). If for any 7 € (0,1), we have
K(¢,9,n0) = K(x,9,0),11(x,9,n0) < (%,9,0) and A(x,9,n0) < A(x,9,0),

then » = 9.

Theorem 3.1: Let (,K,I1, 4,%,0) be a complete NREBMS such that
lim K(¢,9,0) =1, 11m M(x,9,0) =0, and lim A(¢,9,0) =0, forall»,9 € & (2)

og—+00 o—+00

Let £:& —» & be a mapping satisfying
K(&x, &9,n0) = K(¢,9, 0), (¢x, &9,n0) < (3,9, 0),
and A(¢x,&9,n0) < A(%,9,0) €))
forall »,9 € & n € (0,1). Then ¢ has a unique fixed point u € &.
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Proof: Let »x, € & be an arbitrary point and let n € N then begin an iterative process such that

npy1 = &y Continuously, applying an inequality (3), we deduce that

o o
K(}{n'}{n+11 0) =K (%Oixlv n_n) ’ H(%nv An+1) O-) <n (HOJHI! n_n) and A(”n:”n+1: 0-)

g
S A(J‘fo,}fl,n_n). (4’)

Since, (&, K, II,4,%,0) is a complete NREBMS, then for the sequence {x,}, writing o = §+ % + % and

using the rectangular inequality given in (NRE5), (NRE10) and (NRE15) on
K(J{n, Hnips 0'), H(%n, Hnip cr) and A(%n, Hnip cr), we have the following cases.

Case 1: If p is odd, thenp = 2m + 1 where m € {1,2,3,...}. So, we have

o
Kt s ) = K (s 011, 37— )
nw *n+2m+1

o g
* K| x P4 —) * K (J{ b —)
( b Tz 3lp(”n' %n+2m+1) ey Snezm 31/)(”71' J'fn+2m+1)

o o
ZK(% , M —)*K(% H —)
o 3Y (Ot Hprame1) L Tnz 3Y (tn, Hns2m+1)

o
* K (H » Mn+3, )
n+2, An+3 (32 Gty #pr2mae IV Hnga, Hnz)

g
* K (H M+, )
n+3, An+4 (32 Gty #pr2mae IV Hnga, Hnz)

g
* K (J{ prs ’ )
n+4 An+2m+1 (3)2¢(Mn,}fn+2m+1)lp(}{n+2; Hn+3)

g g
S S S DY (R
won 3¢(Kn'”n+2m+1) b Tz 31/)(Knr%n+2m+1)

g
* K (}f y M3 )
nt2 Tnts (3)21/)(7'%, Kn+2m+1)1/}(”n+2»”n+3)

g
* K (% y Hnta, )
nt3 Tnta (3)21/)(7'%; J‘fn+2m+1)1/)(7'fn+21Kn+3)

g
* K <}{ , Hpis, )
e Tnes (3)31;0(%71: J'fn+2m+1)lp(}{n+2: J'{n+3)lzb(}{n+4-' ”n+5)

g
* K (J—t s At )
s Tnte (3)31;0(%711 J'fn+2m+1)1.b(}fn+2: J'{n+3)lzb(}{n+4-' J"n+5)

K oee %

o
K(x o Xntoamad )
nA2m EA2mAL (3yMy (e 4 2m )W Gna 20 +3)P Gtngaitns) Y Otns 2mins2me1)

g
NGt #piomer,0) <11 (”n:”n+1’W>

o o
S TR AN P S S
i n+2’3lp(”n:”n+2m+1) e n+2m+1'31/)(”n'”n+2m+1)

o o
SH(J{,H ,—)ol‘[(x [ A p—— )
won 3 (o, Hns2me1) b nt2 3Y (3, Hns2me1)
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o
oIl <J{ » Hnt3, )
a3 (32 Gty s 2mae DV a2, Hpis)

o
ol <J{ y M4, )
a3 Tt (32 Gty s 2mae DV a2, Hpis)

g
oIl <h’ K ’ )
e Tnramd (3)2¢(”n: %n+2m+1)lp(}{n+2’”n+3)

o o
SH(H,J{ ,—)OH<}[ [ — )
won 3lp(”n'%n+2m+1) Tt 3¢(”n:”n+2m+1)

o
oIl <h’ » Hn43s )
n+2 n+3 (3)2¢(”n: %n+2m+1)lp(}{n+2’”n+3)

o
o]l <J{ 1 Hntdo )
nd Tnta (3)24}(”11: %n+2m+1)¢(%n+2t”n+3)

o
oIl (% »Hnts, )
n+4» An+s (S)SIP(%TU %n+2m+1)¢(%n+2’ J‘fn+3)1/)(7'fn+4; }fn+5)

o
oIl (% » An+er )
TSI (3)3Y Oty Mg 2ma DV Otnazs Hng3) W Fnss Hnss)

0O ...0
o

H(J{ +2m ¥nt2m+1 )
n+2m nt+2m ’(3)mw(}‘ln:}‘ln+2m+1)lp(”n+zr”n+3)lp(}{n+4'}{n+5)"'lp(%n+2m’%n+2m+1)

and
o
A(}fn, Hn+2m+1r 0) <4 Hwdnrv g o —

Y, Hpsame1)

o
o/ (K ” —) oA (}f Huv2m —)
n+l n+2 Sl/)(}tnr Hp+2m +1) 2 Snkzmal 31/}(}{11» J‘fn+2m+1)

o o
YT DY (R —
i 3¢(”nrkn+2m+1) b Tz 31/)(Knr%n+2m+1)

g
oA <J{ » Hnt3, )
n+2, tn+3 (3)21/)(%11’ Kn+2m+1)ltb(}{n+2' Hn+3)

o
oA <J{ » Hnta )
TSI (324 (ot Mg 2ms )W Gtnga Hnes)

o
oA <J{ M ’ )
MR TIEIIY (3) 29 Oty Hnsame )V Gz, Hnvs)

o o
YT DY (R —
o 3¢(”nrkn+2m+1) b Sz 31/)(Knr%n+2m+1)

o
oA (z » Hne3, )
nt2 Tnt3 (3)21/)(”711 ”n+2m+1)lp(}{n+2’”n+3)

o
oA (z » Hnsa, )
nt3r Tntd (3)21/)(”711 ”n+2m+1)lp(}{n+2’”n+3)

o
oA (}f » Hns) )
TS (33P0t nsame 1)V iz, Hng3) W Ctyga, Hnys)
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o
oA (% JHorc, )
S Tnte (3)31/)(%11' %n+2m+1)¢(”n+2' ”n+3)¢(}{n+4' %n+5)

0...0
o

4 (” +2m Hnt2m+1 )
e e (3)mlp(%n'%n+2m+1)w(”n+2v%n+3)¢(}{n+4:Hn+5) "'w(}{n+2m:%n+2m+1)

Using (4) in the above inequalities, we deduce

o o
Ot Hntzme1,0) "o % 3" Y (O, Hps2ms1) ) o1 3N 1Y, Hpsame1)

o
* K (% , M, )
o (3)277n+21»b(%n'%n+2m+1)¢(}{n+2'”n+3)

o
* K(% , My, )
oo (3)2777“-311[}(%11'”n+2m+1)lp(”n+2'%n+3)

g
* K (% , e, )
oo (3)377”+4¢(%n; J’fn+2Tn+1)1/)(J‘fn+2' J'fn+3)1z[}(7'fn+4t J‘fn+5)

o
* K(H , M, )
o (3)3nn+5¢(ﬂnr”n+2m+1)w(%n+2:Hn+3)lnb(}{n+4x%n+5)

EEEE 3

g
K (}{ , M, )
o (3)m77n+2m¢(%’n. J"-’n+2m+1)lp(}‘ln+2: Hn+3)¢(%n+4—x J'{n+5) lp(}{n+2mx J'fn+2m+1)

g g
ZK(H,J{, )*K(J{,J{, )
oot 3rlnlp(}fn'J'fn+2m+1) o (371)77"1/1(%11; J‘fn+2m+1)

g
* K(J{ , My, )
o (3n)2nn¢(}fn'”n+2m+1)lp(%n+2'%n+3)

o
* K (J{ ,Hq, )
o (377)277n+11/)(”n1%n+2m+1)1/)(%n+2'”n+3)

o
* K (J{ VM, )
oo G301 (o, Hprame 1) Otnszs M 3)W (i ar Hngs)

o
* K (J{ VM, )
oo B30 2P (o, Hpram+ 1) Otnszs M 3)W (pas Hnys)

K oee %

g
K (J{ VM, ),
o (372)’"7)“'"1/1(%7“ %n+2m+1)1/)(%n+2' J‘fn+3)1/)(3‘fn+4' Kn+5) ¢(J{n+2mr Kn+2m+1)

o o
0t Hnsomer, 0) <11 (%0’ v 3P Gtn, Hngzme1) ) o (KO’ v 3" 1Y Gty Hpsomer) )

(e

R O e Tememe o)
o

of <H0' v (32039 Gtn, #nt2m+ )W Gtntz) Hnvs) )
o

o (%0' v 3™ * Y (tn, #ns2me )V Hnt2, Hng3) W Otrg s, Hnys) )
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o
oll (% , M, )
o (3)3777”51»0(”11'%n+2m+1)¢(}{n+2'”n+3)¢(%n+4'%n+5)

0...0

g
I1 (% , Mq, )
o (3)mnn+2mlp(}fn' ”n+2m+1)lp(%n+2v ”n+3)lp(”n+4! J'fn+5) lp(”n+2m: Hn+2m+1)

o o
SH(%,%, )OH<H,H, )
o 3nnlp(”nvkn+2m+1) o (377)77"1/)(”n;%n+2m+1)

o
R O ey 7 rapwrapes )
o
o1 (0 G2 Gl sz DV Gl Horr3) )

g

QUCES G0 Y Gt s zms DV Ginr2s Hons3)P G Honrs) )
g

QUCES G029 Gt s ams DV Ginr2s Ko)WY G Honrs) )

0...0

o
I1 (J{ , M, ),
oo (377)m77n+m¢(h’m Hn+2m+1)¢(”n+21 J"-’n+3)lp(}fn+4: Hn+5) o lp(%n+2m: Hn+2m+1)

and
AGtn Hnvame1, 0) < 4 (%0'%1' 377n¢(%n»0”n+2m+1) ) o4 (%o'%l' 37)n+1¢("f:-» Hnizm+1) )
o
R O T Tewowwmey oo )
o
R O T Tewwwmey oo )
o
o4 (HO’Hll (B 3n™ Y (o, #ns2me 1)V itz Hna3) W Ctrga, Hnys) )
o
o4 (HO’Hll (B35 (Gt ns2ms+ DY nazs Hne3) P Otngas Hnys) )

0...0

g
A (J{ , M1, )
oo (3)’"7)"”'"1/1(%7“ %n+2m+1)1/)(%n+2' J‘fn+3)1/)(3‘fn+4' Kn+5) ¢(J{n+2mr Kn+2m+1)

o o
SA(%,%, )0A<J{,J{, )
o 37)n1/)(”n' J‘fn+2m+1) o (377)77"1/)(%n,%n+2m+1)

o
O e e e
o
>4 <%0’K1’ G ™ 1Y Gtn, #n12ms DY Otniz, #nis) )
o
o4 <K0' v G330 Y Gtn, #nr2me )P Otniz, #n13)P (g ar Hnis) )
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o
oA (;{ VM, )
o (3n)3nn+2¢(7{n:Hn+2m+1)¢(%n+2'%n+3)¢(}{n+4'”n+5)

0...0

o
A (}{ VM, )
oo (377)m77"+m¢(”n' %n+2m+1)lp(”n+2v ”n+3)¢(”n+4: Hn+5) o 1/)(J'fn+2m: Hn+2m+1)

Case 2: If p iseven, then p = 2m;m € {1,2,3,---}. So, the we have

o
KQGtp, #piom 0) = K <Mnf%n+1:W)
n *tn+2m

(o}
) * K<}{n+21}fn+2m' 31/)(}{ % ) )
n tn+2m

o

* K (Kn+1l Hn+2'W
nm tn+2m

o o
ZK(% M ,—) K(}f 4 ,—)
won Sw(%n' J’fn+2m) " b Tz 3lp(%n'%n+2m)

o
* K (}f IR ) )
n2rnt3 (S)ZIP(%n: %n+2m)¢(”n+2t”n+3)

o o
* K <}{ S Hpva, ) * K <% s , )
sl (3)2'(/)(7'{11' J"-’n+2m)1p(}‘ln+2:}‘ln+3) e Snezm (3)2¢(%n1”n+2m)¢(%n+2'”n+3)

o o
= Koo sy ) Koo )
o 3¢(Hnr J"-’n+2m) " M+t Hnez 3lp(}{n:}{n+2m)

o
* K (H » Hn+3) )
n+2, #n+3 (3) 2P (ot #pg 2 )W Gtpgn, Hnys)

o
* K (% IR ) )
n+3»tn+4 (3)21,[1(7'%' ;{n+2m)1p(%n+2. %n+3)

g
* K (% , Hpyc, )
s (3)31/)(}%' J‘fn+2m)l/)(}{n+21 Kn+3)1l}(%n+4» J‘fn+5)

g
* K (% y At )
s 6 (3)31/)(}%' J‘fn+2m)1/)(}{n+21 Kn+3)1l}(%n+4» J‘fn+5)

K oee %

g
K (% _o K )
nA2ZM=22 TRAZM (3YM=14) Gty b 20m)P Ginp 2,743 Otng adtnt5) W Otng 2m—2. M+ 2m)

o
NGty #pyom 0) <11 (Kn’ Hn+1 W )
w tn+2m

o o
0H(J{ , M ,—)OH<H IRs4 ,—)
b Tz 31/)(”n17{n+2m) e fnezm 31/)(Knr%n+2m)

o o
SH(%,J{ .—)Ol’[(z A — )
" nH SII}(J{TL' ”n+2m) nH e 31/)(}{11' ”n+2m)

o
oIl (z » Hn+3) )
n+2) n+3 ) 2Y Gty Hpg 2 I Gty s Hng3)

o
ol <}t yHntas )
ns Tntd (3)2¢(Hn; J'fn+2m)lrb(7'{n+2'J'fn+3)

o
oIl <}{ 4 , )
n+4 Hn+om (B)2Y Gty Hp 2 )W Gty 2s Hnts)
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o o
<1 ( , —) ol ( ' —)
Hp M1 3¢(Hn;%n+2m) Hp+1 Hn+2 3¢(”n'%n+2m)

o
o]l <J{ ) Mn+3s )
a2 Tnd3 (3)2110(”71; J'fn+2m)1:b(}'fn+2'}{n+3)

o
oIl <M » Mnta )
3 Tnta (3)2¢(”nv”n+2m)¢(”n+2!”n+3)

o
oIl (% » Mnts, )
e TS (3)31/)(”11, %n+2m)lp(”n+2! J'fn+3)1p(}'{n+4: Hn+5)

o
oIl (% » Mnter )
s 6 (3)31/)(”11, %n+2m)lp(”n+2! J'fn+3)1p(}'{n+4: Hn+5)

0...0

o
H(}f +2m-2 Xnt2m )
rremm e m(3)mlp(%n'%n+2m)¢(”n+2'”n+3)lp(%n+4'%n+5)"'lp(%n+2m—2'}ln+2m) '

and

g
A(HTIJ Hn+2ms O-) =4 (Hn' Hn+1s W )
n *n+2m

o o
10 A , y T —————————C O A ( ] ’—>
(%n+1 Hn2 3¢(”n:”n+2m)) Hn+2) Xn+2m 31,[1(an %n+2m)

o o
S A < ) '—> O A < ’ ’—)
Hony M1 3¢(”nr”n+2m) Hnt1) Hns2 3lp(}{n,ﬂn+2m)

[
oA (J{ » M3 )
a2 Tnt3 (3)24}(”11: %n+2m)¢(%n+2t”n+3)

o
o] <J{ » Mnta, )
n+3 Mn+a B)2Y Gty #pg2m)W Ctngz, Hnys)

o
oA <J{ K ’ )
o Tntzm (3P Gtny Mg 2m)W Gtng2, Hnys)

o g
S A < ) 1] —> © A < ’ ! —)
Hpy M1 3¢(%n.1‘5n+2m) Hns+1) Hns2 31/)(%n:”n+2m)

o
oA <u » Hn+3s )
n+2rtn+3 (3)21’[)(}{11’ Kn+2m)ltb(}{7’l+2' Hn+3)

o
oA <u y M nta )
TSI (3) 29 Gty Hg2m) W s Hnes)

o
oA (% » Hnts) )
e TS (B3P (tn, ns2m )W Gtz 04 3) W Gtrgar Hnss)

o
oA (% » Hnter )
s 6 (B2 Gty s om )P (Gtnss #n43)W (Hpga Hngs)

0...0

g
A (J{ M ) )
n+2m-2» tn+2m (3)7”1/)(%71’ %n+2m)lp(}fn+2' }{n+3)l/)(%n+4, J{n+5) lp(%n+2m—2. J‘fn+2m)

Using (4) in the above inequalities, we deduce
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o g
Kt susams0) 2 K (s et ) o K (o g )
o
“K (%0' g )22 (s, Hp 42 )W Ot Hg3) )
o
HK <”°'”1' (2139 Gt K 2m) P Gt Hones) )
o
HK <”°' "V Y Y ts Ko 2 Gimr2 s3I st e s) )
o
HK <”°'”1' )3T 5P 0t Horr 2P Gt 20 s )W Gy Hones) )

o
K (% , M1, )
. (3)m_177n+2m_2¢(%n' J'fn+2m)lp(}fn+2' %n+3)¢(”n+4t J‘fn+5) w(%n+2m—2' J‘fn+2m)

g g
ZK(H,J{, )*K(J{,J{, )
oo 37lnlp(}fn'%n+2m) o (371)77"1/1(%11; J‘fn+2m)

o
* K <J1’ , M4, )
o7t (377)27711710(”1‘“ J"-’n+2m)lp(}'{n+2:}'{n+3)

o
* K (J{ VM, )
oo (3n)2nn+1¢(”n:Hn+2m)¢(”n+21”n+3)

o
* K (J{ ,Mq, )
oo (377)377“11,0(”11; Hn+2m)¢(}{n+21 J'fn+3)lp(%n+4: Hn+5)

g
* K (}{ , M, )
oo (377)37)"”1!}(%71: %n+2m)¢(}fn+2t J‘fn+3)1/)(3‘fn+4' J'fn+5)

g
K (J{ VM, ),
o (371)’"'17)“'"'11/1(%7“ J‘fn+2m)ll)(7'fn+2' J‘fn+3)1/}(3‘fn+4» J‘fn+5) ¢(”n+2m—2' ”n+2m)

MGt Hsom: 0) < 11 (K(]’ " 377n1/)(}‘f: Hns2m) ) ol (Ho’xl' 377n+11/’(::n' Hni2m) )
o
of <%0' o ()22 (rt, My 2m )W Otyg2, i y3) )
o
of <%0' o ()23 O, My 2m )W Otyg2, M y3) )
o
ol (”"' "V BN Y Gty Ko 2 Gimrz s ) Ot Hoes) )
o
o1 (0 G5 Ot Hrram )W Oz eIV Gl Honrs) )

g
I (}f , M, )
o (3)'”77"”’”_21!’(%1“ J'fn+2m)l;b(7'fn+2' J'fn+3)1pl}(7'fn+4' J'fn+5) ¢(Hn+2m—2' ”n+2m)

g g
SH(%,}{, )OH(J{,I, )
oo 3nnlp(}{n'7{n+2m) 0 (377)77“110(%71' J'fn+2m)
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g
ol (%0’%1' B 2n™P Gty Hpt2m)P (2, Hngs) )
g
ol (%0’%1' G2 1Y (1, g 2m) WP Otgas Hng3) )

o

o <”°'”1' G Y Gty Honr2m) W Ginr 2 Hns )W i Hnes) )
o

o <”°'”1' G2 Gty Honr2m) W Ginr 2 s )W it Hones) )

0.0

o
I (H VM1, — — )
oo (3Tl)m 1nn+m 1¢(Hn' %n+2m)¢(%n+2: J'fn+3)“»b(}{n+4' %n+5) w(}{n+2m—2' J'fn+2m)

and
o g
Btz ) % 8 (00 s s ) 0 8 (oot )
o
o4 <”0' - (B2 2P (s, 4 2m )W Ctygz) Hngs) )
o
o4 <”0' e (B2 3Y (s, 4 2m )W Ctrgzs Hngs) )
o
o4 (HOJHI' (B)3n™ 4 (o, 4 2m )W Gtrg2s #n13) W Otnyar Hnys) )
oA d
O R T e T e T v,

0...0

g
A (J{ , M1, )
oo (3)’"7)””""21/1(%7“ J‘fn+2m)ll)(7'fn+2' J‘fn+3)1/)(3‘fn+4' Kn+5) ¢(”n+2m—2' ”n+2m)

o o
SA(H,J{, )OA(}{,L )
oo 3™ (s 2m) 0 GmN™Y Gy, #ps2m)

o
04 (KO’HD G2 Y Gty Hpp2m I Gtny2, Hns3) )
o
04 (KOJKD B 2™ 1Y Gty My 2m) P (2, Hng3) )

g

o4 (”0' "V BN Y Gty K2 )W sz Ko )W Gt s o) )
g

80 G G e D)

0...0

o
A (J{ , M, )
oo (3n)m_1nn+m_1lp(}fn'Kn+2m)¢(}fn+2'Hn+3)¢(”n+4:%n+5) "'¢(Hn+2m—2'}fn+2m)
Therefore, from lilzl K(,9,0) =1, 111}1 [1(3,9,0) = 0 and lir+n A(%,9,0) =0, and cases (1),(2), we
og—+00 g—+00 g2+

get

Naeem Saleem, Umar lIshtiaq, Khaleel Ahmad, Salvatore Sessa, and Ferdinando Di Martino, Fixed Point Results in
Neutrosophic Rectangular Extended b-Metric Spaces



Neutrosophic Systems with Applications, Vol. 9, 2023 64
An International Journal on Informatics, Decision Science, Intelligent Systems Applications

nl_l)r}_loo K(}{n,){n+p,0') =1, nl_l)rll H(%n,%n+p,a) =0 and 11m A(Hn, J1’n+p,0') = 0.

That is, a sequence {x,} is Cauchy. Therefore, (&, K,II,4,%,0) is a complete NREBMS, so there exists

u € &, and we have
lir+n K(Gt,,u,0) =1, lirp M(3,,u,0) = 0 and lirP A(x,,u,0) =0,forallc > 0and g = 1.
n-+o n—-+oo n—-+oo

Now, we show the existence of a fixed point u.
o

K .0) 2 K 1 ”wciﬁ> K (s 3, fu)) K (s o, 3¢(Z, fu)>

=K (u’ g m) K (5””‘1’ $ns 3¢(Z, fu)) (5”’“ S, fu))
o o o
=K (u, Yo 3Y(y, fu)) K (%”_1'%”' 3y (u, fu)) K (H"' u, 3nty(u, fu))

- 1x1*x1=1asn— +oo,

My, &u,0) <1 <u, ”"’MW) oTl <}t’n.h’n+1:3lp(zw> oIl <%n+1: &u, m)

=1 (“’ ””'MW) ol (f”"‘l'f”“' 3¢(ff, Eu)) (5”"'5“ 3U(u, Eu))
o o g
< 1wt 35 es) © 1 v g s o 1 g s

—-00000=0,asn— 4+

and

80.0.0) =8 (s 20 30 5) 0. (st s ) 0 8 (e b5 )

=4 (“’ ”"’@) o4 (E””‘l’f”"’ 31/;(3, Eu)) <E”"’ ey fu))

<A (u, Hn, Hp, U

srgm) A (g aes) 0 P s)

—»>00000=0asn— +om.
Uniqueness: Suppose v # u, be another fixed point, then

K(v,u,0) = K(év, &u,0) = K (v, u, %) = K(fv, éu, %)

a
=
2
n

o
2K<v,u )2 e > K(v,u,n—n) —lasn — +oo,

N(v,u,0) =N¢v,éu,0) < (v, u,%) =1l (fv, fu,%)

o g

< l'[(v,u,—z) <--< H(v,u,—n) —0asn - 4o,
n n

and

A(w,u,0) = A(év,&u,0) < 4 (v, u,%) =4 (fv, fu,%)
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o o
< A(v,u,—z) < <Z A(v,u,—) - 0asn - +oxo,
n n"
Hence, u = v.

Definition 3.3: Suppose (,K,II, 4,%,0) be a complete NREBMS. A mapping ¢:& - & is known as
neutrosophic rectangular contraction, if
1

K(&x,89,0)
and 4($x, 9,0) < ndA(x,9,0) 5)
forall »#,9 € &n € (0,1)and o > 0.

Theorem 3.2: Suppose (E,K,I1,4,%,0) be a complete NREBMS, such that
lim K(x,9,0) =1, lirP [I(»,9,0) =,and lirJP A(x,9,0) =0 forallx»,9 €Z. (6)
o—+0co g—>+o

g—+00

1
1<n [m - 1], (&, &9,0) < nll(x, 9, 0)

Let £:& — & be a Neutrosophic rectangular contraction. Then ¢ has a unique fixed point u € &.
Proof: Assume (T, K,II,4,+,0) be a complete NREBMS, let an arbitrary point », € &, and define a
sequence {x,} in & by

wy =Eny , my = &%y = &y, ity = My = Ex,_q forall n €N,
If », = »,_, for some n € N then 1, is a fixed point of {. We suppose that s, #x, ; forall n€
N. For ¢ > 0 and n € N, utilizing (5), we get

1 1 1

KQtp, #n41,0) -1= K(§rn_1,§3n, 0) —i=m [K(”n—p}fn: o) -

That is,

1 < ]
K(%n' Hn+1s 0) B K(%n—lr Hn 0)

+(1—-n),Vo>0,

2

n n
1-P—— "
7 K(Kn—Zl}{n—lt 0-)

B K(fkn—Zl E”n—l' O')
Continuing this way, we get

1 < n
K(tp, #p11,0) ~ Koo, 31, 0)

+( +n1-m+ A —-n).

n

+n" A=)+ A=)+ @ -+ (1 —n)

n

n n—1 n—2
- e 1)(1 —
= KGtg, 70, 0) +@ AT+ DA 1)
nn
——+ (1 -—7n").
= Koty T 71
We have,
————— < K0, %41,0),Y 0 > 0,n €N, )
KGroo o)t (171
H(}{n, ”n+1' O-) = H(f”n—l: f}{n: O-) S UH(”n—p Hn’ O-) = Un(f”n—z, f”n—l: O')
< UZH(%n—Z'%n—l: 0-) <o =< U"H(Ho' }{1,0‘) (8)
and

A(J’fn' Hn+1s o) = A(E”n—l: Sy, o) < n4 (%n—li A, o) = n4 (E}fn—z' $Hn_q, o)
< UZA(”n—z;”n—p O-) < < UnA(”o'”p O'). (9)
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Since (&, K, I, 4,%,0) is a complete NREBMS for the sequence {»,}, writing o = §+ % + % and using

the rectangular inequalities given in (N5), (N10) and (N15) on
K(J{n, Hnips 0'), H(%n, Hnip cr)and A(%n, Hnip cr), in the following cases.

Case 1: If p is odd, thenp = 2m + 1 where m € {1,2,3,...}. So, we have

o
K ) ) 2 K < ) ) PN )
(%n Hnt+2m+1 O-) Hpy Hnt1 31/)(Hn:%n+2m+1)
g
* K(

o
I 4 — | xK <J{ 4 —_—C )
i 31»[)(”71' %n+2m+1) ) ey Snezm 31»0(”11' %n+2m+1)

o o
ZK(% U ,—)*K(}{ K ,—)
won 3¢(%n: J'fn+2m+1) b Tz 3‘¢’(%n'%n+2m+1)

o
k K (}f ) x ’ )
BT (3) 20 (o, Mt amer 1)V (naz) Hnss)

g
* K (H M+, )
n+3, Xn+4 (32 Gty #pr2mae IV Hnga, Hnsz)

g
* K (J{ s ’ )
n+4 An+2m+1 (3)2¢(Mn,}fn+2m+1)lp(}{n+2; Hn+3)

o o
ZK(% ,H ,—>*K(;{ M ,—)
o 3¢(Hnr J"-’n+2m+1) L nt 3lp(}{n:}{n+2m+1)

g
k K (}f ) x ’ )
ntz Tnts (S)ZIP(%n: %n+2m+1)¢(”n+2t”n+3)

(2
* K (% , M ) )
n+3» tn+4 (3)2¢(%n' %n+2m+1)lp(%n+2' %n+3)

g
* K <% , Hpyc, )
s (3)31/)(}%' J‘fn+2m+1)l/)(}{n+21 Kn+3)1l}(%n+4» ”n+5)

g
* K (J—t JHre, )
e fnte (3)3110(}{711 J'fn+2m+1)1pb(}fn+2: J'{n+3)lzb(}{n+4-' J"n+5)

K oee %

g
K (% 4 )
A2 ENAZMAL? (33N oty 4 2m 4+ 1)DW 2 7430 Gl adtnds) P Ctnt zmMn s 2ma1)

o
A
Oty Hp12m+1,0) nEntl 3Y (0t Hpsame1)

o o
1 (spss0s2r 5 ) O 1 gz s 5 )
v n+2’31/)(”nr}fn+2m+1) e n+2m+1’3lp(}{nr}{n+2m+1)

o o
BT PP P A
won 3Y (Otn, Hny2m+1) e 3Y (tn, Hns2m+1)

o
oIl <}t yHne3s )
n+2»tn+3 (3)2¢(Hn,%n+2m+1)¢(%n+2'H”+3)

o
ol <}t 1 Hnta )
nd Tnta (3)2¢(Hn’%n+2m+1)¢(%n+2'Hn+3)

g
ol <}{ K , )
b Tnzm (3)2¢(Hn'%n+2m+1)¢(%n+2'Hn+3)
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o o
SH(” ;H -}-]_’—>OI—[<}'f +1I}{ +2’—)
e 3¢(Hn'%n+2m+1) " " 3¢(”n'}{n+2m+1)

o
ol <J{ yHnt3s )
a3 (32 Gty s 2mae DV a2, Hpis)

o
oIl <h’ y Antan )
n+3 s (3)2¢(”n: %n+2m+1)lp(}{n+2’”n+3)

o
oIl (% JMpic, )
e Tnts (3)3lp(%n' %n+2m+1)lp(”n+2! J'fn+3)1p(}'{n+4: Hn+5)

o
oIl (% JHre, )
ns Tnte (3)3lp(%n' %n+2m+1)lp(”n+2! J'fn+3)1p(}'{n+4: Hn+5)

0...0

o
Il (}f +2m Hn+2m+1 )
remy A (3)mlp(%n'%n+2m+1)¢(”n+2'”n+3)lp(%n+4'%n+5) 1/)(J‘fn+2m'J'ln+2m+1) '

and
AC y<4 7
My Mpiomi1, 0) < (H v +1,—>
onem e 3Y (o, Hpvam1)

o o
9 PR S, DT PR— —
i n+2,3w(”n:}‘ln+2m+1) e n+2m+1,3¢(}{n1%n+2m+1)

o o
ST (R S, PP (U —
won 3¢(”n:”n+2m+1) e Tnt 3lp(}{n:}{n+2m+1)

g
oA (J{ » Hnt3 )
ntz Tnts (3)21p(”n: %n+2m+1)¢(%n+2t”n+3)

o
oA <J{ » Hnta )
nd Tnta (3)21/)(”71, Kn+2m+1)1/}(%n+2»”n+3)

g
oA <J{ WM , )
T am (3)2¢(”nrkn+2m+1)¢(”n+2»”n+3)

o o
SA(J{,J{ ,—)oA(H S H gy ————— )
o 3 (o, Hns2me1) T 3Y (o, Hns2me1)

g
oA <J{ » Hnt3, )
n+2, tn+3 (3)21/)(%11’ Kn+2m+1)ltb(}{n+2' Hn+3)

o
oA <J{ » Hntan )
TSI (324 (ot Mg 2ms )V Gtnga Hnes)

g
oA (% , Hpyc, )
e TnEs (3)31/)(}%' %n+2m+1)¢(”n+2» J‘fn+3)1/)(}{n+4' Kn+5)

g
oA (% y Hve )
s Tnte (3)31/)(”71: ”n+2m+1)ll}(”n+2’ ”n+3)1/)(”n+4' ”n+5)

0...0

g
A (J{ omr HXnvo2mt )
e Tnamy (3)mlp(%n' Kn+2m+1)l/)(}fn+2' Kn+3)l/)(%n+4-: %n+5) lo[)(}{n+2m' J'fn+2m+1)

By using (7), (8) and (9) in the above inequalities, we have
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K(Kn, Hnrom+1r J)

> o *
5 +@ -1
P AP ——
o 3lp(%nv ”n+2m+1)
1

n+1
n

5 ) + (1 — nn+1)

K(}f MM 77—
o 3110(%11' ”n+2m+1)

nn+2

+ (=)

o
K (%0’ ¥ (3)2¢(”nv ”n+2m+1)w(%2' %n+3)>
1

nn+3

+ (=)

o
K (%0, Hq, (3)21,0(%‘“' ”n+2m+1)w(%"+2’ Hn+3))

1

nn+2m

o
K(}{ , Mq, )
0 (3)mlp(}fn'%n+2m+1)¢(%n+2'”n+3)lp(”n+4'%n+5)"'¢(”n+2m'%n+2m+1)

1 1
5 ) +(1 -1 " ) +(1 - (™)

K(J{,J{,— K{ng, 9 5577——
o 3Y 0ty Hns2ms1) o 3Y 0t Hpram+1)

*

+ (1 — nn+2m)

= 7

1

" (2
T L >+(1 ™)

Ho, Hq,
0 (3)2¢(%n'”n+2m+1)lp(%2t%n+3)
1

K( (77)277n+; ) + (1 — (n)2yn+)

Ho, Hq,
071 (3)29 (tn, s 2ma 1) )W Otnaz, Hnss)

1

q ()" jra- (o)

Ho, M
o (3)"11/)(;{7“ %n+2m+1)1/)(”n+2' J‘fn+3)1/)(7'fn+4r %n+5) o l/)(J‘fn+2mr Kn+2m+1)

Jor b o)
v 1'3¢(”n'”n+2m+1)

o

NGy, » +2 +1.U) <"l <%0.H1.—
e 31/)(}{71' J'fn+2m+1)

o
o n+21-[ <}‘f M, )
7 o (32 Gty ns2me 1 DV (g2, Hpis)

g
fo) n+31-[ <}f M, )
g o (3)211)(}[", J‘fn+2m+1)1/}(}{n+2»J‘fn+3)

g
10 n+4l-[ <J{ M, )
7 00 (33 (s Hnr2ma )W Gtnezs Hne )W Clnas Hnrs)

o
o n+51-[ (J{ M, >
7 00 (33 (s Hnr2ma DV Ptnezs Hne )W Clnas Hnrs)

0...0

nn+2ml-[ (%0’%1’ o )
(3)"11,0(%1“ J'fn+2m+1)l;b(7’fn+2' J'fn+3)1»l}(1'fn+4' J'fn+5) ¢(Hn+2m: %n+2m+1)
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) onmmI <”0‘ Hy, 2 )

<"l (% y M1,
n 0,1 (3)¢(}{n:%n+2m+1)

31»[)(”71' %n+2m+1)

Onz(n")H(% x = )
o 1’(3)21:0(”71: J'fn+2m+1)“»b(}'fn+2'}'fn+3)

o
o) 2( n+1)n (% M, )
T o (3)2¢(J’fnv”n+2m+1)¢(}{n+2:%n+3)

o
1) 3( Tl+1)l-[ <J‘f ,J{ , )
T 0V 33 (s 7 2ms )W Ptz Hre )W Gt Hnrs)

o
1) 3( Tl+2)l-[ <J‘f ,J{ , )
T 00 33 (s 2ms )W Ptz Hre )V Gl Hnrs)

0...0

o
7’m(nn+m)l-[ (% iy, )
. (S)mw(}fn' J’fn+2m+1)lp(}fn+2' %n+3)¢(”n+4t J‘fn+5) w(%n+2m' J‘fn+2m+1)

and

o o
B nsamsns) <778 (s Vo1 oy )
(Hn Hn+zmt 0-) 7 "o %1 3¢(Hnr J"-’n+2m+1) 7 o1 3¢(%nt%n+2m+1)

o
o TI.+2A <J1' M, )
7 o7t (3)2Y0tn, ps2m+ 1)WY Otniz, Hnis)

o
o TI.+3A <J1' M, )
7 o7t (3)2Y0tn, Hps2m+ 1)WY Otnrz, Hnas)

o
o n+4A (}f "y, )
7 01 Y3 Gt Hrr s DV Clnrzs o3I Gt Honrs)

o
o) n+5A <J{ M, )
7 OV (33 (s Hnr2ma )W Otnrzs Hns )W Glnear Hnns)

0...0

77n+2mA (HO' #y, o )
(3)mw(”n: Kn+2m+1)¢(}{n+2' J'fn+3)lp(”n+4: J'{n+5) lzb(”n+2m: J'{n+2m+1)

) o4 (00—

o

31/)(%11, Kn+2m+1)

<n"4 (HO,}{l,

o) 2 n A g
(") <K0’K1’(3)21/’(}%:”n+2m+1)¢(”n+2'”n+3))

g
o 2 n+1 A <% , M, )
L) oo ()Y Gtny Hng2ms 1DV Gtnsz, Hnys)

g
o n3(nntl A(J{ M, )
MO A o 0 gy G mvame )0 Gt s )0 G e

0}
o n3(nnt2 A(J{ M, )
MO A o 0 gy G e vame )0 Gt s )0 G e

0...0

g
m( n+m)A<K’%’ )
T o7t (3)mlp(}fn'%n+2m+1)w(”n+2'Hn+3)'~p(”n+4:%n+5) "'¢(Hn+2m'%n+2m+1)

Case 2: If p iseven, then p =2m;m € {1,2,3,---}. So, we have
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o
K(%n’ Hptoms U) > K <J'fn: Hp+1) W )
n tn+2m

o
) * K <”n+21 Hn+2m W )
w tn+2m

o

* K (Kn+1: Hn+2, W
n tn+2m

o o
> K( : —) K( ’ —)
%n %n+1 31,0(%11. J'fn+2m) i Mn+1 Hn+2 3lp(%n!}{n+2m)

o
* K (% »Mn+3s )
nr2 s (3)2¢(%n: %n+2m)lp(”n+2! J'fn+3)

- o
O vy ) M G € comravem T comrees )

o o
ZK(% M ,—) K(}f 4 ,—)
won Sw(%n' J’fn+2m) " b Tz 3lp(%n'%n+2m)

o
* K (}f " 4 )
n2rnt3 (S)ZIP(%n: %n+2m)¢(”n+2t”n+3)

o
* K (% IRt ) )
n+3» *n+4 (3)2¢(%n' }fn+2m)lp(%n+2' %n+3)

o
* K (H » Hnts, )
A TS (B3P (tn, M 2m) W Ctygs 3 W Otyis, M is)

g
* K (}f M ’ )
n+5 tn+6 (3)31,0(”11' h’n+2m)¢(}{n+2’ Hn+3)l,b(}fn+4-x J'fn+5)

(o2
K (}f -2 4 - ),
n+2m-2» An+2m (3)m 11/)(% M 2m)¢(”n+2'H"+3)¢(;fn+4'%” 5) ( am-2 )
) % ) , ,———————
n tn+2m - 1 3‘(/}(}{7),; Jtn+27n)

o o
ol‘[(u % ’—)OH<J{ B —)
n+1l 7 n+z 31/)(Hn, %n+2m) nz Sndzm 31/)(Knr%n+2m)

. g
sH( ) .—>OH< ' —)
¥ Mt 3¢(%n,}‘5n+2m) Mt Mz 3lp(”n:}{n+2m)

g
oIl <J{ » Hn+3s )
n+20 Mn+3 (3)2Y Gty Hpp2m )W (Prgns Hny3)

o
oIl <J{ , M , )
ns Tntd (3)2¢(”n: J'fn+2m)lzb(}{n+2'J"n+3)

o
SIee. )
n+4 Mn+2m ) 2Y Gty Hng 2 )W Gty Hnss)

o o
SH(%,% ,—)ol‘[(k [ — )
" nH SII}(J{TL' ”n+2m) nH e 31/)(}{11' ”n+2m)

g
oIl (z yHn+3s )
n+2, An+3 ) 2Y Gty Hpg 2 I Gty s Hns3)

o
ol <}{ yHntas )
ns Tntd (3)21;0(}%; J'fn+2m)lzb(7'{n+2'J'fn+3)
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o
oIl (}{ 4 , )
ke TS (33 Gty sy 2m) WY Otnzs #n43)W (s Hgs)

o
oIl (}{ 4 , )
S Tne6 (33 Gty 2 )WY Otnszs #n43)W (g Hgs)

0...0

g
I (J{ +2m-2rHn+2 )
freme S Ay (3)mlp(%n:%n+2m)lp(}fn+2v”n+3)¢(}{n+4:}{n+5) "'w(}{n+2m—2:%n+2m) ‘

and

o
Bt s @) = 8 (0 s 3 )
w tn+2m

o o
Sy PP 1Y P ——
n+l 2 3lp(%n.%n+2m) e fnezm 3¢(%n;”n+2m)

g g
SA(%,J{ ,—)oA(;{ ” —)
wom 311[}(J’f11'7'fn+2m) b Tz 3lp(%n'%n+2m)

o
oA <J1’ yHn+3) )
n+2) *n+3 (3)2Y(tp, #pg2m )W Gtngz, Hpys)

o
oA <J1’ y M+ )
n+3) ¥n+a (3)2Y(tp, #pg2m )W Gtngz, Hpys)

o
oA <J1’ I , )
o Tnam (3)2w(}fn: Hn+2m)lp(%n+21%n+3)

g g
SA(%,J{ ,—)oA(;{ " —)
wom 311[}(J’f11'7'fn+2m) b Tz 3lp(%n'%n+2m)

o
o] <J{ » Mn+3, )
n+2, Mn+3 B)2Y Gty #pg2m)W Ctngz, Hnys)

o
oA <J{ 'y Hnta )
3 Tnta (2P 0ty #ns2m) P (i 2, Hns3)

o
oA (H y Hn+s, )
e TS B> Y0tn, s am)P (s, #n43)Y (tnsa, Hnis)

o
oA (H yHnte )
SIS (339 Oty 2 )W (s s )Y Ot Hes)

0...0

o
A (J{ o ) )
nzm=2r Tnkam B)™MP Gtn, #nr2m)P Gtnaz, g 3) P nga Hnys) = W Otngam—2, Xnyam)

By using (7A), (8A) and (9A) in the above inequalities, we have
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1 1
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1 1
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k eee k
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K , ; g
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g g
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o

o T]n+4l_[ <J{ M, )

o (3)31/)(”n17{n+2m)1/)(”n+2»”n+3)lp(7{n+4r%n+5)
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o M (0 d )
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" o
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T 0 BN Y Gty He )W a5 )W g Honrs)

1) nB(nn+2)H <J‘f » o )
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o
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7 oo (3)3¢(Hn:}{n+2m)lp(%n+21%n+3)lp(}{n+4:}{n+5)

g
o) n+5A (}f M, )
7 0 3Y3 Y Gty Hrr 2 )W ez Hone3 )W Gy oy s)

0...0

7,’n+2m—2A (%0’%1’ g )
(S)ml/)(zn' J‘fn+2m)ll)(7'fn+2' J‘fn+3)1/)(3‘fn+4' Kn+5) ¢(”n+2m—2' ”n+2m)

) o @na (o1 )

g
<n*A (}{ M ——————————<
7 oot 31/)(}{71' J'fn+2m)

fo) 2 n A g
-0 <K0’K1’(3)21/’(}%:”n+2m)¢(”n+2'”n+3))

o) 2/ n+1 A g
) (KOJKD(3)21/’(}%:”n+2m)1/’(}fn+2'”n+3))

o
o) 3( n+1)A(%’%’ )
T O BN Y Gty Hore 2m) ¥ a5 )W gty Hoes)

o 773(77n+2)A <J{ e 9 )
oo (3)31/)(”711 ”n+2m)ll}(}‘fn+2’ ”n+3)1/)(”n+4' ”n+5)

0...0
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( )m—l n+m—1A (% M, — )
7 g o (3)m 1¢(Hn' Kn+2m)¢(”n+2' J'fn+3)lob(1'fn+4: J'{n+5) o ¢(Hn+2m—2' J'fn+2m)

Therefore, from lirP K(x,9,0) =1, lirP I1(»,9,0) = 0 and lirP A(x,9,0) =0, and Cases (1), (2),
g—+00 g—+00 g—>+00

we get
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nllrfoo K(%n, }{n+p,o') =1, n1_1)r+n l'[(%n, xn+p,a) = 0 and 11m A(%n,xnﬂ,,a) =0.

Hence {x,} is a Cauchy sequence. Since, (&, K,II,4,%,0) is a complete NREBMS, so there exists u €

& such that
lir+n KGe,u,0) =1 lirp (x,,u,0) = 0 and lirP A(uy,u,0) =0, forallo > 0and g = 1.
n-+oo n—-+o n—-+oo

Now, we show the existence of a fixed point u. Utilizing (5), we have
1 [ 1 n

Koo = koo - Keguo "
1
77 < K(f}fnl fu; O'),
K(¢p,,u,0) +t1-1
and
1 < 1 1] = n
K(E”n—l: anr O-) B =1 K(”n—lr Hno U) B B K(Hn—li}{nx O-) -
1
n < K(f”n—l: f%n; U)-
KOtn 1 7m0) -1
Using the above inequalities, we deduce
K(ufua)>K<u}t L)*K(H n L)*K(H {u*)
T T 3w, ) M 3 (u, ) T 3 (u, §u)
o o
=K (“’ 3, 5u)) K (5””‘1' e ao) (5”"' e su))
> K (u b ? ) * ! * 1
RRETTR A — T iy
K (020 350 ) K (o035 7)

—->1x1x1=1asn— +oo

0 .0) = 11 (st 5 ) © 1 (ot ) 1 (o 055 25)
o o
<1 (u, %n,m) oll (fkn-pf%n, e fu)> (f%n, éu, e fu))

=0 (“’ ”"m) ol (”"'1' Yo 31/)(;;, Eu)) ol ( Yo 31/)(;;, Eu))

—»00000=0asn— 4+

and

A, éu,0) < A (u, xn,m) oA (zn,xnﬂ,m) oA (xnﬂ,fu, m)
o o
=4 (u, H"'W) o4 (EK"_I'SK"' 3y (y, Eu)) ( $%tn, $W, 3y (y, Eu))

<4 (“' ”n'glp(;fﬁ) °nd (”"‘1'”"' 31/)(3, Eu)) °nd ( Yoo 31/)(3, Eu))
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—-00000=0asn— +oo.
Thatis, fu = u.
Uniqueness: Suppose v # u be another fixed point of ¢, such that K(u, v, t)< 1 for some ¢ > 0, and
utilizing (5), we have
1 1
KG,v,0) 1= K(éu, év,0) 1
<n [; - 1] < ; -1
K, v,0) K(u, v, o)
a contradiction,
M, v,0) = (¢, év,0) < nll(y,v,0)
and
A, v,0) = A&, év,0) < nd(u,v,0)
a contradiction. Therefore, we must have K(u,v,0) = 1,II(u,v,0) = 0and A(u,v,0) = 0 forall ¢ > 0,

and hence, u = v.
1, if n=

1+ »# + 9, otherwise and define

Example 3.8: Let € = [0,1]. Define 1:& X & - [1,+) by (¢, 9) = {
K, 0, 4: & X & x [0, +0) - [0,1] by

o
K(¢,9,0) = —————
(6.9, 0) o+ |x—9P
10t 9, 0) = | — 9P
T e o
and
| =97

A(x,9,0) = forall #,9 € Eand o > 0.

Defined by A* ¢ =h-¥4,ho ¢ =max{h ¢£}and p =1, then (& K II,4,%0) is a complete NREBMS.
Define ¢:€ —» &€ by &(x) = %K. Then

no
K(éx,&9,n0) = K(%K, %ﬁ,na) =
no + |fnx = o]
= T KG9
St e—op KeP0)

12—l
no + |3 = ol

H(E}L’, 57-91 T]O') = H(%J{, %19’ no‘) =

[=9[P
o+|n—9|P

=TII(x%,9,0), and

p — P9 P
A, §6,m0) = A(nx, b, o) = M

e =9

= A(x,9,0).

Also, contraction conditions of Theorem 3.2,

1 1
K@Engdo) l<n [K(H,ﬂ,o)

- 1] J(Ex,89,0) < nll(%,9,0) and A(éx, §9,0) < nd(x,9,0) are satisfied.
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Consequently, all of the assumptions of Theorems 3.1 and 3.2 are satisfied, and 0 is a unique fixed
point.

4. Application to Nonlinear Fractional Differential Equation
Theorem 3.1 is used in this section to determine a solution's existence and uniqueness in nonlinear
fractional differential equation (see [19]) given by

DEx(e) = Y(e,#(e)) (e € (0,1),a €(1,2]),
with boundary conditions
#(0) = 0,%'(0) = Ix(0) 0 € (0,1),

Where DZ means caputo fractional derivative of order «, defined by

D&Y(o) =

0
ﬁf@ —o)" Y (w)dw (n—-1<a<n n=la]+1),
0

and ¥:[0,1] X R = R* is a continuous function. We suppose that & = €([0,1], R), from [0,1] into R

with supremum [»#| = Sup [#(0)|.
o€[0,1]

The Riemann-Liouville fractional integral of order a (see [20]) is given by

e
1
a —__ _ a-1
1@ = 15 - D W@ @>0)
0
We first provide an acceptable form for a nonlinear fractional differential equation before
investigating the existence of a solution. Now, we suppose the following fractional differential
equation
Déx(e) =y(e.x(@)  (e€ (0D, ae (2], (10)

with the boundary conditions

#(0)=0,  #'(0)=1Ix(0) (ee(OD),
where
i.  ¥:[0,1] x R > R* isa continuous function,
ii.  x#(0):[0,1] = R is continuous,

and satisfying the following condition
lw(e,x) — (e, 9)] < JIL|x — 9|,
forall ¢ € [0,1] and L is a constant with LJI <1 where
1 20911 ()
J= + .
Fa+1) @2-99)r(a+1)

Then the equation (10) has a unique solution.
Proof: Suppose that

o
K(x,9, =
(6.9, 0) o+ |x—9P
06t 9,0) = =21 d
ov,9 T o+ k-0 »an

| — 9P
A(x,9,0) :T forall»,9 € £ando > 0,
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defined by A*£ =h-¢,and h 0 £ = max{h,€}. Let [x—9I|= Sup |x(0) —I(0)|, for all »9 €L,
0€[0,1]

Then (8, K, II,4,%,0) is a complete NREBMS. We define a mapping ¢&:& — € by

Q
$n(o) = J-(Q - ) WY(w, n(@))dw
0

1
(@

v /@

2

@ (f <w—m>“‘1w(mmcm>)dm)dw an
0 0

for all ¢ € [0,1]. Equation (10) has a solution » € € iff x(g) = &x(g) forall ¢ € [0,1]. Now

o
K(x(e), 9(0),0) = — l%(0) — 19(9)I”\|

|%(e) —9()IP }
o+ |x(e) —9()IP|

-9 p
46:(), 9(e), ) = QT

M(x(0),9(0),0) =

(12)

1 o
§2(0) ~ £0()| = | f (0 — @)% (@, #(@))dw
0

9

29 [ a—1
+mo (!(w—m) lp(m,}f(m))dm> dw|

1
I(a)

e
j (@ - @)% (@, (@) )dw
0

Y /@
ZQ a-1
+m0 (! (@ —-m) lp(m,ﬁ(m))dm> dwo

That is,

1 o
§2(0) ~ £0()| = | f (0 — @)% (@, #(@))dw
0

9

29 ( a-1
+ 2 =9I () (f (@ —-m) l/J(m,K(m))dm> dw

e
1 -1
- Oj (0 -~ @) (@, 9(@))dw

v /@
ZQ a-1
_mo (! (@—-m) lp(m,ﬁ(m))dm) dw
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0
< %!(g - @) (o, x(@)) — P(w,9(®@))|do

9 /@
TR S )
+ (2- 192)1—'((1) J bf(w m) |1,b(m, }f(m)) ¢(m,ﬁ(m))|dm dw
*~ a-1 H— _ a1
r(a) f(@ @) tdw @ J Of(w m)*ldm | dw
L|x — 9| 219“+1L|J{—19|1"(a)
_F(Ol+1)+ 2 =99 (a +2)
<Llx-9 ! 200 (@ \_
< Llx— |(['(a+1)+(2_192)1—-(a+2)>— |2 — 9.

Utilizing L/1 < 1 and (12), we have

no no
no + [Ex(e) —&9(@)IP ~ 770+LHIH(Q) d()I?

g
>
o+ |x(e) —9IP

1$2(0) — &E9(0) P - LN|x(e) — 9(0)IP
no + [Ex(e) —§9(0)IP ~ no + LA|x(e) —9(e)|P

K(¢x(0),$§9(0),no) =

= K(x(e),9(e), o)

M(¢x(e),§9(0),no) =

|2(@)-9()IP
<L —mmMmMm =
S @@ M(»(e),9(0),0) and

|€x(0) — E9(0)IP < L|x(0) —9(0)I?

A(¢x(0),&9(0),mo) = o < e

< () —9(e)I”
g

= 4(x(e),9(0), 0).

As a result, the conditions of Theorem 3.1 are all met. This shows that ¢ has unique solution.

5. Conclusion

In this manuscript, we introduced the notion of NREBMS and provided some non-trivial
examples of defined space. Several fixed point results for contraction mappings are established with
examples. Also, we provided an application to non-linear fractional differential equations to support
the validity of main result. This is extendable in several more generalized spaces including
neutrosophic rectangular controlled metric spaces, graphical neutrosophic metric spaces,
neutrosophic rectangular double controlled metric-like spaces and Hausdorff neutrosophic
rectangular metric spaces. Also, this work is extendable by increasing the number of self-mappings.

6. Open Problem
How to prove Theorem 3.1 and Theorem 3.2 (proved in this paper) in the context of graphical
neutrosophic extended b-metric spaces?
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Abstract: The goal of the research involves elaborating on the topics of statistical convergence,
including statistical Cauchy sequences within non-Archimedean Neutrosophic normed spaces, as
well as achieving specific useful conclusions. The present research shows how, within a
non-Archimedean field, certain sections of statistically convergent sequences that could not be true
often become true. Likewise, we created statistically complete and statistically continuous spaces
for such regions that demonstrated certain essential facts. x indicates a complete field of
non-Archimedean and non-trivially valued research.

Keywords: Neutrosophic Normed Spaces; Non-Archimedean Fields; Statistically Cauchy
Sequence; Statistically Convergent.

1. Introduction

Zadeh [16] became the initial one person who creates the fuzzy set using a membership
function. Many later researchers were adapted this idea to classical set theory. Atanassov [1]
introduced an Intuitionistic Fuzzy (IF) set theory. Saadati along with Park proposed the notion of IF
normed space. The study of analysis through fields of Non-Archimedean (NA) is referred to as NA
analysis. Suja and Srinivasan [15] newly created statistically convergent along with statistically
Cauchy sequences within NA fields. Eghbali and Ganji [3] investigated NAL-fuzzy normed spaces
for extended statistical convergence. The research shows that statistical convergence exists in
Non-Archimedean Neutrosophic Normed Spaces (NA-NNS) and confirms that key properties of
statistical convergence from real sequences are still valid in NA fields [2,4-5,8-14]. The research
article concentrates primarily upon the analysis of sequences in the field of NA .

In 1998, Smarandache [12] developed the ideas of neutrosophic logic in addition to the
Neutrosophic Set [NS]. Kirisci and Simsek establish the Neutrosophic Metric Space [NMS]
suggestion which is associated with membership, non-membership and neutralness. Jeyaraman,
Ramachandran and Shakila [7] established approximate fixed point theorems in 2022 regarding
weak contractions on Neutrosophic Normed Spaces (NNS). Statistical A™ convergence in NNS was

recently presented by Jeyaraman and Jenifer [6].
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A sequence ¥= {v,} is said to have been statistically convergent towards a limit 8when for

~ . 1 ~
any @>0, ,,ILT.}OZ{W <n:l|v,—-2¢=a}=0.

In that case above, we put stat - lim v, = &.
p—o0
Example 1.1. Consider to define the = {v,} sequence by

p—1
v, =4 p?
0, otherwise;

, pisaperfect square.

Selecting the NA valuation to be 2-adic, the sequence terms become (0,0,0,1,0,0,0,0,1/8,0,0,....).
As aresult, it converges to zero statistically.

A sequence of Statistically Cauchy (SC) when for all @>0, then existing a range 7 € N such that

lim%{iSn:/nEN:|§¢+1—§¢|25}=0

n—00

Consider that k to be NA fields. A valuation on kis referred with the NA if it meets these
three given axioms: [1]

(i) |¥| 20 and|z| = 0iff =0,

i)z = [z[[3],
(iii) |%+ 9| < max[|z|, |9|] for every %3 € K (Ultrametric Inequality).

2. Preliminaries

Here, we will go through the notations along with definitions which will be utilized throughout this
article in order to ensure a general understanding of the terminology and symbols used.

Definition 2.1.The 7-tuple (E, {, @,1,*,0,%)is said to be a NA-NNS, if * acts as a continuous

t-norm, ¢ and *acts as a £-co norms which are continuous, Z become a vector space over a field k

and then ¢, ¢,y are fuzzy sets functionson Z x R to [0, 1], for all v, 4 €E and # tex.

(en1) §(v, §) + ¢(v. §) + (v, §) <3

(2)0<¢(v, F)<1,0<¢(v,f) <land0<y(v,§) <1
(cn3) g"(fzr, #) > 0;

(cn4) g"(fzr, #) =lowv =0,

(en5) ¢(jv.f) = f(v%) forall € Rand j # 0;

(n6) (v + A, max{f + 1)) = (v, £) » ¢(4, ),
(en?7) ¢&(v,.): (0,00) - [0,1] and it is continuous,

(cr18)1flim ¢(v,4) =1and }im i(v,§) =0;

(cn9)<p(4r, #) <1;
(cn10) ¢(v,§) =0 v =0,

(en11) ¢(jv.f) = ¢ (v, L), forall 7 € Rand 7 # 0;
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(n12)¢(v + A, max{f + 1)) < ¢(v,£) o 9(£,}),
(en13) @ (v,.): (0,0) - [0,1]and it is continuous;

(cnl4) flim o(v,#) = 0and ﬁlzim (v §) = 1;

(cn15) Y(v,f) < 1,
(cn16) Y(v,§) =0 v =0,

(cnl7) 1!)()'/'0, #) =y (v, I%I)' forall y € Rand ¥ # 0,

(cnl18) w(v + A, max{f + f}) < 1,0(41, #) * w(h, f),
(en19) Y(v,.): (0,00) - [0,1] is continuous and

(cn20) flim (v, 4) =0and ﬁlzim (v, f) =1

Here, (¢, ¢,) is known as a NA-NNS.

A sequence {v,}is referred to be convergent in NA-NNS (B,¢ ¢,,%0%) or simply

(¢, ¢, P)-convergent to ¥€Eif for all #>0 and @>0, then there exist p,€EN so that p > p,,
i(v,-3f)>1 -a,¢(v,-%F) <@ and Y(v, -5 4) <&

In this case, we write (¢, ¢, ¥) - limv,=X.

Example 2.2 Let (5 ¢, @,9,*,0,%x)be a NA normed space, v* Ai=v#, v ¢ A= min {v + A, 1} andv *

A= min {v + A, 1} for all v,A€ [0,1]. For every ¥€E, every £>0 and p= 1, 2,....Consider the

following form,

¢ )
SN  —— 0
&8 ={tr o 7 e
0, E<o;
I )
_ a P a— 0
9, (58) = {E+ pIFI $>
0, & <o;
e , A
_ . _—, 0
p,(E8) =] ¢ U L
0, E<o;

Then (5, ¢, @,1,*,9,%x) which isa NA-NNS.
Definition 2.3 A {v,} sequence in a NA-NNS(E, ¢, ,,%,0,%)is said to be a statistically convergent

towards a limit ¥€E relate with the NA fuzzy norm (¢, ¢, ) when for each @ >0 and #>0,
1 .y SO y ~ =AY - ~
llllanZH,;v <n: g(v;, —x,#) <1-®or (p(vp —x,#) > @ and l/)(’lf;, —x,#) > w}| =0.
In this case, we write state,, — lim v, = X where ¥is the statg ;y— limit.
»

Example 2.4 Let (Qp,|.|) indicate the p-adic numbers space in the standard norm, and consider
v xh=vh, v o i= min {v + £, 1} and v * A= min {v +#, 1} for every v, A€ [0, 1]. For every
$€Qpand all £>0, letfo(if):ﬁ,(ﬁo(if): :

m)l il

g|+||;| andl/)o(f, ¢ ) =% In this case observe that

(QP/G; ¢, lp,*,°,*) is a NA‘NNS.
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Define a sequence = {v,,} the terms of which are provided by

v :{1' if p = m?(m € N)
» 0, otherwise;
Then for every 0 <@<1 and for any E>0, let Rn(ﬁ, f) =p<n: Co(fl)’ﬁ,é) <l-®@or (p'o(vp, é) =

@ and Yo (v, &) = @.

Since
l’n(a'é)z{ﬁﬁn’iél—ﬁorﬂzﬁand@25}
€+|”’;7| f+|’lfp| &
={p5n:|vp|2%>o} ={p<n:|u|=1}={p<n: p=miandm € N}.

We have,

1 N 1 N

Z|i’n(5'f)| Z%{W S n:p=mfandm € N} < —
This yields that

1
114r1n;|;9n(w,€)| =0.

Hence by the above definition, statg gy — limwv, = 0.

3. Statistical Convergence on Neutrosophic Normed Spaces
Here, that portion having the goal is to determine theorems concerning convergence and statistical

convergence within the context of NNS over NA fields k.
Lemma 3.1 Let (E,¢, @,,%,0%) be a NA-NNS. After that the given statements is equivalent for all

@>0and §>0
(D) State gy — li//rbn v, =X

@tim*lip < n: (v, ~16) <1-6} =tim2|{p <n: o(v, ~16) >}

=larln%|{;9$n:lp(4rﬁ—§,7ﬁz) > a}| =o0.
(iii) li;n%ﬂgn <n:v,-54)>1-a,¢(v,-%5f) <@andy(v, -5f) <} =1
@) limtl{p <n: (v, ~56)>1-a)| =lim2|{p <n: (v, ~16) < )|

= lirrln%Hp <n:yY(v, -%f)<a}| =1

(v) stat — lim g”(vz, -5 15’-) = 1,stat — lim <p(4rp -3 #) = 0and stat — lim 1,0(0;, -3 #) =0
Theorem 3.2 Let (&, @,1,%,0,x) be a NA-NNS. If a {v,} sequence is statistically convergent with
respect to the NN(¢, @,9), then statz 4, —limit is unique.

Proof: Assume that statzg, — li;n v, =% and statg,y — li;r?n v, =X,. Consider a given @ >0,

select £ > 0 so that we have(l - f) * (1 - f) >1-a,&0& <@and & x& < @. After that for any

#> 0, define the sets given below:
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pei(6f) =peN: (v, -5 f)<1-8, peo(§F) =peN: (v, % f) <1-§
W(p,l(éﬂﬁ:) i={p€eN: ¢, -3, 4) = &, ﬂ%,z(évﬁz) ={peN: ¢, —?:2,75:) > £} and
#%p,l(é"ﬁ:) i={p€eN: Y(v, _§1'7§:) > £}, 391/;,2('?'152) ={p€eN: Y(v, _;52,75:) > £}

Since statg g,y — limv, =%;, we have
»

1 p 1 . .
lim—{pg, (@,4)} =lim—{p,.1(&,§)} = 0 for all § > 0.

Furthermore, using stat ;. — 11;711 v, =% we get

li}p%{pm (5, 15‘)} = 1i1an%{;7¢‘2 (6, #)} =0 forall § > 0.
Now let,
Voo (@.8) = {pe1(3,4) U 22 (8,6)} 0 {£41(8, ) U 242(5,8)} 0 {241 (5, ) U 2y 2(3, ).
I p0o5(@.8) = Peou (#61(8.4) U pes(8.8)} = pe{£p1(3.) U £4,.(&,4)}and
Py1(@.8) U 242 (3, 8)} = 2y, thenpepy = pe 0 py 0 py.

1 T |
Then observe that, 114511;{;75,¢‘¢} = 0. which implies, 114511;{;75_ ow} =1

If pe ;pg o then there are three possibilities to consider:

Then we have to select the initial part which is p € {pg }, the second part whichis p € {pfp} and the

lateris p € {;p;}
We first consider that p € {;pg }, then we have,
f(§1 —?2,152) =¢(%, — Uyt Uy _izdf:) = f(§1 _ng!ﬁ,) * 6(4’;7 _izdf")
= C(vp - §1:752) *G(vy, — .4
S(1-8)+(1-8).
Since (1— &) x (1 - &) > 1— &, it follows that
{G-%f)>1-a.
Since @ > 0 was arbitrary, 6(?1 - 3?2,75’:) > 1 for all #>0, which given ¥; = %,.
On the second hand, if p € {pg)}, then we may write that,
G~ %) < (v — 51.6) 0 (v, — T f) < £ &
Now using the facté o £ < @, we see thatq)(?1 - ?2,152) < @.
Again, since @ > 0 was arbitrary, we have q')(a:cl — %, 75‘) =0forall #>0.
This implies ¥, = %,.
And on the other side, if p € {;pfi,}, then we put
IEA —?2,7$2) < 1/’(”;7 _3?1'752) *1,0(’%7 _§2:752) <éxé.
By usingf *x & < @, we get 1/)(§1 - 3?2,155) < @.
Hence @ > 0 is arbitrary, 1/)(?1 - 3?2,155) = 0 for every #>0, which implies ¥; = ¥,.
Therefore, statz g,y — limit is unique.
Theorem 3.3 If a sequence {v,} in a NA-NNS (&, ¢, @,,x,0,%) is (¢, ¢,) —convergent to X € E,

then this is statg,,, —convergent towards X € E.
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Proof: Since {v,} is ({, ¢,) —convergent towards € E, for all @>0 and #> 0, then there exist n, €
N such that for all n = n,,
(v, -3f)>1-a,¢(v, —%4) <@ and (v, - % f) < @.
This given the set {p € N : f(v;, -5f)<1-@or (p(v;, -%4)=@and w(vp —%4) = &)} has at the
most a finite number of terms.
{,79 < n: C(vﬁ—aze,ﬁ:) < 1—50r¢(4fﬂ,—§,152) > 5}‘ — o
and w(vﬁ —% #) >o '

.1
i.e. lim—
n n

ie.,statyyy — limv, = X.
Note: It is interesting to note that the converse of this, which is not true classically, is true in a
NA-NNS as shown below.

Let {v,} be stat ;. — convergent towards% € . Then for all&>0 and #>0,
1 . p p
.1 o —F A< or R x> =
ll}bnn |{;9 <n g(vp %, ﬁ) <l-®@or (p(vp x,f) > @ and 1/)(% x,f) > w}| 0.

Now to prove that {v,} is (§, ¢, %) — convergent to v € E. i.e., to prove that for all & >0 and $#>0
therefore n, € N exists in that way and for every n = n,,
{(v,—%f)>1—-@and (v, —%4) <@and (v, - % f) < @.
Let us assume the contrary that,
{(v,-3f)<1-dor¢(v,—%f)=@andy(v, -5 §) > @.
This implies that the set
{p<n:¢(v,-%f)<1-@org(v, —%4)=dandy(v, - % f) = &}

has infinitely many terms.
ie, ll//rbn%|{;9 <n: f(vp —3?,152) <l-@&or ([)(vp —3?,152) > @ and lp(vp —3?,752) > 5}| #0 which is a

contradiction. Therefore, {v,} is (¢, ¢, ) —convergent to v € E.

Theorem 3.4 Let {v,} and {#£,} be sequences in a NA-NNS(E,¢, @,,x,0,x) so that stateg, —

4{1330 v, =v and stategy — il_r)rgo #h, =#, where v, €E. Then we have statyyy — }LIEOIO (v, +

hy,) = v+ h

Proof: Let statzg, — }grgo v,

= and statg,y — lim A, = £, choose é> 0 such that (1—¢£)«

(1 - é) >1-@,f0& <@and & x& < @fora given® > 0. Then, for #> 0, define
pe1(6f) =peN: (v, —v, ) <1-§}
#e2(88) =weN: (b, —nf)<1-§)
Ppr(68) ={peN: ¢, —v,§) =8,
Po2(E8) ={weN: ¢k, — A f) =& and
ppi64) = eN P, —v.$) 2§,
py268) =@ eEN Yk, — £ 2§}

Since statg gy — lim v, = vand statz gy — lim A, = 4,

p—)OO p—?DO

1 ) 1 ) " ,
2, @ea (3)) = lim 2 292(@ P} = Hin (@)} = 0
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lim (72 (@, £)) = im—{2y2(3. )} = im—(p.2(5. )} =0
Now let,
#2000 8) = {9:1(8.6) U 2:2(8,8)} 0 {2413, 8) U 202(3, )} 0 {2y1(8, ) U 2y (3, $)}
ie,if & =Ry (@,6) %1 = (261(8,8) Upe2(@.6)} K2 = {£p1(3,F) U p,2(8,§)}
Rs = {pyp1(@,F) U py.(@,§)}. Then & = & N K, N Ks.
Since £‘is a non-empty set. Consider p € K¢, then we have three possible cases. The former is
» € &, the second is p € KSand the lateris p € K. First consider, p € &, then we have,
f(v;, —v,f) >1-¢and f(h;, —/L,f) >1-¢.
Now, we have,
i, + by, —v = $) > (v, — v, §)* ik, — A f)
S(1-8)+(1-8).
Since (1 - f) * (1 - é) >1 -, it follows that {(v, + 4, —v — ff)>1—a.
Since @ is arbitrary, f(vg, +h,—v—A, ﬁ) =1forall §>0,
which yields,§(v, + 4, — (v + 4),4) = 1.
Similarly, if p € & then,
¢p(v, —v,f) <&and ¢(h, — h,§) <&
= g(v,+h,—v—-~F)<o(v,—v.§)op(h,—hf)<E<éé<w .
Since w'is arbitrary, (,b(drp +h,—v—h, 15‘) =0, forall #>0
= ¢(v,+h,—(v+h),§)=0
And if p € &S then,
lp(vp —v,f) < &and w(hﬁ — /L,ﬁi) <&
= Y(v, +h,—v—hf) <P(v, —v.§) *P(h, — A F) <E<Exé<a.
Since ‘@ is arbitrary, 1/)(03, + /L;, —v—Ah, 15‘) =0, for all 75‘ >0
= 1/)(4{,;, + 4, — (v +/ﬁ),7ﬁ:) = 0.

Thus, staty gy — lim (v, + 4,) = v + A.
p—00
Theorem 3.5 Let (5, §, ¢, ,*,9,x) be an NA- NNS over k. If lim G(v}, -, #) =1, lim ([J(vj, -, #) =
p—0o0 p—oo

land lim y(v, — v, £) = 1 then staty,, — lim v, = v.
p—o

p—0o0 #
Proof: Let lim g"(vl, -, 15‘) =1, lim (p(v‘,,, -, ﬁ) =1and lim Ip(% -, #) = 1. Then for all £&0

and @ > 0, that is a number py € N in that way, G(v}, — v, #) >1- a’j,gb(v;, — v, #) < ® and
lp(vp —v,f) < @ for every p = p,. Hence the set, {;9 EN: g"(/zrp - 0,752) <1-a, g'a(vi, - 0,155) >
o and lp(vp -, 15’-) > 5} has a finite number of terms.
{;9 <n: (v, —v,f)<1 — @ or ¢(v, —v,f) = 6}‘ ~ o
and (v, —v,§) = & '

. 1
So, lim=
n n

Thus, statg gy — ;grgo v, = .

4. Statistically Cauchy Sequences on NNS
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Definition 4.1 Let (E,¢, @,1,x0,%)be a NA-NNS over k. Then, a {v,} sequence is referred to be SC

when for each @ > 0 and 152> 0 therefore N exists in which case for every p, m >N,
C1l(pm<n: é(v;,—vm,f) < 1—60r¢(4r;,—4rm,1j£) >0
fim =2 |{ and 1/)(0;, — Uy, #) > }

nn
Definition 4.2 Let (E,¢, ¢,¥,%0,%) be a NA- NNS. A sequence {v,} is refer as a Cauchy sequence

=0.

when for each@ > 0 and 152> 0, that is anumberp, € N exist that way, for every p,m= p,,

6(%, — V) #) >1- G,Qb(v;, — Uy, #) < ®and 1/)(%, — U, #) < @.
Theorem 4.3 Every Cauchy sequence with respect to (¢, ¢,¥) in NA- NNS(E, §, @, ,%,0%) over k is
SC.
Proof: If {v,} is a Cauchy sequence with relate to (¢, ®, ), then there existsp, € N for all @ >0
and #>0and let ¢ be an arbitrary constant, we have

f(vﬁw - vp,ﬁi) >1—-a,¢ (vp% — Uy, ﬁ) < @ and w(th - vp,f) < @.

EN: (v —Vpf)S1—@or p(v,e — v, 4) =@
The number of terms in the set {;7 C( ore z #) ,q)( f” z #) } is limited.
and Y(vpie — v, F) = @
So
1iml {;9 +t,p<n: (Ve —v,f) <1 =@ or ¢(vype — v, f) = a} o
nn and Y(vppe — v, ) = & '

Theorem 4.4 If a statistically convergent sequence in a NA- NNS (&, ¢, ¢,,*,0,%) over k, then it is SC.
Proof: If the sequence {v,} is statistically convergent to Xthen,
1 {;9 <n:¢{(v,-%f)<1-@or¢(v,—%f)= a}‘ o

lim— -
nn and Y(v, -5 4) = &

Now, we get
I 1|{ﬂ7:m5%‘5(vp—vm.f)s1—60r¢(v},—4rm,155)25}|
o and (v, — v, $) = &
|(pmsnislo, i) dlon—5) <1-3
=li}bnz or¢(vp—§,1§)o<p(vm—§,f)25

and (v, — %, £)*p(vm—54) 2@

Il
e

5. Statistically complete and statistically continuous on NNS
A NA- NNS (E,¢, ¢, p,*,0%) issaid to be complete if all(¢, ¢, )-Cauchy is (¢, ¢,)- convergent.
Definition 5.1 A NA- NNS (E,¢, ¢,,%,0%) over k is said to be statistically complete when all SC
sequence with respect to (¢, ¢, 1) is statistically convergent in relate with the (¢, ¢, ).
Theorem 5.2 Every NA-NNS (E, ¢, ¢,,%,0,%) over k is statistically complete with relate to (¢, ¢, ).
Proof: Let {v,} be SC. If it is not statistically convergent to¥ € £ , then we get,
liml|{p,m <n:i(v,—vnf)<1- a,or o(v, — v f) = 6}|
nn and 1/)(0}, — U, 15‘) >0
. pm<n:§(v,—%f) (v, —%f)
= lim— or (i)(/trﬁ -%f) (v, — % ) >

n M

which is contradiction.
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Definition 5.3 Let (&, ¢,3,%0,x) be a NA- NNS over k. A map 7: £ - E is called (¢ ¢,¢)
continuousat a point v € E, when the sequence with convergence in the NA-NNS implies that the
sequence j(v,) to j(v) convergence in the NA- NNS.

Definition 5.4 Let (E,¢ ¢,,%,0,x) be a NA- NNS over k. A map 4: £ —» E is called statistically

continuous at a point v €, when statg ;. — lim v, = v implies that statz g, — lim j(v,) = j(v).

p—o p—o©

Theorem 5.5 Let (E, ¢, ¢,1,%,0%) be a NA- NN space over k. If 4: £ — Eis continuous in relate to

the (¢, ¢,1), then this is statistically continuous.

Proof: Let {v,} € E and statggy — lim v, = 4. Then for every@ > 0 and #> 0, the inequality,
;7—)%

f(vp -, 15‘) >1-— 6,(1)(/% — v, #) < @ and Eb(’% -, #) <& implies that C(y’(vp) —j(v), 75‘) >
1- 5,(1}(;’(4@) —j(v), 15‘) < @ and w(;'(vp) - j(v),f) < @. Since 4 is continuous in relate to
the (¢, ¢,¢) atv € E . Thus,
{;n eN:¢(i(v,) =) §) < 1= or ¢(§(v,) - j(0). §) = a}
and Y(§(v,) — i), §) = &
p EN: f(vg,—v,ﬁz) < 1—5and¢(vﬁ—v,ﬁz) >0
C{ andlp(%—v,f)za }

Since, statg gy — lim v, = v.

p—00 4
We have
1 ‘{30 <n:§(v,—v,f)<1-dor¢(v,—vf) = a}‘
lim— . =0.
" andlp(vp_”:ﬁ)za
This implies that,
i 1 |{zv <n:§(i(v,) = i), $) < 1= @ or p(§(v,) —§ (), §) 2 a}| ~
im— . =0.
" andw(f(”p)_f(”),#)za

This means that, statg, — 21712}0 i(v,) = jw).

Hence, 7 is statistically continuous.

6. Conclusions

The NA fields were extended from Archimedean fields with the established outcomes. In this
article, we prove certain including relations involving statistical convergence along with SC
sequences on the NNS regarding NA fields.
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Abstract: In our daily life, most problems stem from wrong decisions. Similarity measures (SMs)
are very helpful in making good decisions. In this paper, distinct similarities of Pythagorean
Neutrosophic Hypersoft Sets (PNHSSs) and its properties are presented. Finally, the proposed SMs
applied for converting plastic waste into energy source problems. Comparing various suggested
similarities makes decision-making simple, easy and accurate.

Keywords: PNHSS; SM; Tangent Similarity Measure; Cotangent Similarity Measure; Cosine
Similarity Measure.

1. Introduction

Recently, many ideas have been introduced to deal with ambiguity and uncertainty (UC). Fuzzy
set (FS) theory [1, 2], Intuitionistic fuzzy set (IFS) [3] serve different means when dealing with
inconsistent data. However, all of the above theories fail to address the conflicting information that
exists in belief systems. In 1998, Smarandache proposed neutrosophic set (NS) [4] theory as a
generalization of the theories mentioned above. He considered truth, ambiguity and falsehood
separately. Later, Yager [5] was decided to introduce the novel idea of Pythagorean fuzzy sets
(PFSs). PFSs have a limitation that their square sum is less than or equal to 1. To overcome
unconstrained ambiguity, Molodtsov [6] proposed the concept of soft set (SS) as a new mathematical
method. PFSS is derived from the combination of PFS and SS. Smarandache [7] introduced a new
technique for dealing with UC. He generalized the SS to the hypersoft set (HSS) by turning the
function into a multi-decision function.

In section 2, the basic definitions of Pythagorean Neutrosophic Hypersoft Sets (PNHSSs) are
presented. In section 3, six Tangent Similarity Measure (TSM) for PNHSSs are presented. In section
4, given resources were used to determine the accuracy of the similarity measurements.

2. Preliminaries

Definition 2.1: [8] Let A be the universe and P (5) be a power set of A. Consider ﬁl, "ﬁz, s ﬁﬁ for

K > 1 be ¥ well - defined attributes and attributive values are &;,®,, ..., &z with 6{[’16’% =@, for

-i}

™
1 )

i? , Ffé {1,2, ,ﬁ} and their relation (?)1 X é’;z, e X (?);3= SZ', (n, 61 X (?)2 X ... X @ﬁ) is said to

be PNHSS over A where 1:6;x&; x ..x &~ P (1) and n(&;x 8, x ..x&;) - {(§<

,']'I‘“(§) (E) , ﬂn(§) (Z) , ['F“(ﬁ) (ﬁ) >> 1% EARE (?)1 X @'32 X . X (?)ﬁ} where T is the truthiness, 1 is

(")

{x(
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the indeterminacy and [ is the falseness such that Tq('&") (Z), ],In('?f) (Z) , ]F“(ﬁ) (Z) € [0,1] also 0 <
2 2 2
(Tn(ﬁ) (Z)) * (ﬂn(‘s‘z‘) (Z)) + (]Fn('”éi’) (?9) 2.

3. Trigonometric Similarity Measures for Pythagorean Neutrosophic Hypersoft Sets

Definition 3.1: Let W =<§ < g,T’E’. (g)g? (ﬁ)??ﬁ) (ﬁ) > € Z);

(%) (%) 37 (®) A

),J:“]z(.ﬁ) (Et’) >:% € 5) be PNHSSs. The TSMs betweenﬁ?, Y is,
. Z g -

Ix(

V= <§<ZT,,TE§) (E)'j;z(ﬁ) (

TPNHSS (E , z) =

(§,< z, >, 1—tan

n

12

Proposition 1:

The TSM Tpyyss (E , 12) satisfies the following properties:

@ 0 < Tpuuss (W, V) < 1

)

@ Townss (W, V) =1itf W=

{st
{=

3) TPNHSS (E’E) = ’]TPNHSS(

)

(4) If Q is a PNHSS set and WcVc Q then Toyuss(W,8) < Towuss (W, V) and

1

Trnnss (E ) @) < Tenuss (12 ) @)

Proof:

(1) Since tangent values of PNHSSs are in the interval [0, 1]. Hence 0 < Tpyyss (E,z) <1

@18 =, wen 76 (8) = Ty (). 1 ()95 () 25 () = %) (B)- Hence

2

7o), @~ %), @) =0 o) @ 1), @) =0 Fl), @~ %) @) 0

(n(¥), (n(¥)

Thus ’]TPNHSS (@,z‘)z 1. COl’lversely, lf TPNHSS (’]:—/Z?J,’]'Z)z 1 thel’l

= 0. Since, tan (0) = 0. :7;%) (%) -

(3) Proof is Straightforward.
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@ Bebe & 1% ()= (@)1 () T @)z Ty @205 @)
£l (@)= 7o (2) =75 ()
T(E’()) (2)- T(()) (2)|< @» (®) —T<)) %)
T(()) ) ‘T'ﬁz(ﬁ))i (@)= &?) () ‘T'(?f)) )

(¢

=)
s
—
IX(
|
<

—_
=
o
2l
N—r
S—
—_
=
_—
%
N—
'_.\__/
N
X
N—

Y
—

N %L

N

-~ -~
oun
IX¢

[ C

=
|
<

N
N—r N——
N

—
=
—
2
SN—
~—
—~
{X(
~—

=Y
{6
{0

—
=

IX(

|
/_\ga\

=Y
=
- N
: al
SN—r
--\/
—D
= e 3
2 N~ N
s xl
— ~—
oum
X
N—

—
=

—~ —~
~— ~—
|
9

IX(

el
=
—~~
{X(

Thus, Teyyss (E"?;) < Tpnuss (E;Z) ; Tenuss (E»g) < Tpwuss (12 g)

Definition 3.2:
e - (£ <21 (2) 15 (2) 25, (2) >z €d)
\1?; = <§,< % ,17';7 ]:Eﬁ) (ﬁ),f]f(ﬁ) (E) Tn%) (%) >:z 5) be PNHSSs. The Cotangent Similarity

- Xi-
cr mss(@fi V) = (R<x & Zheorf]

o), ®

Here V denotes Max Operator.

. W
F

("(§)>i (E) - ¥ (n(ﬁ))i (

\Y

Proposition 2:
The CTSMs CTpjiyss (z 17;) satisfies,

(1) 0 < CTyiuss (W.V) < 1

(2) CTpiss (E'E) = 1iff E = B
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@) CTz}z'\?Hss (E ’ z) = CTz}ivszs (12 ’ E )

(4) If 8§ isaPNHSSsetand WV c § then CTi, (W, 8) < T3, (W.7);

CTonss (E , {13) < CTpiiss (E , ’é)

Proof: Proof is similar to Prop 1.

Definition 3.3:
A TN N Y
Let W = (N'< I (ﬁ)'j,,(ﬁ) (5)’%@ (%) >z € A)f
V= <§,< x ,17;1 %g) (E),ﬂf(ﬁ) (E)’Tnz(g) (Z) >3 € A) be PNHSSs. The Cosine Similarity Measures

. <T<?<§>>i (z)><f(5<§>)i (E)>+<j<%<§>)i (E)X"Ein(ﬁ))i (Z)>+<T<%<§>>i (Z)><¢(5<ﬁ)>i @>

j 06, ©60), & o), @ J o, &), &), @

>) (4)

Proposition 3:
The CSMs Clpyuss (E , 2) satisfies,

(1) 0 < C'pyuss (E,E) <1

@ Clounss (W, V) =1iff W=V

(3) ClPNHSS (W V) = ClPNHSS (E,E)

—
Proof:

(1) Value of the Cosine function lies between [0, 1]. Hence 0 < C'pyuss (1:22 , 17) <1

() If W=7V, then T(:("ﬁ))‘ (%) - T(;("ﬁ)).

1 1

RN N N
&) 9w, &)~ o), @) o), &) = o) @
for i =1,2,...n. Hence, C'pyyss (E,z) =1.
(3) Proof is Straightforward.

Definition 3.4:

V- <§,< g,gf(ﬁ) (g),g’f(ﬁ) (g),a’rn%) () > ¢ Z) be PNHSSs.
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The CSMs between E, ]Z based on the cosine function is

o), @Y Fom), @ Fm), @ ) -
Comnss (W, ¥) = (R<z 5 Zhacos Z( T(,T(R‘))i (%) - T,(;('s{-))i (®)|v j(';(ﬁ)l (%) -
o), @Y ), &)~ o), )l ©

Proposition 4:
The CSMs Chryss (WJ, 2) satisfies the following properties:

(1) 0 < Chituss (W, V) <1

(@) Coinss (W, V) = Chanss (V. W).

@) C[%}SHSS (E' 2) = 1iff E = 12
4) If E:D: is a PNHSS set and E c 12C 3;:) then CAyss (E,g) < CHuss (E,z) and

CPNHSS (W D) 313}155 (E, g)

Proof: The proof is similar to Prop.1.

4. Application of TSMs for PNHSS

All countries have been using different types of plastic like PETE, HDPE, PVC, LDPE, PP, PS
and Mix plastic. Few countries are converting plastic waste into energy in the form of solid, liquid
and gaseous fuels. Also, it’s possible to convert waste plastics into Hydrogen, Methane and
Ethylene. Both Hydrogen and Methane can be used for clean fuels. Few states are currently sending
their collected plastic waste to cement plants for Co-Processing. The world is affected a lot due to
usage of plastic. Plastic things are prohibited by many countries. But still we could not minimize as
expected. Several techniques are used for converting plastic waste into energy. Pyrolysis is a
common technique used to convert plastic waste into energy. We try to develop a mathematical
model to overcome this world problem.

4.1 Methodology
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Assessment of Standards and Development of
Decision grid

!

Computation for the correlation between Standards and

options using suggested Resemblances

Evaluate the optimal choice by

selecting the greatest value

Let Q = {Q},Qf,éﬁ,@,@,éﬁ,g,éﬁ,@,@,@,gj} be a set of Countries and B =
{Slow Pyrolysis(SP), Intermediate Pyrolysis(IP), Ultra Fast Pyrolysis(UFP)} be a types of M

Pyrolysis process.
The collection of attributes to g & E be,

§1 (Mean Amount of plastic usage[PU] (MT/Day))
gz (Typical Amount of PU (MT/ Year))

{&:
I

§3 (Average Amount of PU (Grams/ Week)) >
§4 (Typical Amount of PU(kg/person))

§5 (Mean Amount of PU (g/person))
Sub-Attributes are § ={< L5M.T,15-25M.T,25-35M.T,> 35M.T}; & ={< 10M.T,10 -
15M.T,15 - 165M.T} ; § = {01-2G,2-5G,> 5G} ;8" = {< 5kgs,5 — 10 kgs, 10 — 15 kgs} ;&

(]

={0.1-2g2—5g> 5g}. The PNHSS be n:(§1x§2x§3x§4x§5)—>?(é) and )'i:(;(i;lx;@;zx
§x & x ) -2 (g)
Let (n,{) = {25M—-3.5M,10 —15M.T,2 - 5G, 10 — 15 kgs,> 5 g}.

Now using the proposed several SMs for PNHSSs, we will decide which country is widely using
mentioned energy techniques.

For this purpose, we should first provide the relationship between {gj ) gj ) gj ) El_l,} and {2.5M —

3.5M,10 - 15M.T,2 = 5G,10 — 15 kgs,> 5 g} in terms of PNHSSs.

In the 2 step, we should provide the relationship between {2.5M —3.5M,10—-15M.T,2 —
5G,10 — 15kgs,> 5¢g} and {(SP), (IP), (UFP)}.

In Step 3, we should find the correlation between {{;’j , Qj , Qj , \(;’_5} and {(SP), (IP), (FP), (UFP)}.

In step 4, The association is determined with the proposed TSMs for PNHSS by Equations (1-6).
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In step 5, Finding the best selection.

Table 1. Relation between Regions and criteria

Regions | 2.5M—3.5M | 10— 15M.T 2-5G 10 — 15 kgs >5g
¢z (5,3, 4) (5, 4, .6) (9, 4, .3) (7,3, .4) (6,.3,.7)
¢ (.6, 4, .5) (.7, 4, 5) (8, .4,.1) (8,3, .5) (8, .2,.6)
cs (8,.3,.2) (9, 3,.1) (6,.7,.8) (7,5, .6) (5, 4, .6)
cu (7,.6,.1) (5,2, .6) (4, .6,.7) (4, 5,.7) (7,3,.6)

Table 2. Relation between sources and criteria.

Sources | 25M—-3.5M 10-15M.T 2-5G 10 — 15 kgs >5g
SP (6,3, .5) (8, .6, 4) (7,.2,.3) (.8,.6,.5) (7,.6,.2)
IP (7,5, 3) (7, .6, 4) (8,.6,.1) (6,.3,.7) (9,.7,.2)

UFP (7,2, .6) (5,.6,.7) (9,1, .2) (8,.7, .5) (4, .2,.9)
Table 3. SMs using Tpyyss (E,z)
SMs Regions SP IP UFP
¢z 85229 82273 88249
Tpynss (1_73 , 12) cs 88170 87670 70570
cs 82234 79836 75526
cu 78589 82361 76558
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Table 4. SMs usingCT pyyss (l?lj?, 12)

SMs Regions SP IP UFP
c? 61163 62552 71484
CT pupss (W, V) ¢ 72953 66488 63983
cs .60579 56037 50495
e 53976 62016 51110

Table 5: SM using CT?pyyss (EJZ)

SMs Regions SP IP UFP
c? 85186 85851 87225
CT? punss (117 , 12) ¢ 90033 87437 86319
cs 84881 82829 80667
cu 82248 .85499 78950

Table 6. SM using C'pypyss (E,T])

(]

SMs Regions SP IP UFP
c? 86637 82112 94452
Cpanss (W, V) cs 92401 89219 85379
cs 79727 80323 71249
cu 67766 77675 66510
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SMs Regions SP IP UFP
c? 87026 88792 94036
C2 piiss (173 v ¢ 94101 90718 88230
cs 86286 79998 82065
e 82876 .87008 74815
Table 8: SM using C3pyyss (EJZ)
SMs Regions SP IP UFP
¢z 98518 98724 99328
Cpnss (W, V) 5 99335 98943 98651
cs 9842 97647 97527
cu 98039 98511 97056

The Highest Measure (Table values 3,4,5,6,7,8) reflects Region gj should be selected for UFP,
Region Qj should be selected for SP, Region Qj should be selected for SP, Region gii should be
selected for IP.

5. Conclusions

The aim of this paper is to establish Tangent, Cotangent and Cosine SMs of PNHSSs. The
extension is very applicable to decision-making problems. We introduced six TSMs for PNHSSs with
properties. Also, applied them to Energy source selection problem.

Data availability

The datasets generated during and/or analyzed during the current study are not publicly available
due to the privacy-preserving nature of the data but are available from the corresponding author
upon reasonable request.

Conflict of interest

The authors declare that there is no conflict of interest in the research.

Ramya G and Francina Shalini A, Trigonometric Similarity Measures of Pythagorean Neutrosophic Hypersoft Sets



Neutrosophic Systems with Applications, Vol. 9, 2023 100

An International Journal on Informatics, Decision Science, Intelligent Systems Applications

Ethical approval

This article does not contain any studies with human participants or animals performed by any of
the authors.

References

1.

Zadeh, L.A. Fuzzy sets. Information and control 1965, 8, 338-353.

Uma G, & S, N. (2023). An Investigative Study on Quick Switching System using Fuzzy and Neutrosophic
Poisson Distribution. Neutrosophic Systems with Applications, 7, 61-70.
https://doi.org/10.61356/j.nswa.2023.28.

Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets Systems 1986, 20, 87-96.

Florentin Smarandache. A generalization of Intuitionistic fuzzy sets. Journal of Defence Resources
Management, 2010, 107-116.

Yager, RR. Pythagorean Fuzzy Subsets. In: Proc Joint IFSA World Congress and NAFIPS Annual Meeting,
Edmonton, Canada 2013, 57-61.
Molodtsov, D. Soft set theory- first results. Computers and Mathematics with Applications, 1999, 37, 19-31.

Smarandache, F. Extension of soft set to Hypersoft set, and then to Plithogenic Hypersoft set.
Neutrosophic Sets and Systems 2018, 22, 168-170.

Ramya, G.; Francina Shalini, A. An Introduction to Pythagorean Neutrosophic Hypersoft Topological
Spaces. Mukt Shabd Journal, 2023, XII (VIII), 807-822.

Received: Mar 02, 2023. Accepted: Sep 03, 2023

© 2023 by the authors. Submitted for possible open access publication under the terms and conditions
BY of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).

Ramya G and Francina Shalini A, Trigonometric Similarity Measures of Pythagorean Neutrosophic Hypersoft Sets



[
N sw A Neutrosophic Systems with Applications, Vol. 9, 2023

H https://doi.org/10.61356/j.nswa.2023.68 ——
Reutrdsopty

Pura Vida Neutrosophic Algebra

Ranulfo Paiva Barbosa (Sobrinho) L* and Florentin Smarandache 2

1 Web3 Blockchain Entrepreneur; 37 Dent Flats, Monte de Oca, 11501, San José, Costa Rica; ranulfol7@gmail.com.
2 Math and Science Department, University of New Mexico, Gallup, NM, 87301, USA; smarand@unm.edu.

* Correspondence: ranulfol7@gmail.com.

Abstract: We introduce Pura Vida Neutrosophic Algebra, an algebraic structure consisting of
neutrosophic numbers equipped with two binary operations namely addition and multiplication.
The addition can be calculated sometimes with the function min and other times with the max
function. The multiplication operation is the usual sum between numbers. Pura Vida Neutrosophic
Algebra is an extension of both Tropical Algebra (also known as Min-Plus, or Min-Algebra) and
Max-Plus Algebra (also known as Max-algebra). Tropical and Max-Plus algebras are algebraic
structures included in semirings and their operations can be used in matrices and vectors. Pura Vida
Neutrosophic Algebra is included in Neutrosophic semirings and can be used in Neutrosophic
matrices and vectors.

Keywords: Tropical Algebra; Max-Plus Algebra; Pura Vida Neutrosophic Logic; Neutrosophic
Number.

1. Introduction

Uncertain, indeterminacy, imprecise, and vague are common characteristics of data in real-life
problems like decision-making, engineering, computer science, finance, etc. Several theories have
been proposed to deal with these data characteristics, fuzzy set theory [1], intuitionistic fuzzy sets [2],
rough set theory [3], Soft set [4], and Neutrosophy theory [5]. Since Smarandache introduced
Neutrosophy to study the basis, nature, and range of neutralities as well as their contact with
ideational spectra in the 1990s, we have seen the emergence of neutrosophic algebraic structures [6],
neutrosophic probability and statistics [7, 8] neutrosophic numbers [8], single-valued neutrosophic
sets (SVNSs) [9, 21], and several algebraic structures such as neutrosophic semirings [10], among
others theoretical advances [11] and also applications [12].

Through neutrosophic semirings, we introduce Pura Vida (PV) Neutrosophic Algebra, an
algebraic structure consisting of neutrosophic numbers equipped with two binary operations namely
addition and multiplication. Pura Vida Neutrosophic Algebra is an extension of both Tropical
Algebra (also known as Min-Plus) [13] and Max-Plus Algebra [14]. Both Tropical and Max-Plus
algebra are algebraic structures included in semirings and were discovered independently by several
researchers [13, 14]. They were defined on the real number domain and for the first time, we extended
them to the neutrosophic domain.

2. Preliminaries
2.1. Semiring

A semiring [15] denoted (V, @, &, 0, 1) is a set V equipped with two binary operations,
addition:
H:VxV -V
And multiplication:
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R:VxV -V

Which satisfies the following axioms for any u, v, w € V:

1. (V, @, 0) is a commutative monoid and (V, ), 1) is a monoid.

22U Q v A w=u®v)d u®whand (v w) @ u=FQu & w Qu
(distributivity).

3.0 annihilates V:v @ 0=0 @ v=0.

When (V, ®, 1) is a commutative monoid, the semiring (V, @, &, 0, 1 ) is said to be a
commutative semiring.

2.2 Tropical algebra
The tropical algebra is also referred to as tropical semiring T, which consists of the set of real
numbers, R, extended with infinity, equipped with the operations of taking minimums (as semiring
addition) and addition (as semiring multiplication) [14, 16]. Tropical algebra is also known as min-
plus algebra. With minimum replaced by maximum, we get the isomorphic max-plus algebra [17].
According to [17], the adjective "tropical" was coined by French mathematicians to honor their
Brazilian colleague Imre Simon [16], who pioneered the use of min-plus algebra in optimization
theory.
T=RU{xo} & &)
Addition operation:
a @ b=min (a, b)
Multiplication operation:
a@®@b=a+b
the operations of R, are extended to T in the usual way and the identities of ® and @ are,
respectively, o and 0. The element oo represents plus-infinity [13]. Given a real number, x € T, its
addition and multiplication identity are given, respectively:
X P oo =x
x ® 0=x
Michaleck points out the following equations involving the two identity elements:

_ (0, if x=0
X ® o = o and XEBO_{x,ifx<O

Michaleck said there is no subtraction in tropical arithmetic. Tropical division @ is defined to
be classical subtraction.
Tropical division, x @ y=x, existsif and only ify ® z=x[20].

In Tropical algebra the pairs of operations (@,®) is extended to matrices and vectors similarly
as in linear algebra. That is if A = (aj), B = ( bjj ) and C = (cij) are matrices with elements from R of
compatible sizes, we write:

C=A @ Bifcij=aj @ byjforalli,j

C=A Q Bifg =Z,? aik @ by =maxx (aik + by) for all i, j

a® A=A Q a=(a @ aj)foralla € R.

2.3 Max-Plus algebra

The Max-Plus algebra is an algebraic structure semiring MP, which consists of the set of real
numbers, R, extended with infinity, equipped with the operations of taking maximums (as semiring
addition) and addition (as semiring multiplication) [14].

MP=R U { -} &' ®)
Addition operation:
a ®' b=max(a, b)
Multiplication operation:

a®b=a+b
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the operations of R, are extended to MP in the usual way and the identities of @' and & are,
respectively, -oo and 0.

In max-plus algebra the pairs of operations (& ’,®) is extended to matrices and vectors similarly
as in linear algebra. That is if A = (aj), B = (by) and C = (cj) are matrices with elements from R of
compatible sizes, we write:

C=A @' Bifci=aj @' bjforalli,j

C=A ® Bifcj =Z,?' aik @ by = maxx (aik + by for all i, j

a®@ A=A Q® a=(a ® aj)forallaa € R.

2.4 Neutrosophic Set

Smarandache [5] defined Neutrosophic set as a set of elements composed of tripart structure: a
Truth membership (T), an Indeterminacy membership (I) and a False membership (F). These parts
are independent each other and can be represented by different functions. Together, <T, I, F>, these
parts compose an element of Neutrosophic set.

2.5 Neutrosophic Number

According to [18] the neutrosophic number (NN) is a number which structure is given by “X=a
+ bl”, where I represents the indeterminacy component of X, and ‘a’ and ‘b’ are real or complex
numbers [19].

2.6 Neutrosophic Semiring

An algebraic structure (SUI, @, ) is called neutrosophic semiring [10] if ¢ and @ are the closed
and associative binary operations and & is distributive over @, where S is semiring with respect to
@® and @ and Iis the neutrosophic element (I=1?) and <SUI>={a+bl;a, b € S}.

2.7 Neutrosophic field [6]

Let K be the field of reals. We call the field generated by K U I to be the neutrosophic field for it
involves the indeterminacy (I) factor in it. We defineI2=1, I+1=2[,ie,I+...+I=nl andifk € K
then kI = Ik, OI = 0. We denote the neutrosophic field by K(I).

2.8 Neutrosophic matrix [6]
Let Mo = {(ai) / aij € K(I) }, where K(I), is a neutrosophic field. We call Mnxm to be the neutrosophic
matrix.

3. Pura Vida Neutrosophic Algebra

The Pura Vida Neutrosophic Algebra, PV, is an extension of the Tropical algebra and Max-Plus
Algebra.

Pura Vida Neutrosophic Algebra is included in a Neutrosophic semiring, i.e., it has both
associative binary operations, addition @ and multiplication @ where & is distributive over @,
and S is semiring with respect to @ and ® and I is the neutrosophic element (I = I?) and < SUI> =
{a=Dbl a, b € S}. The addition operation can use either the min function, @, or the max function,
@', depending on the situation.

PV=(SUl{-oo,+» }, @ @' ®)

Pura Vida Neutrosophic Algebra operations addition (@, or, @ ') and multiplication (&) are

given:

3.1 Addition operation®, or, @’

Depending on the real-life applications, the addition operation can use the min or max function.
Given two neutrosophic numbers x=a+bl, and z=c+dI € S, the addition of x and z:
3.1.1. x @ z=(a P c)+(b @ d)I=min(a, c) + min(b, d)I
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or,
3.1.2. Xx@®'z=(a®' c)+(b &' d)I=max(a, c)+ max(b, d)I

3.2 Multiplication operation ®
Given two neutrosophic numbers x=a+bl, and z=c+dI € S, the multiplication of x and z:

X @ z=aQc+(bQd)=(a+c)+(b+d)I

3.3 Identities
In Pura Vida Neutrosophic Algebra, PV, the identities of the operators @, @' and ® are,
respectively, oo, -c0 and 0.

3.4 Properties
Next, we show that the PV attends the closure property and distributive and associative laws.
We use min for the addition operation, but, one could use the max function to show that PV verifies
the mentioned properties.
3.4.1 Closure property:
Let (a+bl) and (c +dI) € Sul then,
(a+bl) @ (c+dl)=(a @ c)+(b & d)I=min(a, b)+min(c, d)I, € SUL The addition operation
verifies the closure property.
(@a+bl) ® (c+dl)=a®c+ (bQd) =(a+c)+ (b+d)I € SUL. Which shows that the closure
property is satisfied for the multiplication operation.
3.4.2 Distributive law:
Let (a + bI), (c +dI) and (e + fI) € SUI, then:
(a+bl) @ [(c+dl) @ (e+fl)]=(a+bl) ® [ min(c, e) + min(d, f)I] =
=[a+min(c e) ] +[ b+ min(d, f) ]L.
And[(a+bl) @ (c+d)] @ [(a+bl) @ (e+HI]=
=[(@a+c)+(b+d)I] D [(a+e)+(b+l]=
=min{(a+c), (a+e)}+min{(b+d)+(b+f)}l=
=[a+min(c, e) ] + [ b+min(d, ) ]I.
3.4.3 Associative law:
Let (a + bI), (c +dI) and (e + fI) € SUI, then:
[(@+Db]) @ (c+dl)] @ (e+fl)=
[ min(a, ¢) + min(b, d)I] @ (e + fI) = min[min(a, c), e] + min[min(b, d), f]I =
=@ chDe)+b B d HL.
(@+bl) @ [(c+d]) @ (e+fl)]=
(a+bl) @ [ min(c, e) + min(d, f)I ] = min[a, min(c, e)] + min[b, min(d, f)]I =
=@@®@cPhe+bdde N
Again:
[@+Db]) @ (c+d)] ® (e+fl)=[a®Qc+ (bRA)] ® (e+fl)=
[@+)+(b+d)]] ® (e+f)= (a+c) Qe+[(b+d) Rf]l=
(@a+c+e)+(b+d+L
(@a+bl) @ [(c+dl)] ® (e+f)]=(a+Dbl) @ [(c+e)+(d+HI]=
=a@(c+e)+b@(d+fHl=(a+c+e)+(b+d+ 1)L

3.5 Pura Vida Neutrosophic Algebra on Matrices

In Pura Vida Neutrosophic Algebra the pairs of operations (D, @D ', ®) is extended to matrices
and vectors similarly as in linear algebra. That is if A = (aj ), B=(bj) and C = ( cjj ) are matrices with
elements from R of compatible sizes, we write:

C=A @' Bifcij=aj @' bjforalli,j

C=A ® Bifcj =Z,?' aik @ by = maxx (ai + by for all i, j
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a®@ A=A Q® a=(a ® aj)foralla € R.
3.5.1 Matrices Addition using @ operator
Given P and Q, both square neutrosophic matrices 2x2, their sum is D = P@Q.

P= | -84 51 and Q= | 3+20 1343l
3481 2321 7491 3451
D=
Min(-8,3)+Min(1,2) = -8+ Min(5,13)+Min(-1,3)I = 5-1
Min(3,7)+Min(8,9)I = 3+8I Min(23,3)+Min(-2,5)I = -2+31

3.5.2 Matrices Addition using @ ' operator
Given X and Z, both square neutrosophic matrices 2x2, their sum is W = X@ 'Z.

xo | -8+ 5-1 and 7= 3+21 13431
3481 2321 7+91 3+51
W=
Max(-8,3)+Max(1,2)I = 3+21 Max(5,13)+Max(-1,3)I = 13+31
Max(3,7)+Max(8,9)I = 7+91 Max(23,3)+Max(-2,5)I = 23+51

3.5.3 Matrices Multiplication using ® operator
Given A and B, both rectangular neutrosophic matrices, their multiplication is C = AQB.

A=l-1 2 - and B= I 1 2 4

Where,
Cu=(-1 2 1)@ (I 1 5)= (-1QI +2Q1+-IQ5)=(-1+1+2+1+-I+5)=7
Ca=(310) ® (I15)=(3QI+I®1+0®5)=(3+I+1+I+5)= 9+2L
Co=(-1 2 1) ® (11 2)= (-1Q1+2QI+-IQ-2)=(0+2+1-I-2)=0.
C2=(310) ® (11 -2)= 3+1+I1+1-2=2+2L
Cs=(-1 2 I)® 2 0 3[)=1+2+2[=3+2L
Cs=(3I10)® (2 0 31)=5+I+31=5+4L
Cu=(-1 2 -1) ® (42-1)=3+4-21=7-2L
Cau=(310) @ (42-1)=7+I1+2-1=9.
C=A Q® B=
7 0 3+2I 721
9+21 2+21 5+4I 9

4. Conclusion
We introduced Pura Vida Neutrosophic Algebra through neutrosophic numbers and explored
some its properties and applied to neutrosophic matrices.
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